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Preface

The Third International Conference on Unconventional Models of Com-
putation, UMC 2002 was organized by the Center for Discrete Mathematics
and Theoretical Computer Science and the Kansai Advanced Research Center of
the Communications Research Laboratory, Kansai, Japan. The venue was held
in the “unconventional” multipurpose Orbis Hall from 15 to 19 October 2002.
Being part of the Kobe Fashion Museum, a disk-shaped building in the center
of Kobe’s Rokko Island, the Hall is conveniently located near the Hotel Plaza
Kobe and the Kobe Bay Sheraton hotel.

Various natural processes motivate the construction of radically new models
of computation. For example, the paper “Not Just a Pretty Face” published
in the July 27, 2002 issue of New Scientist discusses the hypothesis that plants
may have the power to compute without the benefit of a brain. This prompts the
question of what sort of computation capability and complexity human bodies
may be capable of, even without the help of the nervous system. Although thri-
ving, the realization of powerful unconventional models of computing is still at
an early stage in its development, and a huge and concerted effort is required to
assess and exploit its real potential. This volume reports the main ideas, results,
directions of research, and open questions, discussed at a highly intellectual gat-
hering of leaders in this new field of research. The flow of discussion varies from
theoretical aspects to practical implementations and philosophical reflection.

The eight invited speakers at the conference were: M.L. Campagnolo (Lisbon,
Portugal), J. Copeland (Canterbury, New Zealand), A. DeHon (CalTech, USA),
M. Ogihara (Rochester, USA), M. Ohya (Japan), M. Ozawa (Tohoku, Japan),
P. Siwak (Poznan, Poland), and T. Toffoli (Boston, USA).

The Program Committee, consisting of L. Accardi (Roma, Italy), C.S. Calude
(Chair; Auckland, NZ), M.J. Dinneen (Secretary; Auckland, NZ), R. Freivalds
(Riga, Latvia), L.K Grover (Murray Hill, USA), J. Gruska (Brno, Slovak Repu-
blic), K. Morita (Hiroshima, Japan), M. Ogihara (Rochester, USA), F. Peper
(Kobe, Japan), G. Rozenberg (Leiden, The Netherlands), P. Siwak (Poznan, Po-
land), T. Toffoli (Boston, USA), H. Umeo (Osaka, Japan), and T. Yokomori
(Waseda, Japan), had the serious task of selecting 18 papers out of 36 submissi-
ons covering all major areas of unconventional computation, especially quantum
computing, computing using organic molecules (DNA), membrane computing,
cellular computing, and possibilities for breaking Turing’s barrier.
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The Complexity of Real Recursive Functions

Manuel Lameiras Campagnolo

D.M./I.S.A., Universidade Técnica de Lisboa,
Tapada da Ajuda, 1349-017 Lisboa, Portugal

mlc@math.isa.utl.pt

Abstract. We explore recursion theory on the reals, the analog
counterpart of recursive function theory. In recursion theory on the
reals, the discrete operations of standard recursion theory are replaced
by operations on continuous functions, such as composition and various
forms of differential equations. We define classes of real recursive
functions, in a manner similar to the classical approach in recursion
theory, and we study their complexity. In particular, we prove both
upper and lower bounds for several classes of real recursive functions,
which lie inside the primitive recursive functions and, therefore, can be
characterized in terms of standard computational complexity.

Keywords: Continuous-time computation, differential equations, recur-
sion theory, computational complexity.

1 Introduction

Recursive function theory provides the standard notion of computable function
[Cut80,Odi89]. Moreover, many time and space complexity classes have recur-
sive characterizations [Clo99]. As far as we know, Moore [Moo96] was the first
to extend recursion theory to real valued functions. We will explore this and
show that all main concepts in recursion theory like basic functions, operators,
function algebras, or functionals, are indeed extendable in a natural way to real
valued functions. In this paper, we define recursive classes of real valued func-
tions analogously to the classical approach in recursion theory and we study the
complexity of those classes. In recursion theory over the reals, the operations
typically include composition of functions, and solutions of several forms of dif-
ferential equations. On one hand, we look at the structural properties of various
algebras of real functions, i.e., we explore intrinsic properties of classes of real
recursive functions such as closure under iteration, bounded sums or bounded
products. We investigate links between analytical and computational properties
of real recursive functions. For instance, we show that a departure from ana-
lyticity to C∞ gives closure under iteration, a fundamental property of discrete
functions. On the other hand, we use standard computational complexity theory
to establish upper and lower bounds on those algebras. We establish connections
between subclasses of real recursive functions, which range from the functions
computable in linear space to the primitive recursive functions, and subclasses of

C.S. Calude et al. (Eds.): UMC 2002, LNCS 2509, pp. 1–14, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



2 M.L. Campagnolo

the recursive functions closed under various forms of integration. We consider,
in particular, indefinite integrals, linear differential equations, and more gen-
eral Cauchy problems. Finally, we describe some directions of work that suggest
that the theory of real recursive functions might be fruitful in addressing open
problems in computational complexity.

2 Recursive Functions over R

Moore [Moo96] proposed a theory of recursive functions on the reals, which is
defined in analogy with classical recursion theory. A function algebra

[B1, B2, ...;O1, O2, ...],

which we also call a computational class, is the smallest set containing basic
functions {B1, B2, ...} and closed under certain operations {O1, O2, ...}, which
take one or more functions in the class and create new ones.

Although function algebras have been defined in the context of recursion
theory on the integers, they are equally suitable to define classes of real valued
recursive functions. As a matter of fact, if the basic functions in a function alge-
bra are real functions and the operators map real functions into real functions,
then the function algebra is a set of real functions. Furthermore, if the basic
functions have a certain property (e.g. continuity or differentiability) which is
preserved by the operators, then every function in the class will have that same
property on its domain of definition. In recursion theory on the reals we consider
operations such as the following.

COMP (Composition). Given functions f1, . . . , fp of arity n and g of arity p,
then define h such that h(x) = g(f1(x), ..., fp(x)).

∫
(S-integration). Given functions f1, . . . , fm of arity n, and g1, . . . , gm of arity
n + 1 + m, if there is a unique set of functions h1, . . . , hm, such that

h(x, 0) = f(x),
∂yh(x, y) = g(x, y,h(x, y)), ∀y ∈ I − S,

(1)

on an interval I containing 0, where S ⊂ I is a countable set of isolated
points, and h is continuous for all y ∈ I, then h = h1 is defined.

µ (Zero-finding). Given f of arity n + 1, then define h such that

h(x) = µyf(x, y) def=
{

y− = sup{y ∈ R
−
0 : f(x, y) = 0}, if − y− ≤ y+

y+ = inf{y ∈ R
+
0 : f(x, y) = 0}, if − y− > y+

whenever it is well-defined.

To match the definition in [Moo96], derivatives of functions can have singu-
larities (we denote the set of singularities by S). The definition above allows the
derivative of h to be undefined on the singularities, as long as the solution is
unique and continuous on the whole domain. To illustrate the definition of the
operator

∫
, let’s look at the following example.
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Example 1. (√.) Suppose that the constant 1 and the function g(y, z) = 1/2z
are defined. Then, the solution of

∂yh =
1

2h
and h(0) = 1. (2)

is defined on I = [−1, 1]. Indeed, the function h(y) =
√

y + 1 is the unique
solution of Equation (2) on [−1, 1]. The set of singularities is S = {−1}, so
∂yh(y) doesn’t have to be defined on y = −1.

Clearly, the operations above are intended as a continuous analog of operators
in classical recursion theory, replacing primitive recursion and zero-finding on N

with S-integration and zero-finding on R. Composition is a suitable operation
for real valued functions and it is therefore unchanged. Then, the class of real
recursive functions is defined in [Moo96] as:

Definition 1. The real recursive functions are [0, 1, U ; COMP,
∫
,µ],

where 0 and 1 are simply constant functions, and U denotes the set of projections
Un
i (x1, . . . , xn) = xi. We also define real recursive constants as:

Definition 2. A constant a is said to be computable if there is an unary real
recursive function f such that f(0) = a.

Then, if a constant a is computable, then one can also define, with compo-
sition and zero, a constant unary function g as g(x) = f(0(x)) = a, for all x.
As we will see below, some irrational constants like e or π are real recursive,
and therefore we can define a function whose value is precisely e or π. This is
in contrast to the definition of real numbers computable by Turing machines,
where an irrational number is said to be computable if there is a sequence of
rationals that converge to it effectively.

If µ is not used at all we get M0, the “primitive real recursive functions”,
i.e., [0, 1,−1, U ; COMP,

∫
]. These include the differentially algebraic functions,

as well as constants such as e and π. However, M0 also includes functions with
discontinuous derivatives like |x| =

√
x2.

To prevent discontinuous derivatives, and to make our model more physically
realistic, we may require that functions defined by integration only be defined on
the largest interval containing 0 on which their derivatives are continuous. This
corresponds to the physical requirement of bounded energy in an analog device.
We define this in a manner similar to S-integration, but with the additional
requirement of the continuity of the derivative:

I (SC1-integration). Given functions f1, . . . , fm of arity n, and g1, . . . , gm of arity
n + 1 + m, if there is a unique set of functions h1, . . . , hm, such that

h(x, 0) = f(x),
∂yh(x, y) = g(x, y,h(x, y)), ∀y ∈ I − S,

(3)

on an interval I containing 0, where S ⊂ I is a countable set of isolated
points, and h and ∂yh are both continuous for all y ∈ I , then h = h1 is
defined.
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Then, restricting
∫

to I, we define the class [0, 1− 1, U ; COMP, I]. It is clear
that all functions in [0, 1−1, U ; COMP, I] are continuously differentiable on their
domains. (A question that arises naturally is if they are of class C∞.) Therefore,
f(y) =

√
y + 1 mentioned in Example 1 cannot be defined on the interval [−1, 1]

in D anymore, since its derivative is not continuous on that interval.

Example 2. (θ∞) In D we can define a non-analytic function θ∞ such that
θ∞(t) = exp(−1/t), when t > 0, and θ∞(t) = 0, when t ≤ 0. First consider
the unique solution of the initial condition problem

z′ =
1

(t + 1)2
z and z(0) = exp(−1) (4)

with a singularity at t = −1. This is z(t) = 0 if t ≤ −1, and z(t) = exp(− 1
t+1 ) if

z > −1. Then θ∞(t) = z(t−1). The function θ∞ can be though as a C∞ version
of the Heaviside function θ, defined by θ(x) = 0 when x < 0 and θ(x) = 1 when
x ≥ 0.

We can restrict the integration operation even more, if we don’t allow singu-
larities for the derivatives in the domain of existence of the solution. Formally,
we say that a functions is defined by proper integration if it is defined with the
following operator:

I (Proper integration). Given functions f1, . . . , fm of arity n, and g1, . . . , gm of
arity n + 1 + m, if there is a unique set of continuous functions h1, . . . , hm,
such that

h(x, 0) = f(x),
∂yh(x, y) = g(x, y,h(x, y)), ∀y ∈ I,

(5)

on an interval I containing 0, then h = h1 is defined.

This proper form of integration preserves analyticity [Arn96]. Moreover, if
the functions f1, . . . , fm and g1, . . . , gm are of class Ck, then h is also of class Ck

on its domain of existence (cf. [Har82, 5.4.1]). Since constants and projections
are analytic and composition and integration preserve analyticity, then:

Proposition 1. All functions in [0, 1,−1, U ; COMP, I] are analytic on their do-
mains.

Similarly, one proves that functions of one variable in [0, 1,−1, U ; COMP, I]
are precisely the differentially algebraic functions [Moo96,Gra02]. This means
that the Gamma function, for instance, is not in the class [0, 1,−1, U ; COMP, I].
Next, we give some examples of functions that do belong to that class.

Proposition 2. The functions +, −, ×, exp, exp[m], defined as exp[0](x) = 1
and exp[n+1](x) = exp(exp[n](x)) for any integer n, sin, cos, 1/x, log, and arctan
belong to [0, 1,−1, U ; COMP, I].

To further explore the theory of real recursive functions, we restrict the in-
tegration operator to solving time-varying linear differential equations, i.e.,
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LI Linear integration. Given f1, . . . , fm of arity n and g11, . . . , gmm of arity n+1,
then define the function h = h1 of arity n+1, where h = (h1, . . . , hm) satisfies
the equations h(x, 0) = f(x) and ∂yh(x, y) = g(x, y)h(x, y).

As in classical recursion theory, we define new classes by restricting some
operations but adding to the class certain basic functions which are needed
for technical reasons. A typical example is the integer function called cut-off
subtraction, defined by x . y = x− y if x ≥ y, and x . y = 0 otherwise. In some
real recursive classes we include, instead, a basic function we denote by θk and
is defined by θk(x) = 0 if x ≤ 0, and θk(x) = xk if x > 0. Clearly, θ0 is an
extension to the reals of the Heaviside function, and θ1(x) is an extension to the
reals of x . 0. In general, θk is of class Ck−1.

For example, we explore the class [0, 1,−1, π, θk, U ; COMP,LI] for some fixed
k. Since, unlike solving more general differential equations, linear integration can
only produce total functions, then:

Proposition 3. For any integer k > 0, if f ∈ [0, 1,−1, π, θk, U ; COMP,LI],
then f is defined everywhere and belongs to class Ck−1.

We will also consider an even more restricted form of integration, which is
just the indefinite integral. Formally, this is defined by:

INT Indefinite integral. Given f1, . . . , fm of arity n and g1, . . . , gm of arity n+1,
then define the function h = h1 of arity n+1, where h = (h1, . . . , hm) satisfies
the equations h(x, 0) = f(x) and ∂yh(x, y) = g(x, y).

3 Structural Complexity

In this section, we ask questions about intrinsic properties of classes of real re-
cursive functions such as closure under certain operations. We will see that some
intriguing connections exist among closure properties and analytical properties
of the classes we consider.

Closure under iteration is a basic operation in recursion theory. If a function
f is computable, so is F (x, t) = f [t](x), the t’th iterate of f on x. We ask whether
these analog classes are closed under iteration, in the sense that if f is in the
class, then so is some F (x, t) that equals f [t](x) when t is restricted to the natural
numbers.

Proposition 4. [0, 1,−1, U ; COMP, I] is closed under iteration.

Proof. (Sketch) Let’s denote [0, 1,−1, U ; COMP, I] bu D. Given f , we can define
in D the differential equation(

θ∞(cosπt) + θ∞(− cosπt)
)
∂ty1 = −(y1 − f(y2)) θ∞(sin 2πt)(

θ∞(sinπt) + θ∞(− sinπt)
)
∂ty2 = −(y2 − y1) θ∞(− sin 2πt)

(6)

with initial condition y1(x, 0) = y2(x, 0) = x, where θ∞ is the function defined in
Example 2. We claim that the solution satisfies y1(x, t) = f [t](x), for all integer
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t ≥ 0. On the interval [0, 12 ], y′
2(x, t) = 0 because θ∞(− sin 2πt) = 0. Therefore,

y2 remains constant with value x, and f(y2) = f(x). The solution for y1 on [0, 12 ]
is then given by

exp
( 1
sin(2πt) − 1

cos(πt)

)
y′
1 = −(y1 − f(x)),

which we rewrite as ε y′
1 = −(y1 − f(x)). Note that ε → 0+ when t → 1/2.

Integrating the equation above we obtain

y1 − f(x) = exp
(
−1

ε
t

)
,

where the right hand side goes to 0 when t approaches 1/2. Therefore, y1(1/2) =
f(x). A similar argument for y2 on [ 12 , 1] shows that y2(x, 1) = y1(x, 1) = f(x),
and so on for y1 and y2 on subsequent intervals. The set of singularities of
Equation (6) is {n/2, n ∈ N}. ��

However, if we replace SC1-integration by proper integration, which preserves
analyticity, then the resulting class is no longer closed under iteration. More
precisely,

Proposition 5. [0, 1,−1, U ; COMP, I] is not closed under iteration.

Proof. (Sketch) We denote [0, 1,−1, U ; COMP, I] by D. Let’s suppose that D is
closed under iteration. Since exp ∈ D, then there is a function F in D such that
F (x, t) = exp[t](x) for all t ∈ N and all x ∈ R. Therefore, F has a finite descrip-
tion in D with a certain fixed number of uses of the I operation. However, it is
known that functions of one variable in D are differentially algebraic [Moo96],
that is, they satisfy a polynomial differential equation of finite order. So, for
any fixed t, F is differentially algebraic in x. But, from a result of Babakhanian
[Bab73], we know that exp[t] satisfies no non-trivial polynomial differential equa-
tion of order less than t. This means that the number of integrations that are
necessary to define exp[t] has to grow with t, which creates a contradiction. ��

Since [0, 1,−1, U ; COMP, I] contains non-analytic functions while all func-
tions in [0, 1,−1, U ; COMP, I] are analytic, one could ask if there is a connexion
between those two structural properties of real recursive classes. We believe that
closure under iteration and analyticity are related in the following sense:

Conjecture 1. Any non trivial real recursive class which is closed under iteration
must contain non-analytic functions.

As a matter of fact, even if it is known that the transition function of a
Turing machine can be encapsulated in an analytic function [KM99,Moo98], no
analytic form of an iteration function is known.

Next we consider restricted operations as bounded sums and bounded prod-
ucts and we ask which real recursive classes are closed under those operations.
We say that an analog class is closed under bounded sums (resp. products) if
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given any f in the class, there is some g also in the class that equals
∑
n<t f(x, n)

(resp.
∏
n<t f(x, n)) when t is restricted to the natural numbers.

Let’s see how to define bounded sums in a real recursive class. Not surpris-
ingly, we find that this is related to indefinite integrals. We first define a step
function F which matches f on the integers, and whose values are constant on
the interval [j, j+1/2] for integer j. F can be defined as F (t) = f(s(t)), where s is
a continuous step function that matches the identity over the integers. This can
be defined with the indefinite integral s(0) = 0 and s′(x) = ckθk(− sin 2πx).1

Then s(t) = j, and F (t) = f(s(t)) = f(j), whenever t ∈ [j, j + 1/2] for in-
teger j. The bounded sum of f is then given by g, such that g(0) = 0 and
g′(t) = ckF (t) θk(sin 2πt). Then g(t) =

∑
z<n f(z) whenever t ∈ [n− 1, n− 1/2].

So, we can define bounded sums with the constant π, a periodic function like
sin, θk, and the operation of indefinite integrals. More precisely,

Proposition 6. For all k ∈ N, [0, 1,−1, π, θk, sin, U ; COMP, INT] is closed un-
der bounded sums. Moreover, any real recursive class which is closed under com-
position and indefinite integrals and contains the functions 0, 1,−1, π, θk, sin, U
is closed under bounded sums.

If a class is closed under bounded products and it contains, for instance, the
identity function, then it has to contain functions that grow faster than polyno-
mials. For instance, the class [0, 1,−1, π, θk, sin, U ; COMP, INT] cannot be closed
under bounded products. What can we say if the analog class is closed under
linear integration, instead of just indefinite integrals? We conjecture that the an-
swer is still negative, since we believe that the simulation of bounded products
would have to rely on a technique similar to Proposition 4 using synchronized
clock functions, although we have no proof of this.

Let’s then consider the following weaker property. We say that a class is
closed under bounded products in a weak sense if, given any f in the class which
has integer values for integer arguments (i.e., f is an extension to the reals of
some f̃ : N→ N), there is a g in the class such that g(x, t) =

∏
n<t f(x, n) when

t is restricted to the natural numbers. Then, in the presence of some appropriate
non-analytic function like θk, proper integration and even linear integration are
sufficient to simulate bounded products. In particular, we proved in [CMC] the
following:

Proposition 7. For all k ∈ N, [0, 1,−1, π, θk, U ; COMP,LI] is closed under
bounded products in a weak sense.

We can also show that a class is closed under the iteration of extensions to the
reals of integer valued functions, as long as it is closed under proper integration,
and it contains the non-analytic function θk or θ∞. We call this property closure
under iteration in a weak sense. For instance, it can be shown, using a technique
similar to [Bra95], that

Proposition 8. [0, 1,−1, θ∞, U ; COMP, I] is closed under iteration in a weak
sense.
1 The constant ck is a rational or a rational multiplied by π.
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4 Computational Complexity

In this section we explore connections among real recursive classes and standard
recursive classes. Since we are interested in classes below the primitive recursive
functions, we can characterize them in terms of standard space or time complex-
ity, and consider the Turing machine as the underlying computational model.
This approach differs from others, namely BSS-machines [BSS89] or information-
based complexity [TW98], since it focus on effective computability and complex-
ity. There are two main reasons to this. First, the Turing machine model allows
us to represent the concept of Cauchy sequences and, therefore, supports a very
natural theory of computable analysis. Second, we aim to use the theory of real
recursive functions to address problems in standard computational complexity.
This would be difficult to achieve with an intrinsically analog theory like the
BSS-machines over R.

To compare the computational complexity of real recursive classes and stan-
dard recursive classes we have to set some conventions. On one hand, we follow
a straightforward approach to associate a class of integer functions to a real re-
cursive class. We simply consider the discretization of a real recursive class, i.e.,
the subset of functions with integer values for integer arguments. More precisely,

Definition 3. Given a real recursive class C, FN(C) = {f : N
n → N s.t. f has

an extension to the reals in C}.
If FN(C) contains a certain complexity class C′, this means that C has at least
the computational power of C′, i.e., we can consider C′ as a lower bound for C.

On the other hand, we consider the computational complexity of real func-
tions. We use the notion of [Ko91], which is equivalent to the one proposed by
Grzegorczyk [Grz55], and whose underlying computational model is the function-
oracle Turing machine. Intuitively, the time (resp. space) complexity of f is the
number of moves (resp. the amount of tape) required by a function-oracle Tur-
ing machine to approximate the value of f(x) within an error bound 2−n, as a
function of the input x and the precision of the approximation n.

Let’s briefly recall what a function-oracle Turing machine is (we give an
informal description: details can be found in [HU79,Ko91]). For any x in the
domain of f , the oracle is a computable sequence φ such that for all n ∈ N,
|φ(n)− x| < 2−n. The machine is a Turing machine equiped with an additional
query tape, and two additional states. When the machine enters in the query
state, it replaces the current string s in the query tape by the string φ(s), where
φ is the oracle, moves the head to the first cell of the query tape, and switches
to the answer state. This is done in one step of the computation. We say that
the time (resp. space) complexity of f on its domain is bounded by a function
b if there is a function-oracle Turing machine which, for any x in the domain of
f and an oracle φ that converges to x, computes an approximation of f(x) with
precision 2−n in a number of steps (resp. amount of tape) bounded by b(x, n).
Then, for space complexity we define:

Definition 4. Given a set of functions S, FRSPACE(S) = {f : R
n → R s.t. the

space complexity of f is bounded by some function in S}.
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Therefore, if a real recursive class C is contained in FRSPACE(S), then S can
be considered a space complexity upper bound for C.

Suppose that a function f can be successively approximated within an error
2−n in a certain amount of space. Then, if f is integer, it just has to be approx-
imated to an error less than 1/2 to know its value exactly. Therefore, if a real
recursive class C is computable in space bounded in S, then the discretization
of C is also computable in space bounded in S. Formally,

Proposition 9. Let C be a real recursive class. If C ⊂ FRSPACE(S), then
FN(C) ⊂ FSPACE(S).

Given the two conventions established in Definition 3 and Definition 4, we
will show upper and lower bounds on some real recursive classes. We can use
the closure properties described in the last section to compare discretizations
of real recursive classes with standard recursive classes. For instance, since
[0, 1,−1, U ; COMP, I] contains extensions of the zero function, successor, pro-
jections, and the cut-off function, and is closed under and composition and
iteration, then we have the following upper bound for the primitive recursive
functions:

Proposition 10. PR ⊂ FN([0, 1,−1, U ; COMP, I]).

Note that the same inductive proof works for [0, 1,−1, θk, U ; COMP, I]. There-
fore, PR ⊂ FN([0, 1,−1, θk, U ; COMP, I]).

The elementary functions E , which are closed under bounded sums and prod-
ucts, are a well-known class in recursion theory. All elementary functions are
computable in elementary time or space, i.e., in time or space bounded by a
tower of exponentials. As a matter of fact, the elementary functions are the
smallest known class closed under time or space complexity [Odi00]. We showed
in [CMC] that

Proposition 11. For all k ≥ 0, E ⊂ FN([0, 1,−1, θk, U ; COMP,LI]).

In addition, we showed that all functions in [0, 1,−1, θk, U ; COMP,LI] are com-
putable in elementary space (or time). Formally,

Proposition 12. For all k > 1, [0, 1,−1, θk, U ; COMP,LI] ⊂ FRSPACE(E).

Combining this with Proposition 9 and Proposition 11, we conclude that:

Proposition 13. For all k > 1, E = FN([0, 1,−1, θk, U ; COMP,LI])

which gives an analog characterization of the elementary functions. It is inter-
esting that linear integration alone gives extensions to the reals of all elementary
functions, since these are all the functions that can be computed by any practi-
cally conceivable digital device.

In recursion theory, several forms of bounded recursion are widely used,
namely to obtain characterization of low complexity classes [Clo99]. In bounded
recursion, an a priori bound is imposed on the function to be defined with the
recursion scheme. Similarly, we can consider the following operator on real func-
tions:
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BI (Bounded integration). Given functions f1, . . . , fm of arity n, g1, . . . , gm of
arity n + 1 + m, and b of arity n + 1, if (h1, . . . , hm) is the unique function
that satisfies the equations h(x, y) = f(x), ∂yh(x, y) = g(x, y,h(x, y)), and
||h(x, y)|| ≤ b(x, y) on R

n+1, then h = h1 of arity n + 1 is defined.

Let’s consider the class [0, 1,−1, θk,×, U ; COMP,BI].2 All its functions are
defined everywhere since this is true for the basic functions and its operators
preserve that property. The a priori bound on the integration operation strongly
restricts this class. All functions in the class [0, 1,−1, θk,×, U ; COMP,BI] and
its derivatives (for k > 1) are bounded by polynomials. Moreover, all functions
computable in linear space have extensions in that class:

Proposition 14. For all k ≥ 0, FLINSPACE ⊂ FN([0, 1,−1, θk,×, U ; COMP,
BI]).

Proof. (Sketch) Let’s denote [0, 1,−1, θk,×, U ; COMP,BI] by B0. Ritchie [Rit63]
proved that the set of integer functions computable in linear space is the func-
tion algebra [0, S, U,×; COMP,BREC], usually denoted by E2, where BREC is
bounded recursion. It is easy to verify that B0 contains extensions to the reals of
zero, successor, projections, and binary product. Since B0 is closed under com-
position, we just have to verify that B0 is closed under bounded recursion in a
weak sense. But since all functions in B0 have polynomials bounds, then this can
be done with techniques similar to [Bra95] using bounded integration instead of
integration. Details can be found in [Cam01]. ��

The Ritchie hierarchy [Rit63] is one of the first attempts to classify recur-
sive functions in terms of computational complexity. The Ritchie classes, which
range from FLINSPACE to the elementary functions, are the sets of func-
tions computable in space bounded by a tower of exponentials of fixed height.
Next we describe a hierarchy of real recursive classes where the first level is
[0, 1,−1, θk,×, U ; COMP,BI] (see above), and the n-th level is defined by al-
lowing n nested applications of the linear integration operator. In each level of
the hierarchy, indefinite integrals are freely used. As in the Ritchie hierarchy,
composition is restricted. In [Rit63], the arguments of each recursive function
are of two possible types: free and multiplicative. If f is multiplicative in the
argument x, then f grows at most polynomially with x. The restricted form of
composition forbids composition on two free arguments. For instance, if 2x+y is
free in x and multiplicative in y, then the composition z = 2x+y with x(t) = 2t,
which is free in t, is not allowed while the composition z = 2x + y with y(t) = 2t
is. We denote this restricted composition by RCOMP and define the following
hierarchy of real recursive classes (see [Cam01] for details):

Definition 5. (The hierarchy Sn) For all n ≥ 0, Sn = [B0; RCOMP, INT, n·LI],
where B0 = [0, 1,−1, θk,×, U ; COMP,BI] for any fixed integer k > 2, and where
the notation n · LI means that the operator LI can be nested up to n times.
2 Given an appropriate bound, the binary product h(x, y) = xy could be easily defined
with bounded integration: h(x, 0) = 0, and ∂yh(x, y) = U2

1 (x, y) = x. However, no
other basic function grows as fast as the binary product, so this needs to be included
explicitly in the class.
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A few remarks are in order. First, all the arguments of a function h defined with
linear integration, from any functions f, g of appropriate arities, are free. For
instance, we are not allowed to compose the exponential function with itself,
since its argument is free. Second, since solutions of linear differential equations
y′(t) = g(t)y(t) are always bounded by an exponential in g and t, and at most n
nested applications of linear integration are allowed, then all functions in Sn have
bounds of the form exp[n](p(x)), where p is a polynomial. Even if the composition
exp(exp(x)) is not permitted, towers of exponentials exp[n] = exp ◦ . . . ◦ exp can
be defined in Sn:

Example 3. (exp[n] ◦p ∈ Sn). Let ui(x, y) = exp[i](p(x, y)) for i = 1, . . . , n,
where p is a polynomial. Then, the functions ui are defined by the set of linear
differential equations

∂yu1 = u1 · ∂yp . . . ∂yun = un · un−1 · · ·u1 · ∂yp

with appropriate initial conditions. Thus un can be defined with up to n nested
applications of LI and, therefore, exp[n] ◦p ∈ Sn.

Next we relate the Sn hierarchy to the exponential space hierarchy (details
of the proofs can be found in [Cam01]). Consider the following set of bounding
functions:

2[n] = {bk : N→ N s.t. k > 0, bk(m) = 2[n](km) for all m}.

On one hand, Sn has the following upper bound:

Proposition 15. For all n ≥ 0, Sn ⊂ FRSPACE(2[n+1]).

Proof. (Sketch) All functions in Sn, and its first and second derivatives, are
bounded by 2[n] ◦ p, where p is some polynomial. This follows from the fact that
all basic functions in Sn have such property (this is why we restrict k in the Def-
inition 5) and the operators of Sn preserve it. Then, using numerical techniques
we show how to approximate a function defined by composition or bounded in-
tegration in S0 = B0. Given the bounds on the functions in S0 and their first
derivative, composition can be computed in a straightforward manner, without
increasing the space bounds. The major difficulty has to do with integration. We
have to use an exponential amount of space to achieve a sufficiently good ap-
proximation. In fact, the standard techniques for numerical integration (Euler’s
method) require a number of steps which is exponential in the bounds on the
derivatives of the functions we want to approximate [Hen62]. Since the bounds
for functions in S0 are polynomial, the required number of steps N in the nu-
merical integration is exponential. Thus all functions in S0 can be approximated
in exponential space. Finally, we follow the same approach for other levels of
the Sn hierarchy, where restricted composition replaces composition, and linear
integration replaces bounded integration. ��
On the other hand, all functions computable in space bounded by 2[n−1] have
extensions in Sn. Formally,
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Proposition 16. For all n ≥ 1, FSPACE(2[n−1]) ⊂ FN(Sn).

Proof. (Sketch) As in [Rit63], we show that FSPACE(2[n−1]) has a recursive def-
inition, using restricted composition and a restricted form of bounded recursion.
The following step is to define this restricted form of bounded recursion with
bounded sums. Let’s suppose that f ∈ FSPACE(2[n−1]) is defined by bounded
recursion. Then, we can encode the finite sequence {f(1), . . . , f(n)} as an inte-
ger (using for instance prime factorization), and replace bounded recursion by
a bounded quantification over those encodings.3 We use the fact that bounded
quantifiers can be defined with bounded sums and cut-off subtraction. However,
the bound on the encoding of the sequence {f(1), . . . , f(n)} is exponential on
the bound on f . Therefore, we need an additional level of exponentials to replace
bounded recursion by bounded sums. Finally, we know from Proposition 6 that
Sn is closed under bounded sums, and contains cut-off subtraction as well. ��

Unfortunately, we were not able to eliminate bounded integration from the
definition of B0, neither were we able to show that FSPACE(2[n]) is precisely
FN(Sn). We believe those issues are related with the open problem:

L2 ?= E2,
where L2 = [0, S, U, . ; COMP,BSUM] is defined with bounded sums and is
known as Skolem’s lower elementary functions.4 We consider instead the follow-
ing problem:

FN([0, 1,−1, θk,+, U ; COMP, INT]) ?= FN([0, 1,−1, θk,×, U ; COMP,BI]).

At first sight, it seems that the equality above is false, since bounded integra-
tion is more general than indefinite integrals. However, the problem only con-
cerns the discretizations of the analog classes. One could try to use results of
the theory of differential equations to show directly that bounded integration
is reducible, up to a certain error, to a finite sequence of indefinite integrals.
It is known that solutions of general differential equations, y′(t) = f(t, y) and
y(0) = y0, can be uniformly approximated by sequences of integrals, given some
broad conditions that guarantee existence and uniqueness [Arn96,Har82]. How-
ever, that result, which is based on Picard’s successive approximations, requires
a sequence of integrals whose length increases with t. Since all functions in
[0, 1,−1, θk,×, U ; COMP,BI] and its derivatives are polynomially bounded, it
might be possible to find a finite approximation for bounded integration, which
would be sufficient to approximate functions which range on the integers. Notice
that the standard numerical techniques (Euler’s method) to approximate the so-
lution of y′(t) = f(t, y) and y(0) = y0 require a number of approximation steps
which are exponential in the bounds on the derivative, while Picard’s method
only needs a polynomially long sequence of indefinite integrals, if the bounds on
the derivatives are polynomial.
3 We follow a known technique in recursion theory (see [Ros84]).
4 Recall that E2 = [0, S, U,×; COMP,BREC] and is precisely FLINSPACE. Notice
that L2 ⊂ E2.
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If the equality above is true, and if FN([0, 1,−1, θk,+, U ; COMP, INT])⊂L2,
then we would obtain a chain of inclusions that would show that L2 = E2.
These remarks above establish a connection between the theory of real recursive
functions and computational complexity that would be interesting to explore.

5 Final Remarks

We described some results on real recursive functions and we listed some open
problems and directions for further research. We believe that recursion theory
over the reals is not only an interesting area of research by itself, but it is also
related to other areas such as computational complexity, numerical analysis or
dynamical systems.

We mentioned possible links to computational complexity in the last section.
It would be interesting to look at real recursive classes related to low time com-
plexity classes. For instance, it is unlikely that the class in Proposition 6 is con-
tained in FRSPACE(P ), where P is the set of polynomials, since if FRSPACE(P )
is closed under INT, then #P = FPTIME [Ko91]. Therefore, schemes of inte-
gration other than the ones we described in this paper have to be explored to
find analogues to FPTIME or other low time complexity classes.

We would like to clarify the connections between real recursive functions and
dynamical systems. It is known that the unary functions in [0, 1,−1, U ; COMP, I]
are precisely the solutions of equations y′ = p(y, x), where p is a polynomial
[Gra02]. We conjecture that [0, 1,−1, U ; COMP,LI] corresponds to the family of
dynamical systems y′ = f(y, x), where each fi is linear and depends at most
on x, y1, . . . , yi. Given such canonical representations of classes of real recursive
functions, one could investigate their dynamical properties.
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Hypercomputation in the Chinese Room

B. Jack Copeland

Philosophy Department, University of Canterbury, New Zealand
bjcopeland@cantva.canterbury.ac.nz

Abstract. I rehearse a number of objections to John Searle’s famous
Chinese room argument. One is the ‘hypercomputational objection’
(Copeland 2002a). Hypercomputation is the computation of functions
that cannot be computed in the sense of Turing (1936); the term orig-
inates in Copeland and Proudfoot (1999). I defend my hypercomputa-
tional objection to the Chinese room argument from a response recently
developed by Bringsjord, Bello and Ferrucci (2001).

1 The Vanilla Argument

In its basic form, the Chinese room argument addresses the case of a human clerk-
call him or her Clerk-who ‘handworks’ a GOFAI program.1 The program is pre-
sented to Clerk in English in the form of a set of rule-books. One not uncommon
misunderstanding takes Searle to be asserting that the rule-books contain a sim-
ple ‘look-up’ table that pairs possible inputs directly with ready-made outputs
(see for example Sterelny (1990): 220ff). So misinterpreted, Searle’s argument
is weakened; Searle’s intention is that the rule-books may contain any GOFAI
program that is claimed by its creators (or others) to understand Chinese-or in-
deed to have any ‘cognitive states’ whatsoever (Searle 1980: 417). The symbols
processed by the program are not limited to Chinese ideograms (which merely
form a vivid example); the symbols may even be generated by a suite of sensors
mounted on motor equipment that is itself under the control of the program
(1980: 420).

To the programmers outside, the verbal behaviour of the Room-the system
that includes the rule-books, Clerk, the erasable paper memory, Clerk’s pencils
and rubbers, the input and output provisions (paper cards and slots) and any
clock, random number generator, or other equipment that Clerk may need in
order to execute the precise program in question-is indistinguishable from that
of a native Chinese speaker. But does the Room understand Chinese?

Here is the vanilla argument (Searle 1980: 418):

[Clerk] do[es] not understand a word of the Chinese stories. [Clerk] ha[s]
inputs and outputs that are indistinguishable from the native Chinese
speaker, and [Clerk] can have any formal program you like, but [Clerk]

1 Good Old Fashioned AI: John Haugeland’s excellent term for traditional symbol-
processing AI (Haugeland 1985).
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still understand[s] nothing. Schank’s computer for the same reasons un-
derstands nothing of any stories ... [W]hatever purely formal principles
you put into the computer will not be sufficient for understanding, since a
human will be able to follow the formal principles without understanding
... .

The flaw in the vanilla version is simple: the argument is not logically valid.2

(An argument is logically valid if and only if its conclusion is entailed by its pre-
miss(es); an argument is sound if and only if it is logically valid and each premiss
is true.) The proposition that the formal symbol manipulation carried out by
Clerk does not enable Clerk to understand the Chinese story by no means entails
the quite different proposition that the formal symbol manipulation carried out
by Clerk does not enable the Room to understand the Chinese story. One might
as well claim that the statement ‘The organisation of which Clerk is a part has
no taxable assets in Switzerland’ follows logically from the statement ‘Clerk has
no taxable assets in Switzerland’.

It is important to distinguish this, the logical reply to the vanilla argument,
from what Searle calls the systems reply. The systems reply is the following claim
(1980: 419):

While it is true that the individual person who is locked in the room
does not understand the story, the fact is that he is merely part of a
whole system and the system does understand the story. As Searle cor-
rectly points out, the systems reply is worthless, since it ‘simply begs
the question by insisting without argument that the system must un-
derstand Chinese’ (1980: 419). The logical reply, on the other hand, is
a point about entailment. The logical reply involves no claim about the
truth-or falsity-of the statement that the Room can understand Chinese.

2 The Roomless Room

Of course, any logically invalid argument can be rendered valid with the addition
of further premisses (in the limiting case one simply adds the conclusion to the
premisses). The trick is to produce additional premisses which not only secure
validity but are sustainable.

In his discussion of the systems reply Searle says (1980: 419):

My response to the systems theory is quite simple: Let the individual ...
memoriz[e] the rules in the ledger and the data banks of Chinese symbols,
and [do] all the calculations in his head. The individual then incorporates
the entire system. ... We can even get rid of the room and suppose he
works outdoors. All the same, he understands nothing of the Chinese,
and a fortiori neither does the system, because there isn’t anything in the
system that isn’t in him. If he doesn’t understand, then there is no way
the system could understand, because the system is just a part of him.

2 (Copeland 1993a, 1993b.)
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Let me represent this, the outdoor version of the argument, as follows:
(2.1) The system is part of Clerk.
(2.2) If Clerk (in general, x) does not understand the Chinese story (in
general, does not), then no part of Clerk (x) understands the Chinese
story (s).
(2.3) The formal symbol manipulation carried out by Clerk does not
enable Clerk to understand the Chinese story.
Therefore:
(2.4) The formal symbol manipulation carried out by Clerk does not
enable the system to understand the Chinese story.

The outdoor version is logically valid. Premiss (2.1) is perhaps innocent enough.
Attention thus centres on (2.2), which I call the Part-Of principle.3 Searle makes
no mention at all of why he thinks the Part-Of principle is true. Yet the principle
is certainly not self-evident. It is all too conceivable that a homunculus or ho-
muncular system in Clerk’s head should be able to understand Chinese without
Clerk being able to do so. (Notice that Searle has no reservations concerning the
application of predicates like ‘understand’ to sub-personal systems. He writes
(against Dennett): ‘I find nothing at all odd about saying that my brain under-
stands English. ... I find [the contrary] claim as implausible as insisting “I digest
pizza; my stomach and digestive tract don’t”.’ (1980: 451).) Likewise for related
values. Conceivably there is a special-purpose module in Clerk’s brain that pro-
duces solutions to certain tensor equations, yet Clerk himself may sincerely deny
that he can solve tensor equations-does not even know what a tensor equation is,
we may suppose. Perhaps it is the functioning of this module that accounts for
our ability to catch cricket balls and other moving objects (McLeod and Dienes
1993). Clerk himself, we may imagine, is unable to produce solutions to the rel-
evant tensor equations even in the form of leg and arm movements, say because
the output of the module fails to connect owing to the presence of a lesion. Or, to
move into the realm of science fiction, neuropharmacologists may induce Clerk’s
liver to emulate a brain, the liver remaining in situ and receiving input directly
from a computer workstation, to which the liver also delivers its output. Clerk’s
modified liver performs many acts of cognition that Clerk cannot. One example:
Clerk stares uncomprehendingly at the screen of the computer as his liver proves
theorems in quantified tense logic.

Of course, one might respond to these and similar examples as follows. Since a
part of Clerk is proving a theorem of quantified tense logic (solving a set of tensor
equations, etc.) then so is Clerk-there he is doing it, albeit to his own surprise.
This response cannot be available to Searle. If Clerk’s sincere denial that he
is able to solve tensor equations (or what have you) counts for nothing, then
likewise in the case of the Chinese room. However, it is a cornerstone of Searle’s
overall case that Clerk’s sincere report ‘I don’t speak [sic] a word of Chinese’
(1980: 418) suffices for the truth of premiss (2.3). One might call this Searle’s
Incorrigibility Thesis. It, like the Part-Of principle, is left totally unsupported
by Searle. (Searle sometimes says, as if to give independent support to (2.3):
3 (Copeland 2002a.)
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‘there is no way [Clerk] could come to understand Chinese in the [situation] as
described, since there is no way that [Clerk] can learn the meanings of any of
the symbols’ (1990: 20). This rhetoric simply begs the question, since the matter
at issue is whether ‘just having the symbols by themselves ... [is] sufficient for
semantics’ and that this cannot be sufficient is, allegedly, ‘the point that the
Chinese room demonstrated’ (1990: 21).)

If the Part-Of principle is taken to be a modal claim equivalent to NOT-
POSSIBLY((some part of Clerk understands Chinese) & NOT(Clerk under-
stands Chinese)) then, assuming the Incorrigibility Thesis, possible scenarios
such as the foregoing do more than bear on the plausibility of the principle: they
settle its truth-value. If, on the other hand, the Part-Of principle is said to be
a purely contingent claim (i.e. a claim that happens to be true in the actual
world but is not true in possible alternatives to the actual world), then Searle’s
difficulty is to produce reasons for thinking the principle true.

3 The Church-Turing Fallacy and the
Hypercomputational Objection

Searle believes it follows from Church’s thesis that the activity of the brain can
be simulated by a universal Turing machine:

Can the operations of the brain be simulated on a digital computer
[read: Turing machine]? ... [G]iven Church’s thesis that anything that
can be given a precise enough characterization as a set of steps can be
simulated on a digital computer, it follows trivially that the question has
an affirmative answer. (1992: 200-201; see also 1997: 87.)

However, Searle’s statement of Church’s thesis is mistaken. Church’s thesis, also
known as ‘Turing’s thesis’ and the ‘Church-Turing thesis’ (Kleene 1967), is in
fact a proposition concerning what can be achieved by a human clerk who ma-
nipulates symbols unaided by any machinery (save paper and pencil) and who
works in accordance with ‘mechanical’ methods, i.e. methods set out in the form
of a finite number of exact instructions that call for no insight or ingenuity on
the part of the clerk. The Church-Turing thesis (Turing 1936, Church 1936a,
1936b, 1937) states that whatever can be calculated by a clerk so working, even
a clerk idealised to the extent of being free of all constraints on time, patience,
concentration, and so forth, can also be calculated by a Turing machine. This
thesis carries no implication concerning the extent of what can be calculated by
a machine (say one that operates in accordance with a finite program of instruc-
tions), for among the machine’s repertoire of primitive operations there may be
those that no human being unaided by machinery can perform. Nor does the
thesis imply that each process admitting of a precise characterisation ‘as a set
of steps’ can be simulated by a Turing machine, for the steps need not be ones
that a human clerk working in accordance with some mechanical method can
carry out.
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Searle’s mistake concerning the nature of the Church-Turing thesis is, in
fact, a common one, which can be frequently encountered in recent writing on the
philosophy of mind (see further Copeland 2000). One way to assist the extinction
of a fallacy is to introduce a name for it. In (1998a) I suggested the term Church-
Turing fallacy for the fallacy of believing that the Church-Turing thesis, or some
formal or semi-formal result established by Turing or Church, secures the truth
of the proposition that the brain (or every machine) can be simulated by a
universal Turing machine.

In his Ph.D thesis (Princeton 1938) Turing introduced the notional ma-
chines that he called ‘O-machines’. Subsequently published as Turing (1939),
this work is a classic of recursive function theory. Yet it is seemingly little-
known among philosophers of mind. An O-machine (see further Copeland 1997,
1998a; Copeland and Proudfoot 1999) is a programmable device able to perform
mathematical tasks that are too difficult for a universal Turing machine. (Turing
proved in (1936) that such tasks exist.) An O-machine consists of a ‘head’ and
a paper tape of unbounded length. Each square of the tape is either blank or
contains a discrete symbol. A finite segment of the tape contains the program
that is to be executed and the symbols that form the input. The O-machine ma-
nipulates symbols in a serial, step-by-step manner in accordance with the rules
specified by the program. Every primitive operation of an O-machine that is not
among the primitive operations of a Turing machine is, by definition, a formal
operation on discrete symbols (in essence an operation that replaces a binary
string with 1 or 0).

Trivially, the processing of an O-machine is always characterisable as a set
of steps, namely, the set of steps specified by the machine’s program. Employing
the thesis espoused by Searle in the above quotation yields the absurdity that
an O-machine can be simulated by a Turing machine-a contradiction.

An O-machine’s program may call for primitive operations that a human
clerk working by rote and unaided by machinery is incapable of carrying out
(for otherwise, by the real Church-Turing thesis, whatever can be calculated by
an O-machine can be calculated by a Turing machine). Searle’s Chinese room
argument cannot successfully be deployed against the functionalist hypothesis
that the brain instantiates an O-machine (a hypothesis which Searle will presum-
ably find as ‘antibiological’ (1990: 23) as other functionalisms). This is because
the argument depends on Clerk being able to carry out by hand each operation
that the program in question calls for. Turing originally introduced the Tur-
ing machine as a model of a human clerk engaged in mathematical calculation
(1936: 231), and so, of course, each primitive operation of a Turing machine is
indeed one that a human clerk can carry out. The same is true of the electronic
machines fashioned after the universal Turing machine. As Turing himself put
it (1950: 1):

Electronic computers are intended to carry out any definite rule of thumb
process which could have been done by a human operator working in a disciplined
but unintelligent manner. O-machines, on the other hand, conspicuously fail to
satisfy this ground condition of the Chinese room argument.
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Searle has repeatedly emphasised that it is the fact that computers have ‘no
more than just formal symbols’ which entails that programs ‘cannot constitute
the mind’ and that this is what the Chinese room argument shows (1989: 33;
1992: 200).

The whole point of the original [i.e. indoor] example was to argue that ...
symbol manipulation by itself couldn’t be sufficient for understanding Chinese.
(1980: 419.)

[F]ormal syntax ... does not by itself guarantee the presence of mental con-
tents. I showed this a decade ago in the Chinese room argument. (1992: 200.)
But O-machines point up the fact that the notion of a programmed machine
whose activity consists of the manipulation of formal symbols is more general
than the notion of a universal Turing machine. If there is an implication from ‘x’s
operation is defined purely formally or syntactically’ to ‘x’s operation is neither
constitutive of nor sufficient for mind’, it is not one that Searle has established
by the Chinese room argument.

Nor is this rich field of counterexamples to Searle’s claim merely of logical
interest. It may indeed be physically possible to construct a machine which,
under the idealisation of unbounded storage and unbounded computing time,
can compute functions that a universal Turing machine is unable to compute.
Speculation that there may be physical processes-and so, potentially, machine-
operations-whose behaviour cannot be simulated by Turing machine stretches
back over at least four decades (for example Da Costa and Doria 1991; Doyle
1982; Geroch and Hartle 1986; Komar 1964; Kreisel 1967, 1974; Penrose 1989,
1994; Pour-El and Richards 1979, 1981; Scarpellini 1963; Stannett 1990; Vergis
et al 1986; a partial survey is given in Copeland and Sylvan 1999). And the
view that the mind is some form of hypercomputer is yet to be fully explored
(Copeland 1997, 2000). As Mario Bunge has remarked, the traditional computa-
tional approach ‘involves a frigh tful impoverishment of psychology, by depriving
it of nonrecursive functions’ (Bunge and Ardila 1987: 109).4

4 Accelerating Turing Machines

A recent attempt by Bringsjord, Bello and Ferrucci (2001) to defend the Chinese
room argument against the hypercomputational objection employs the notion of
what I term an accelerating Turing machine (Copeland 1998b, 1998c, 2002b).

Recapping from my paper in UMC’98, an accelerating Turing machine is a
Turing machine that operates in accordance with what I call the Russell-Blake-
Weyl temporal patterning. Weyl considered a machine (of unspecified architec-
ture) that is capable of completing an infinite sequence of distinct acts of decision
within a finite time; say, by supplying the first result after 1/2 minute, the sec-
ond after another 1/4 minute, the third 1/8 minute later than the second, etc.
In this way it would be possible ... to achieve a traversal of all natural numbers
and thereby a sure yes-or-no decision regarding any existential question about
4 I am grateful to Jon Opie for drawing my attention to this passage.
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natural numbers. (Weyl 1927: 34; English translation from Weyl 1949: 42.) It
seems that this temporal patterning was first described by Russell, in a lecture
given in Boston in 1914. In a discussion of Zeno’s paradox of the race-course
Russell said ‘If half the course takes half a minute, and the next quarter takes
a quarter of a minute, and so on, the whole course will take a minute’ (Russell
1915: 172-3). Later, in a discussion of a paper by Alice Ambrose (Ambrose 1935),
he wrote:

Miss Ambrose says it is logically impossible [for a man] to run through
the whole expansion of 1/4. I should have said it was medically impos-
sible. ... The opinion that the phrase ‘after an infinite number of oper-
ations’ is self-contradictory, seems scarcely correct. Might not a man’s
skill increase so fast that he performed each operation in half the time
required for its predecessor? In that case, the whole infinite series would
take only twice as long as the first operation. (1936: 143-4.)

Blake, too, argued for the possibility of completing an infinite series of acts in a
finite time:

A process is perfectly conceivable, for example, such that at each
stage of the process the addition of the next increment in the series
1/2, 1/4, 1/8, . . . should take just half as long as the addition of the pre-
vious increment. But ... then the addition of all the increments each to
each shows no sign whatever of taking forever. On the contrary, it be-
comes evident that it will all be accomplished within a certain definitely
limited duration. ... If, e.g., the first act ... takes 1/2 second, the next
1/4 second, etc., the [process] will ... be accomplished in precisely one
second. (1926: 650-51.)

Accelerating Turing machines are Turing machines that perform the second
operation called for by the program in half the time taken to perform the
first, the third in half the time taken to perform the second, and so on.
Let the time taken to perform the first operation be one ‘moment’. Since
1/2 + 1/4 + 1/8 + ... + 1/2n + 1/2n + 1 + . . . is less than 1, an accelerating
Turing machine-or human computer-can perform infinitely many operations be-
fore two moments of operating time have elapsed. Accelerating Turing machines
are able to perform tasks commonly regarded as impossible for Turing machines,
for example, solve the Turing-machine halting problem, decide the predicate cal-
culus, and determine whether or not the decimal representation of π contains n
consecutive 7s, for any n.

Stewart (1991: 664-5) gave a cameo discussion of accelerating Turing ma-
chines. Related to accelerating Turing machines are the anti de Sitter machines
of Hogarth (1994, 1992) (concerning which see also Earman and Norton 1993,
1996) and the Zeus machines of Boolos and Jeffrey (1980: 14-15). (Boolos and
Jeffrey envisaged Zeus being able to act so as to exhibit (what is here called)
the Russell-Blake-Weyl temporal patterning (1980: 14). By an extension of ter-
minology (which Boolos and Jeffrey did not make) a Zeus machine is any ma-
chine exhibiting the Russell-Blake-Weyl temporal patterning.) Also related are
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the trial-and-error machines of Putnam (1965) and Gold (1965). Hamkins and
Lewis (2000) give a mathematical treatment of the computability theory associ-
ated with accelerating Turing machines (which they term ‘infinite-time Turing
machines’). Sorensen (1999, sect. 6) contains a discussion of accelerating Turing
machines based on Copeland (1998b).

5 The Zeus Room

Bringsjord, Bello and Ferrucci attempt to defend the Chinese room argument
against my hypercomputational objection in the following way. Clerk (or Searle)
can hand-work the program of an O-machine, they say, by accelerating in the
Russell-Blake-Weyl fashion. Jack Copeland ... has recently argued that oracle
machines ... are immune to Searle’s (1980) CRA-based claim that mere symbol
manipulation is insufficient for genuine mentation ... Unfortunately, oracle ma-
chines are not immune to the Chinese room ... It’s easy to imagine that Searle
in the Chinese Room manipulates symbols in order to parallel the operation of
a Zeus machine ... The only difference is that in (what we might call) the “Zeus
room,” Searle works much faster. But this speed-up makes no difference with
respect to true understanding.

The problem with this effort to shore up Searle’s argument is that it leaves
what is supposed to go on in the Zeus Room radically under-described. In order
to get a feel for the difficulties, let us consider an accelerating machine H that
supplies the values of the halting function.

The famous halting function H takes pairs of integers as arguments and
returns the value 0 or 1. H may be defined as follows, for any pair of integers x
and y : H(x, y) = 1 if and only if x represents the program of a Turing machine
that eventually halts if set in motion with the number y inscribed on its otherwise
blank tape; H(x, y) = 0 otherwise. (I shall refer to x as the ‘program number’
and y as the ‘data number’.) A machine able to ‘solve the halting problem’ can
inform us, concerning any given Turing machine, whether or not H(x, y) = 1. An
accelerating Turing machine is able to do this. Let t be any Turing machine. A
universal Turing machine that is set in motion bearing the data number formed
by writing out the digits of t’s program number p followed by the digits of t’s
data number d will simulate t. The universal machine performs every operation
that t does, in the same order as t (although interspersed with sequences of
operations not performed by t), and halts just in case t does. A machine H that
computes the values of the halting function for all integers x and y will result if
one equips an accelerating universal Turing machine (or a human clerk) with a
signalling device-a hooter, say-such that the hooter blows when and only when
the machine halts. If the hooter blows within two moments of the start of the
simulation then H(p, d) = 1, and if it remains quiet then H(p, d) = 0.5

5 Since, by definition, H(x, y) is 0 whenever x is not the program number of a Turing
machine, H must not halt and blow its hooter in this case. This is achieved by adding
some instructions that drive Hinto an infinitely repeated loop if it determines x not
to be the program number of some Turing machine.
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As Thomson (1954, 1970) emphasized, if accelerating machines are to be
taken seriously, consistent answers must be supplied to questions about the con-
dition of the machine after it has completed its super-task. Such questions are
highly pertinent to the description of the Zeus Room.

An example of a relevant Thomsonesque question is: Where is H’s scanner
positioned once the simulation of t is completed? Originally, Thomson claimed
to have an argument showing that such questions could not be given consistent
answers (1954). His argument was, however, established to be invalid (Benac-
erraf, 1962). Thomson withdrew the claim that such questions do not admit
of consistent answers, saying only that any adequate treatment of the subject
matter must confront such questions squarely (1970). Probably he thought that
proponents of accelerating machines would prove unable to produce good an-
swers. In fact, answers can be found (Copeland 2002b). But I cannot claim to
know of any that might fully satisfy Thomson. Here is an example.

The Newtonian equations of motion have what are known as ‘escape solu-
tions’ whereby a body disappears from the universe in consequence of its velocity
increasing without bound (Geroch 1977: 82, Earman 1986: 34). For example, let
the velocity of a body increase in accordance with the Russell-Blake-Weyl for-
mula: takes 1 second to cover the first metre of its trajectory, a 1/2 second to
cover the next metre, and so on. The velocity is always finite but is unbounded.
At the end of the second second of motion disappears from the universe. Take
any Euclidean coordinate system originated on any point of the trajectory: the
axes specify every location in the universe and is to be found at none of them!
Let H’s scanner move in tandem with a tape generator which supplies a further
square of tape each time the scanner reaches the end of the strip of tape already
generated (perhaps the tape generator is bolted to the scanner). Each square of
the tape is of side 1 unit. The user holds the free end of the tape and presses
the start button. With each move-right called for by the program, the scanner
travels one unit further from the user along a linear trajectory. In the case where
the simulated machine t does not halt, the user is left holding an endless tape
on which can be found each digit printed by t. The answer to the Thomsonesque
question ‘Where is H’s scanner at that point?’ is: Nowhere.

Bringsjord, Bello and Ferrucci owe us answers to some difficult Thomsonesque
questions. How is it with Clerk after the period of acceleration? Suppose the
program that Clerk is following calls for H to run twice, with different inputs,
or even infinitely many times-how is Clerk supposed to manage this? How is H’s
scanner to be brought back to the starting position again?

It is not certainly not enough that Clerk carry out the simulation of H
and sail out of the universe in the way just described, a hoot, if there is one,
returning to the waiting crowd. One way or another, Clerk must be there in
order to participate in the necessary facts. If the Chinese room argument is not
to be subverted by the new twist to the story, it must be a fact about Clerk that,
having carried out all the symbol-manipulations called for by the program, he or
she does not understand Chinese. Moreover, this fact must be epistemologically
accessible to us.
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There is an ascending hierarchy of symbol-manipulators. At the bottom of
the hierarchy lie the Turing machines, the zeroth-order machines. A level higher
are the first-order machines: machines able to deliver the values of the Turing-
machine halting function. One level higher still are machines able to deliver the
values of the halting function for first-order machines, and so on ever upward
through the orders. Thomsonian difficulties multiply if the machine that Clerk is
supposed to mimic lies not at the first rung of this infinite hierarchy, as H does,
but higher up. Bringsjord, Bello and Ferrucci do not mention this case at all, yet
it is crucial to their attempt to defend the ‘CRA-based claim that mere symbol
manipulation is insufficient for genuine mentation’. They must demonstrate-to
good Thomsonian standards-that Clerk is able to simulate not only H but every
programmed symbol-manipulator in the ascending hierarchy.
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Abstract. The early decades of computing were marked by limited re-
sources. However, as we enter the twenty-first century, silicon is offering
enormous computing resources on a single die and molecular-scale devices
appear plausible offering a path to even greater capacities. Exploiting the
capacities of these modern and future devices demands different compu-
tational models and radical shifts in the way we organize, capture, and
optimize computations. A key shift is toward spatially organized compu-
tation. A natural consequence is that the dominant effects which govern
our computing space change from the total number of operations and
temporal locality to interconnect complexity and spatial locality. Old
computational models which hide, ignore, or obfuscate communication
and emphasize temporal sequences inhibit the exploitation of these mod-
ern capacities, motivating the need for new models which make commu-
nication and spatial organization more apparent.

1 Introduction

Severely limited physical capacity has been a stark reality of computer design
from the 1940’s. In the pre-VLSI era, we were limited by the physical bulk and
cost of relays, vacuum tubes, and discrete transistors. In the early VLSI era, we
were limited by the capacity of a single chip. Consequently, practical computing
devices have been organized around clever ways to use small amounts of hardware
to solve large problems.

The advent of compact memory technologies (core memory, IC memories,
DRAMs) coupled with the observation that we could describe a computation
and its state compactly, allowed us to reduce the size of a computation by time-
multiplexing the active hardware across many operations in the computation.
The most familiar embodiment of this is the sequential processor, where we use
a few tens of bits to store each instruction, a large memory to store the state of
the computation, and a single, or small number, of active computing devices to
evaluate the large computation sequentially.

Our conventional abstractions for describing computations (the Instruction
Set Architecture (ISA) at the machine code level, sequential programming lan-
guages like C, FORTRAN, and Java at the programmer level) grew out of this
poverty. They allowed programmers and compilers to describe computations in
a manner cognizant of the capacity limitations of these devices. They focused
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the developer on the costly items for these machines: the operations and the use
of memory. Programs were optimized by reducing the number of operations and
minimizing the amount of live state.

As we are all aware, the steady shrink of feature sizes in integrated circuit
processing has produced more capacity per die and per dollar at an exponential
rate. Our computing devices have been steadily getting richer. While we may see
the end of exponential IC feature size scaling in the next couple of decades [12],
advances in basic science are suggesting ways to cheaply engineer computing
devices at the molecular scale and in three dimensions.

With exponentially increasing capacity, we inevitably reach a point where
resource capacity is no longer such a scarce capacity. That point may vary from
task to task, and there are some problems that may always feel the crunch of
limited resources—particularly problems we cannot attack today even with all of
our well-honed tricks to reduce system size. Nonetheless, for a larger and larger
set of problems, we are crossing the poverty threshold to the world of abundance.

By 2016, for example, silicon technology is promising 900 million gates in
2.3 × 1012λ2 of silicon [1]. However, we were already building quite competent
single-chip processors by the early 1990’s with less than 2×109λ2 of silicon (e.g.
[6] [23]). Various estimates suggest we may be able to achieve 1010 gates/cm2

using molecular scale electronics [7] in only two dimensions; that is another 30×
the density of 2016 silicon.

What happens when we have an abundance of resources?
Minimal existence has the advantage that it certainly continues to work in

times of plenty. But, it is not necessarily the best or more efficient way to im-
plement a computation when more resources exist. It is this problem which
computing has, for good and practical reasons, largely ignored for the past 50
years. The current and future prospects for high capacity devices and systems
suggest it is now practical, beneficial, and necessary to rethink the way we for-
mulate computations. The abstractions, metrics, and optimizations which suited
capacity poor systems can be quite inappropriate when resources are less limited.
Consequently, we now need to find new models, optimizations, and algorithms
suitable to exploit our growing wealth of computational capacity.

2 Trend toward Spatial Computing

When capacity is abundant, we are not driven to the temporal extreme where
we time-multiplex a single active computation among a large number of opera-
tors. At the opposite extreme, we give each operation its own active operator.
Operations are interconnected in space rather than time (See Figure 1). Notably,
this means we exploit the full parallelism available in the task, completing the
task in time proportional to the longest path in the computation rather than
in time proportional to the number of operations. In fact, for many designs, we
may be able to pipeline the computation and produce new results every unit of
operator delay.
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In spatial implementations, each operator exists at a different point in
space, allowing the computation to exploit parallelism to achieve high
throughput and low computational latencies. In temporal implementa-
tions, a small number of compute resources are reused in time, allowing
the computation to be implemented compactly.

Fig. 1. Spatial versus Temporal Computation for the expression y = Ax2 +Bx+C

The spatial design is larger than the minimum size temporal design, trading
increased area to hold more active operators for decreased time. As area be-
comes less of a limiting factor in designs, we can accelerate our computation by
moving to more spatial designs. Further, even programmable spatial design are
more effective at exploiting high capacity than both conventional processors and
multiprocessors.

Spatial designs were originally the sole domain of custom silicon application
(e.g. custom VLSI or ASICs for dedicated signal processing tasks, video compres-
sion). They were only used for limited tasks which required computational rates
infeasible with time-multiplexed, programmable designs. As capacity has grown,
programmable spatial designs have become increasingly practical using Field-
Programmable Gate-Arrays (FPGAs). With the capacity available in today’s
FPGAs, many computing tasks can be implemented entirely spatially in a single
device (e.g. digital filters, video and cryptographic encoding and decoding). It
is worthwhile to note that the size of the FPGA device is often equivalent to
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the size of the sequential processor, while providing orders of magnitude greater
performance [3].

Conventional, sequential processors struggle to extract more parallelism from
tasks described using the capacity poor sequential ISA abstraction. The abstrac-
tion, itself, however limits and obfuscates available parallelism. Supporting the
abstraction, requires substantially more hardware capacity (e.g. renaming, issue
logic, reorder buffers) for model overhead than the capacity which is applied to
the computational task.

Unlike conventional parallel processors, which are also based around heavily
time-multiplexed processing nodes using the ISA abstraction, spatial computa-
tions exploit regularity in the computing task to build more compact, active
processing nodes. A spatial operator can be built or programmed to perform
the same operation repeatedly on a sequence of data. In the custom hardware
world, this means we build a hardwired datapath that does just one thing, but is
used efficiently because we need to do that one thing over and over again. In the
FPGA or programmable spatial world, this means we factor out the components
of a computation which are needed repeatedly and configure a spatial unit to
compute them efficiently. Signal processing, encryption, compression, and im-
age manipulation are common examples of applications which require repeated
application of the same computation to a large set of data. More generally the
oft-quoted 90/10 rule suggests that large portions of typical computations (90%
of the dynamic operation count) require the repeated application of identical
or similar computational functions (10% of the static task description). In con-
trast, parallel processing nodes still require a large investment in memory to
describe and hold state for a large number of different operations. As a result,
a spatial processing operator is less expensive than a small sequential process-
ing node. This, in part, is how an FPGA-like device can often require as little
area as a sequential processing device while offering orders of magnitude greater
performance.

3 Interconnect Dominance

As we exploit more spatial parallelism by employing more active, communicating
processing elements, we must interconnect a greater number of components.
For these system sizes and relative delays, interconnect issues are of paramount
importance as interconnect can quickly becomes the dominant resource in the
design consuming area, delay, and energy.

If we simply placed operators randomly onto the available die space, with high
likelihood about half of the operators on the left half of the chip will want an
input from the right half of the chip, and vice-versa. That means, we have around
N/2 wires crossing the middle of the chip from left to right. We can make a similar
argument from top to bottom. Consequently, given a fixed number of wiring
layers, it will require a chip of size O(N2) simply to handle N communicating
operators. In such a random placement, the average distance between connected
operators is 1/3 of the length of the chip in each dimension.
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In the past we could ignore the effect of distance on delay because our com-
ponents were too small for interconnect delay across a chip to be a dominant
delay component. With growing chip capacity and shrinking feature sizes, the
minimum delay across a chip is now large compared to desirable computational
cycles [1]. This is especially troubling in light of the observation above that av-
erage communication distances for random placement could be 2/3 of the length
of the die side. Since we know that delay is a function of distance with funda-
mental limits on the speed of propagation (e.g. speed of light), the fact that
distance between operators implies delays should not be surprising. It was only
the particular size and gate delay constants in early computing technologies
that allowed us to ignore this effect for so long. By the 45nm node in the ITRS
Roadmap [1], it looks like we will only be able to reach a radius of 200 custom 2-
input gates [24] or 10 programmable bit operators without making interconnect
a large fraction of gate-to-gate delay. This suggests we can, at most, travel a
distance of a several thousand custom gates or a several hundred programmable
bit operators in a single cycle on an optimally buffered wire. Since our systems
will be large compared to these radii, it becomes important both to layout com-
putations to minimize communication distances (See Section 6) and to pipeline
distant interconnect as in our HSRA [26].

4 New Abstractions

To serve our increasingly spatial, increasingly communication dominated, com-
putations, we need compute models which emphasize the parallelism and com-
munication which occurs in these devices.

Conventional models hide communication by layering it on top of memory
operations to a single, monolithic memory space; this makes it hard to rediscover
the links which exist between operators and impossible to identify with certainty
all the links which may exist. Using memory for communication was necessary
to communicate data compactly in capacity poor, time-multiplexed systems; it
also facilitated a number of optimization, such as memory location reuse, which
allowed one to reduce the amount of capacity needed to evaluate a computation.
However, these descriptions do not facilitate efficient spatial computations.

For spatial computation, graph-based computing models offer a number of
important advantages over sequential models. Most notably, they support par-
allelism and make communication links between operators explicit. A number of
graph-based computing models exist, dating at least back to Kahn [13]. We sum-
marize a number of such models in [2] and introduce SCORE, our own version
which attempts to pull the best ideas from many sources and provide a suitable
model for today’s spatial computing.

In SCORE, the computation is a graph of operator nodes connected by per-
sistent dataflow links, or streams. The graph can be of arbitrary size and may
evolve during the computation. Once a graph or subgraph is created it oper-
ates on the data it is given through its input streams, producing new results
to its output streams. Data on the streams is tagged with presence, provid-
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ing deterministic, timing-independent behavior for the graph. Operators may be
composed hierarchically.

In addition to exposing parallelism and communications, the persistent oper-
ators or subgraphs help capture the regularity which exists in the computation.
Heavily used subgraphs with long persistence merit spatial implementations,
whereas transient or infrequently used subgraphs may still benefit from tem-
poral implementations. The division point between the spatial and temporal
domain can depend on the available capacity and desired performance.

5 Architectures

Armed with these new abstractions, we can envision a class of spatial archi-
tectures suitable for this Very Large Scale Spatial Computing domain. At the
highest level, we might imagine an arbitrarily large array of computation and
memory nodes supported by suitable interconnect.

To manage this space cleanly, we organize the computing operators into a
series of compute pages and the memory into a set of memory blocks (See Fig-
ure 2). A compute page, for example, might hold a few hundreds or thousands of
programmable bit operators or a few tens or hundreds of configurable datapath
elements. The page organization has several advantages, including:
• It allows us to manage computations in modest size aggregates similar to the

way we manage memory in pages in virtual memory systems. In both cases,
this reduces the overhead in both time and space required to manage the
mapping between virtual and physical resources.
• If we need to virtualize the physical space, pages become the unit of virtual-

ization.
• The page size can be chosen relative to the technology so that intra-page

communication can occur within an aggressive compute cycle while inter-
page communications is pipelined to accommodate the greater distances.
As long as the compute pages obey the streaming dataflow communications

discipline identified in the compute model, their microarchitecture becomes ir-
relevant to the rest of the computation. This makes it possible to build hetero-
geneous devices which include a wide range of spatial and temporal processing
nodes (See Figure 2). The mix allows us to support the low-frequency and uncom-
mon portions of the computation compactly in temporal form, while supporting
the dominant, regular computation efficiently with a spatial implementations.
The composition and mix of node types can evolve with the capacity offered by
the technology while always supporting a single, unifying compute model.

6 Optimizing Spatial Computations

With abundant capacity such that it is not always necessary to time-multiplex
operators to fit within available capacity, the key optimization will be to reduce
the maximum distance along critical paths and loops. Area reduction does play a
role here to the extent it makes designs more compact and reduces the distances
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Architectural Scaling of SCORE Compatible Devices
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Fig. 2. Compute Model Facilitates Heterogeneous Compute Pages and Component
Scaling

over which critical signals must travel. Commonly communicating blocks should
be arranged to optimize spatial locality. The presence of communication links in
the design representation is vital to enabling these kinds of optimizations.

Area. Our first concern is to place computations to reduce requisite wiring and
switching. This is the traditional domain of placement and can reduce wiring
requirements from the O(N2) area identified above to O(N2p) [5], where p is the
exponent in Rent’s Rule [16] and typically has a value around 2/3. With sufficient
wiring layer growth, it may be possible to even contain the two-dimensional
active area to O(N) [4].

We have some control in the design of our algorithms over the interconnect
richness, p. It will be important to explore the extent to which we can design
or optimize computing structures to reduce p. In the early days of VLSI, the
systolic design style [14] focused on planar structures with a p of 1/2 such that
interconnect scaled conveniently with computation. With interconnect area and
delays becoming the truly dominating effects, these ideas may now attain even
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greater practical importance than when they were first introduced. Logic repli-
cation, which has long been used to minimize wires crossing chip boundaries [20]
[11], may play an important role here as well.

Space and Time. A key optimization will be understanding how much to fold
and unfold computations to match computational throughput rates, fit within
the available area, and minimize total path delay distances. Time multiplexed
designs require more area between active computing operations but allow entire
computations to be compact. Sometimes it will still be desirable to make a
computation compact in this manner in order to reduce the distance required
to communicate to it or across it. This should be quite evident for off-critical
path computations, operators in loops with large cycle bounds, and operations
with low relative operating frequency. An interesting question for the future will
be: when it is faster to time-multiplex even a critical path computation in order
to reduce the size of the circuit and hence the distance which the signals must
travel?

Spatial Locality. With interconnect playing such a dominant role, we want to
optimize the spatial locality of heavily communicating blocks. Some of this will
arise out of the area and path delay minimizing optimization described above.
However, we can do better in a number of important cases.

The computation may be composed of many cyclic subgraphs connected to-
gether, perhaps even nested in larger cycles of computation. The distance around
each cycle will often limit the rate of computation. Consequently, it is important
to place each cycle as compactly as possible. Techniques such as cycle partition-
ing and replication [21] may be important here. In many cases, we can cluster
cycles tightly at the expense of increasing the distances between the clustered
cycle and the rest of the graph; to the extent these links in and out of the cycle
are not themselves on critical loops, they can be pipelined to accommodate the
additional delay without adversely impacting the computation. Capturing this
kind of timing freedom is an important function of the computational model.

Communication among operators will often be dynamic and data dependent.
When not all communications are equally likely, we have the opportunity to pref-
erentially cluster the blocks involved in common communications more closely
than less commonly communicating blocks. In the sequential processor world,
people have long exploited instruction placement to increase spatial locality and
hence virtual memory [9] and cache performance [25]. Here, we need to clus-
ter operations into spatial clusters to reduce the distance delay along the most
commonly used communication paths.

7 Spatial Algorithms

The algorithms suitable for spatially organized computations may be different
from the ones we have found suitable for temporal computations. The work
in systolic architectures provides a number of important algorithms, such as:
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matrix multiplication [15], dynamic programming [8], sorting [17], and image
processing. In many cases these algorithms are specifically designed to minimize
and regularize interconnect. Contemporary work in FPGA computation has of-
fered a number of additional spatial algorithms, including: sequence matching
(dynamic programming) [10], satisfiability [28] and set covering [19] search, reg-
ular expression matching [22], and image processing [27] [18]. These algorithms
demonstrate the power that comes from properly reformulating algorithms for
spatial computation. The development and understanding of new spatial algo-
rithms will be an important component of understanding how to exploit the
rich capacities available to us. In the capacity poor past, the kinds of techniques
used in spatial algorithms were almost unfathomable compared to the resources
available; today and tomorrow they may be essential.

8 Conclusions

We are rapidly entering a future where the capacity of our basic computing
media is more than sufficient to contain a significant fraction of our computing
problems. This opens up a much larger range of implementation options for us.
However, the computing models and abstractions developed during the era of
limited capacity make it difficult for us to exploit the capacity now available.
Spatial computing architectures and designs offer a promising alternative to tem-
poral organization that can better exploit the rich capacity becoming available.
In these spatial designs, communication is a first order concern. Consequently,
it is important to develop models that expose communications for optimization
and to develop algorithms which are conscious of the costs and effects of com-
munications in order to fully exploit the performance potential of modern and
future capacity rich devices.
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Abstract. This paper investigates the computational power of a variant
of the minimum DNA computation model proposed by Ogihara and Ray.
In the variant, two fundamental operations (separation by length and
digestion) are dispensed with. To compensate for the loss, the probe
arrays are considered as the media for reaction and a wash operation is
added to the set of permissible operations. Computation in this model
necessarily consists of cycles of five steps: merge, anneal, wash, denature,
and wash. It is shown that boolean circuits can be theoretically simulated
repetition of the cycle on the same set of four probe arrays.

1 Introduction

DNA-based computation is a new field that integrates molecular biology and
computer science. Its goal is to design methods for massively parallel computa-
tion by manipulating biological molecules. Although the idea of controlling small
particles, such as DNA, was suggested as early as in the late 1950’s by Richard
Feynman [8], it was not until the mid 1990’s that an active use of molecules
was presented in the form of computation. The work of Adleman [1] is the first
to show that DNA molecules are capable of computation. Adleman designed an
algorithm for solving the Hamiltonian Path Problem—the problem of testing
whether a given directed graph contains a Hamiltonian path, i.e. a directed,
source-to-sink path that visits each node of the graph exactly once. Adleman’s
algorithm executes brute-force search for a Hamiltonian path, where each node
is encoded as a unique ssDNA (single-stranded DNA). Based on the encoding,
for each directed edge, a large quantity of the ssDNA that encodes the edge is
synthesized in billions or trillions of copies. Then these “edges” are connected
by the “linker” ssDNA, which has the ability of appending an edge leaving a
node after an edge arriving at the node. Then, using length-based and pattern-
based selections, the “correct” Hamiltonian paths are blindly extracted from the
solution.

Advantages of DNA-based (or other similar molecules) computation lie in
the fact that molecular operations dissipate much less energy than silicon-based
computers and in the fact that molecules have much higher storage capacity than
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silicon transistors [1]. Adleman implemented his algorithm and successfully sol-
ved a seven-node instance of the problem [1]. However, the algorithm is not
suited to handle large instances. The Avogadro number (6.02× 1023) is essenti-
ally an upper bound on the number of DNA molecules that one can manipulate
in a single biochemical reaction, with the practical limit being several orders of
magnitude below this number. Adleman analyzes that the maximum number of
nodes that his algorithm can deal with is no more than 60, which is well within
the reach of the silicon-based computers. Also, biochemical operations are both
error-prone and slow, and little is known about the behavior of molecular reac-
tions in the presence of extremely large numbers of molecules. These observations
raise the question of whether DNA-based computation will be able to compute
something the silicon-based one cannot do, which has been the driving-force of
the field. Although the field has made a steady progress (see [22] and [20] for a
survey; also, [3] and [4]), a definitive answer to the question has not been given.

A critical issue in the study of molecular computation is the selection of
computation models, the environment in which the computation is carried out.
Various computational models have been proposed in the past, including the test-
tube ssDNA model that was pioneered by Adleman [1] and further extended by
Lipton [15,5], the sticker DNA/PNA model proposed by Roweis et al. [28,4], the
hairpin DNA model of Sakamoto et al. [29], the surface DNA model of Liu et
al. [16], the enzymatic model of Rothemund [27] and of Benenseon et al. [3], and
the two-dimensional DNA self-assembly model of Seeman and Winfree [33].

The objective of this paper is to explore further the minimum DNA com-
putation model proposed and studied in our earlier papers [17,19]. The study
of the minimum DNA computation model is motivated by the desire to clarify
what computational power DNA has when the set of permissible operations is
the smallest. The following operations are chosen for the minimum DNA model:

1. Synthesize: With this operation ssDNA that are used for computation are
synthesized before the actual computation is conducted.

2. Anneal : This operation permits the ssDNA in a given solution to hybridize
with each other based on their Watson-Crick complementarity.

3. Separate: This operation separates DNA (ssDNA or dsDNA) based on their
base length.

4. Merge: This operation mixes two DNA solutions.
5. Denature: This operation pulls apart ssDNA that are forming dsDNA.
6. Digest : This operation digests ssDNA molecules into single DNA molecules.
7. Detect : This operation tests whether a solution contains ssDNA of a certain

length.

It is quite natural to view molecular computation as parallel computation
because many operations are carried out simultaneously by redundant copies of
molecular logical units. This justifies the study of relationships between existing
parallel computation models and molecular computation model. Reif [26] intro-
duces the PAM model and shows that CREW PRAM’s can be simulated by
DNA computation with a small overhead. Gehani and Reif [9] suggest a com-
putational model in which DNA strands are divided into small compartments
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and strands are transfered from a compartment to another using microfluidics.
Amos, Dunne, and Gibbons [2] propose a DNA-based method for simulating of
NAND circuits. In [17] tight relationships between the minimum DNA model
and the boolean circuit are shown. The main result of [17] is that the minimum
DNA computation has exactly the same power as the boolean circuit class NC1

if the base-length of the longest DNA compounds generated during the compu-
tation is O(log n) and if the total number of legitimate compounds is O(nk) for
some fixed k.

In this paper we address the issue of whether DNA computation retains its
computation power equivalent to that of NC1 if two of its operations, digestion
of single-stranded DNA and separation by base length, are dispensed with. To
compensate for the loss, additional changes are made. First, hybridization is now
assumed to take place on probe arrays, i.e. single-stranded DNA immobilized on
a surface. Second, a Wash operation is added, which removes strands that do
not hybridize with the probes. With these modifications, computation on each
probe array should necessarily be in cycles of five steps:

1. Merge to introduce strands on the prove array;
2. Anneal to create double-stranded molecules;
3. Wash to extract strands that are not part of double stranded molecules

involving a probe;
4. Denature to turn double-stranded compounds involving probes back to

single-stranded DNA; and
5. Wash to extract non-probe strands.

Theoretically either a single level of AND gates or a single level of OR gates can
be simulated by running a sequence of such five-step cycles on four arrays. It
is also theoretically possible to simulate multiple levels of AND and OR gates
using the same set of four probe arrays over and over again. The fundamental
principle of the simulation method is the fact that there is a significant difference
in the melting temperature between short DNA strands and those that are twice
as long.

2 Boolean Circuits

A boolean circuit of n inputs is a directed acyclic graph with labeled nodes.
There are exactly 2n nodes with indegree 0. These nodes are called input gates
and are labeled x1, . . . , xn, x1, . . . , xn. Other nodes are labeled by one of the
boolean operations, ∧ and ∨, which respectively compute the conjunction and
the disjunction of two boolean inputs. That is, it is assumed that the negation
of each input signal is provided at the input level and there is no negation
elsewhere. Since each boolean circuit is acyclic it necessarily possesses nodes
with no outgoing edges. Such nodes are the output nodes of the circuit.

The models of boolean circuits are defined in terms of the gate fan-ins (the
number of maximum inputs that ∧-gates and ∨-gates can take). The model that
this paper is concerned with is the bounded-fan-in circuits, in which both ∧-gates
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and ∨-gates may have at most two inputs. It is assumed that these gates are
stratified so that each level consists of the same kind of gates, i.e., that is, there
are levels of ∨-gates and those of ∧-gates and so that each non-input gate takes
input signals from gates at precisely one level below.

The complexity of a boolean circuit is usually measured by two quantities.
The size is the total number of its gates, and the depth is the number of non-
input levels. This paper also uses two additional measures. The fan-out is the
maximum number of outgoing edges of any of its gates and the width is the
maximum number of gates at any level.

Hoover, Klawe, and Pippenger [11] show that each bounded-fan-in boolean
circuit can be converted to an equivalent bounded-fan-in, max-fan-out-two bool-
ean circuit with a very small increase in size. So, in the following it is assumed
that the circuits to be simulated are bounded-fan-in, max-fan-out-two boolean
circuits.

Fig. 1. A leveled, bounded-fan-in, bounded-fan-out circuit.

3 Probe Arrays

DNA is a charged copolymer of a repeating sugar-phosphate chain of indefinite
length to which are attached one of four organic bases (A, T, G, and C) [32]. Each
sugar-phosphate-base unit is a nucleotide. The chain is chemically and geome-
trically polar, with the so-called 5′-end and the 3′-end. A single polymer chain
can have any sequence of bases from the 5′-end to the 3′-end. Each base has
one of the four bonding surfaces, and the bonding surface of A is complemen-
tary to that of T, and of G to that of C. Because of this complementarity rule, a
DNA chain can pair with another chain only when their sequences of bases are
mutually complementary. Also, the chains must pair head-to-tail, i.e., antiparal-
lel to each other. When collections of complementary single strands are mixed,
heated and then slowly cooled, the complementary strands find one another and
double stranded DNA is formed (the process of annealing) by a pseudo second
order reaction kinetics. This is DNA hybridization [31].
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Probe arrays are ssDNA molecules of defined sequences that are either syn-
thesized in situ on a chemically reactive surface by photolithographic masking
techniques [30] or are synthesized separately then spotted and chemically atta-
ched to the surface. Typically, the probes are at least 15 nt (i.e. bases) long,
but may be as long as 70-75 nt. For 15 nt long probes, a short linker segment
may be added between the anchor point on the surface and the beginning of
the probe sequence to make the probe accessible to input and output strands.
Several methods for chemical attachments of derivatized oligonucleotides exist.
For example, amino modified oligonucleotides, with a flexible linker attached to
the 5′ phosphate to improve accessibility, can be immobilized on epoxy silane
coated or isothiocyanate coated glass sides [13,10,14,25,6]. A 15 nt probe allows
for at most 230 (≈ 109) different probe sequences. In practice, this complexity is
difficult to achieve. Ten nanogram of probe molecules, with 106 different sequen-
ces each 15 nt long, will contain approximately 106 molecules (1 attomole, or
10−18 mole) of each unique sequence. An attomole of DNA cannot be detected
without some sequence amplification. Ideally, at least 103 fold amplification (by
PCR or any other available technique) is needed to detect molecules by ultra
sensitive techniques such as mass spectrometry. Thus, a boolean circuit of width
(i.e. the largest number of gates at any level) at most 106 can be simulated with
10 nanogram of probe molecules on surfaces.

More commonly, only 10 picogram of oligonucleotides are spotted on an array
per spot. To obtain 1 attomole of each unique sequence representation, it is
necessary to have at most only 103 different sequences per spot. However, it is
possible to make over 104 different spots per array. If each spot represents one
level of the boolean circuit, then it is possible to compute a boolean circuit of
depth 104 with at most 103 inputs. These are the limitations to the computation
on probe arrays with the current technology.

4 Simulation on Probe Arrays

4.1 Basic Principles

The gates of the circuit are simulated in levels. As in the earlier work [21,18,19],
at each level, a unique pattern of DNA is assigned to each gate of the boolean
circuit to be simulated. Gates at different levels may share the same pattern of
DNA. Similarly, at each level, a unique pattern of DNA is assigned to each edge
coming out of that level.

Let g be a gate that takes inputs from two gates, a and b, and provides output
to two gates, c and d. Let x and y be the ssDNA patterns associated with the
wire from a to g and the wire from b to g, respectively and let u and v be the
ssDNA patterns associated with the wire from g to c and the wire from g to d,
respectively. Let z be the ssDNA pattern corresponding to g. Simulation of the
gate g is divided into phases. In the first phase, using a probe and some auxiliary
ssDNA, the boolean function of the gate g is simulated. In the second phase,
using another probe and some other auxiliary ssDNA, the wires coming of the
gate are simulated. We envision that at the beginning of the first phase the DNA
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solution one the first probe contains x if and only the output of the gate a is a
1 and contains y if and only the output of the gate b. Then the simulation of g
is carried out so that the strand z is present if and only if g outputs a 1. In the
second phase, we attempt to produce u and v out of z so that both u and v are
present at the end of second phase if z is present at the beginning of the second
phase and both u and v are absent at the end of second phase if z is absent at
the beginning of the second phase (see Figure 2).

c d
u v

g

a b

z

x y

Fig. 2. Two phases of a gate simulation.

4.2 Design of and Gates and or Gates

Figures 3 and 4 depict how this principle of gate simulation is applied on AND
gates and OR gates. There are four types of strands participate in the hybri-
dization depicted in the figures. The “Probe” strands are immobilized on the
surface, with which the double-stranded DNA compounds that are formed are
anchored on the surface. The “Input” strands correspond to the input signals
given to the gates. The “Output” strands correspond to the outputs of the gates.
The “Input” strands and “Outputs” are linked side by side with the “Bridge”
strands. It is assumed that there is an integer � > 0 such that the “Probe”
strands have length � and the others have length 2�

4.3 Recovery of Output Strands

The boolean gate simulation process is followed by a recovery process for sel-
ecting only the output strands and discard the rest. This is accomplished by
annealing the solution on a probe array whose probes are full antiparallel com-
plementary strands of all the output strands that need to be picked up. The
length of the double stranded DNA is 2� in the case when the target strands are
hybridized with the probe strands and � in the case when they are hybridized
with the bridge strands (see Figure 5).

To begin computation, input strands (at least 1 picomole each) are delivered
to the input gate probe array along with at least 10 picomoles of each of the
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Input2

Output

Bridge2

Bridge1

Probe

Bridge1

Input1
Probe

Input1
Probe

Input1 & Input2
are present

Only Input1
is present

Input1
is absent

Fig. 3. The design of an AND gate. The “output” ssDNA is collected by a probe
and a sequence of “hangovers.” Left: both of the two “input” ssDNA are present in
the input DNA solution. Middle: the first “input” ssDNA is present but the second
“input” ssDNA is absent. Right: the second “input” ssDNA is absent.

Input1

Output

Probe1

Bridge1 Bridge2

Probe1
Input2

Probe2

Output

Probe2

Input1 Input2
is presentis present

Input1
is absent is absent

Input2

Fig. 4. The design of an OR gate. The “output” ssDNA is collected by two sequences
of “hangovers.” Left: collection of the “output” using the first “input” ssDNA. Middle
Left: collection of the “output” using the second “input” ssDNA. Middle Right: in
the case when the first “input” ssDNA is absent. Right: in the case when the second
“input” ssDNA is absent.

hybridization

Probe
Output

Desired Hybridization
with the bridge strand

Bridge
Output

Fig. 5. Extraction of output strands. The probes are full-length antiparallel comple-
mentary strands to the output strands. The bridge strands that hybridize with the
output strands may be present in the solution.
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bridge 1, bridge 2, and output sequences. Hybridization can be done in the pre-
sence of cationic molecules such as dodecyl- or cetyltrimethylammonium bromide
(DTAB or CTAB, respectively), which enhance DNA-DNA hybridization more
than 104 fold, even in the presence of over 106 fold excess of noncomplemen-
tary DNA molecules [23]. The rate of hybridization of short oligonucleotides in
the presence of DTAB or CTAB can be as high as 1010 M−1s−1, which is over
the theoretical diffusion limit of second order hybridization rates based on näıve
models. Annealing and washing can be driven by electric field on MEMS-based
microelectronic circuits [7,24,12]. The excess fluid is washed away with buffer.
The DNA strands are then melted by pulsed heating or electrically [7], and are
pumped into the next chamber with the second set of gate array and output
strands, and annealed as before in the presence of DTAB or CTAB. It is possi-
ble to repeat each cycle to amplify the signal as below. In order to reduce noise,
it is essential that all unhybridized strands are removed before each succeeding
cycle of hybridization. To achieve this, the efflux wash fluid is repeatedly passed
over a gate/output trap to remove the unhybridized strands, and the resulting
fluid is ultimately pumped on to the next probe array.

To amplify the signal, suppose that the value of � is such that fully double-
stranded DNA having base length 2� has a much higher melting temperature
than fully double-stranded DNA having base length �, so that the temperature
for the anneal operation can be set where hybrids between molecules having
base length 2� rarely break up while hybrids having base length � melt with
probability α, where 1

2 < α < 1. Suppose that the five-step extraction process is
repeated n times. After n rounds the proportion of the output strands that still
need to be recovered is (1 − α)n. The number of output strands is at most 4�

since only their first � molecules matter for the reaction preceding the extract
phase. Then, if 4�(1−α)n < 1, the expect number of the output strands that are
yet to be recovered is less than one after n rounds. The inequality holds when
n > 2�/ log 1

1−α . Thus, the smallest n for which the desired property holds is⌊
2�

log 1
1−α

+ 1
⌋
.

On the other hand, suppose that the value of � is large that there is not much
difference in the melting temperature between the two types of double-stranded
DNA. Suppose that the temperature is set well below the melting temperatures
of these double-stranded DNA. Then each output strand has a 50% chance of
being recovered in a single round. If the five-cycle process is repeated n times
then the probability is 1/2n that the output strand is not recovered by the end of
the n cycles. So, if n ≥ 4�, then the expected number of output strands that are
not recovered after n rounds is at most 1. Thus, in both cases, the computation
is slowed down by a factor of c� for some constant c.

4.4 Duplication

In order to resolve contention for an input signal, which is limited to two since
the fan-out of the circuit is bounded by two, from one output strand, two output
strands need to be created. The copies are necessarily different from the original
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output strand. The mechanism in which such copies are created is essentially
the same as that in which AND gates and OR gates are simulated, see Figure 6.

Bridge1

Input

Output1

Probe Probe

Bridge2

Output2

Input
is present

Input
is absent

Fig. 6. Duplication of an ssDNA. The “input” ssDNA is turned into two “output”
ssDNA. Left: when the “input” ssDNA is present. Right: when the “input” ssDNA is
absent.

The output strands of the boolean gates and the duplication gates are re-
covered. A crucial point here is that some output strands are lost during the
recovering process so an amplification process is needed. Using a method similar
to the one shown in [19] one is able to amplify the signals: First, on one probe
array create from an output two new versions. Second, on another array, create
from each of the two new versions a third new version, which will be the new
output signal. Also, each of the two reactions has to be followed by the recovery
process.

This amplification process is the same as applying duplication followed by
recovery and then OR followed by recovery. Thus, the entire computation is
essentially consists of AND, OR, duplication, and recovery. To simulate a level
of AND gates the sequence is

AND, recovery, duplication, recovery, duplication, recovery, OR, recovery,

and to simulate a level of OR gates the sequence is

OR, recovery, duplication, recovery, duplication, recovery, OR, recovery.

Suppose that the loss of output signals during any one of {AND, OR,
duplication} combined with the subsequent recovery process is no greater than
15%. The combined loss over one of the two eight-step process is no more than
(0.85)4 and this is no more than 1/2. So, theoretically, the amplification process
guarantees that the amplitude will never below a half of the maximum

4.5 Recycling Probe Arrays

Notice that the sequences used in these reactions need to satisfy the following
condition:
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– The output strands in the gate simulation phase do not hybridize with the
probes.

This means that the probe sets of two consecutive reactions (i.e. AND, OR, and
duplication) need to be mutually disjoint. By selecting mutually disjoint sets of
probes, it is possible to simulate the entire circuit using the same set of four
probe arrays. A schematic view of such design is shown in Figure 7.

reaction recovery

reaction recovery

probe array

1. merge
auxiliary
ssDNA

4. denature1. merge
input

2. anneal 3. wash

probe array5. wash

1. merge

2. anneal

4. denature

3. wash

probe array

1. merge
auxiliary
ssDNA

1. merge
input

2. anneal 3. wash

4. denature
5. wash

5. wash

probe array

1. merge

2. anneal

3. wash

5. wash
4. denature

Fig. 7. A schematic view of reaction and extraction.
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Abstract. When a V3 sequence obtained on the n-th year after infection
with human immunodeficiency virus type 1 (HIV-1) was supposed to
change into a V3 sequence on the n+1-th year, the variation between the
above two sequences was analyzed by means of entropic chaos degree. The
entropic chaos degree measures chaotic aspects of the dynamics causing
the variation of sequence. If it is large, then the dynamics produces the
large complexity, in other words, the variation of sequences becomes
large.
As a results, the chaos degree for the dynamics changing the V3 region
showed the specific variation patterns throughout from the early stages
of infection to death. That is, the variation patterns indicated that the
entropic chaos degree is useful to measure the stage of disease progression
after HIV-1 infection.

1 Introduction

There exist several different quantities to measure chaotic aspects of dynami-
cal systems. A new measure, entropic chaos degree, was successfully applied to
several dynamics [10]. Therefore, we analyzed the variation of human immunod-
eficiency virus by using this new measure.

The third variable region (V3) contained in gp 120 is the principal neutraliza-
tion determinant [6] and a epitope to recognize the cytotoxic T cell [2]. Moreover
it is known that the V3 region has a high substitution rate.

We calculated the entropic chaos degree of the dynamics leading from the
variation of the V3 region which were observed from 19 patients infected with
HIV-1 at several points in time after infection or seroconversion. Since the en-
tropic chaos degree describes the stage of the variation, it can be considered that
the state of the disease progression is characterized by this degree.

2 Materials and Methods

2.1 Patient Characteristics

The data of patients selected for this study were approximately taken once each
year after HIV-infection or seroconversion (maximum; follow-up of 12 years,
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minimum; follow-up of 2 years). We used the sequences of the V3 region for
virus clones in plasma, serum and peripheral blood mononuclear cells stored in
the international DNA databases (DDBJ/EMBL/Genbank).

From nineteen HIV-infected patients, six patients (A, B, C, D, E and F)
had progressed to AIDS and died of AIDS-related complications during the pe-
riod of follow-up. Three patients (G, H and I) were diagnosed as having AIDS
and were still alive during the period of follow-up. The remaining patients were
asymptomatic throughout the period of follow-up (Table 1).

Table 1. Patient Characteristic

Patient Duration of asymptomatic Tissue Duration of AIDS
Group 1

A (tk-2) about 6 years PBMCs about 3 years
B (tk-29) about 7 years PBMCs about 6 years
C (ACH0208) 54 months PBMCs 39 months
D (ACH6052) PBMCs 40 months
E (p74) about 4 years PBMCs 44 months
F (p87) PBMCs > 3 years

Group 2
G (p495) 55months serum
H (p39) 37months PBMCs
I (p82) 7 years plasma

Group 3
J (p1) 59 months serum
K (s5) 3 years PBMCs
L (s6) 4 years PBMCs
M (s7) 2 years PBMCs
N (s8) 3 years PBMCs
O (s9) 4 years PBMCs
P (s14) 4 years PBMCs
Q (q23) about 2 years cervical secretion
R (tk-3) about 12 years PBMCs
S (tk-22) about 12 years PBMCs

( ): designation in original paper PBMCs: peripheral blood mononuclear cells

Group 1: Patients died of AIDS-related complications, Group 2: Patients progressed to AIDS, Group 3: Patients

maintained CD4+T cell numbers above 200 for follow-up period

Duration of asymptomatic in group 3 shows period untill loss of follow up

We will explain the information about the patients in detail. Patient A and B
were infected with HIV-1 around 1983 [4]. Patient A had progressed to AIDS by
about 6 years after infection and died in 1992. Patient B had progressed to AIDS
by about 7 years after infection and died in 1996. Patient C who seroconverted
in 12/1985 had progressed to AIDS in 6/1990 (4.5 years after seroconversion)
and died in 9/1993 [13]. Patient D, whose seroconverion day is not known, died
40 months after AIDS diagnosis [13]. Patient E who seroconverted in 1984 had
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progressed to AIDS in 4/1988 and died in 12/1991 [8,1]. Patient F seroconverted
in 1984, whose the time of AIDS diagnosis is not known, died in 9/1990 [8].

Patient G was diagnosed as having AIDS in 1989; 55 months after primary
infection [15]. Patient H who seroconverted in 10/1987 progressed to AIDS in
11/1990 [14]. The CD4+T cell number of patient I decreased below 200 at 7 th
year [3].

Patient J remained healthy for 59 months after infection [15]. Six patients’
(K, L, M, N, O and P) CD4+T cell numbers have not been a level of fewer
than 200 for 2-4 years from seroconversion until loss of follow-up [9]. Patient Q
was not showing any symptoms of disease referable to HIV-1 for 2 years from
seroconversion until loss of follow-up [11]. Patient R and S were infected around
1983, who maintained stable CD4+T cell number until loss of follow-up (1995)
[4].

2.2 Entropic Chaos Degree

The entropic chaos degree for the sequence X(n) obtained on the n-th year
after HIV-1 infection and that X(n+1) obtained on the n + 1-th year is given
as follows when the information of X(n) was transmitted to that of X(n+1).
First, we consider two aligned amino acid sequences X(n) and X(n+1), which are
composed of 20 kinds of amino acids and the gap. The complete event system of
X(n) is determined by the occurrence probability pi of each amino acid ai and
p0 of the gap [12];

(
X(n), p(n)

)
=
(∗ a1 ... a20

p
(n)
0 p

(n)
1 ... p

(n)
20

)

In the same way, the complete event system of the n+ 1-the year is;

(
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20
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The compound event system of X(n) and X(n+1) is denoted by
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where rij represents the joint probability of the event i of the n-th year sequence
and the event j of the n+ 1-th year sequence.

We suppose the dynamics describing the change of sequenceX(n) toX(n+1) is
given by a certain mapping Λ called a channel for p(n) to p(n+1). It’s very difficult
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to know the exact form of this mapping in the course of the variation of HIV-
1. However, our entropic chaos degree can be used to measure the complexity
without knowing the exact form [10,5].

The entropic chaos degree for the sequence obtained on the n−th year after
HIV-1 infection and that on the n+ 1−th year is given the following formula;

C
(n)
Λ (X) =

∑
r
(n,n+1)
ij log

p
(n)
i

r
(n,n+1)
ij

Practically, we used the V3 sequences for some virus clones at each point in
time. Therefore, we take the average of the entropic chaos degree, each of which
is given as above.

3 Results

Fig. 1 shows the change of the entropic chaos degree of V3 sequences obtained
at several points in time during the clinical course of each patient. The value
of the entropic chaos degree was low at the early stages of infection. However,
from the time of primary infection until the time of AIDS diagnosis, the entropic
chaos degree increased gradually and reached a maximum just after the time of
AIDS diagnosis. Then, the chaos degree continued to decrease up to death for
the duration of AIDS. Our study patients were classified into three groups 1)
patients who died of AIDS-related complications, 2) patients who progressed
to AIDS, 3) asymptomatic patients who did not progress to AIDS during the
period of follow-up. The values of the entropic chaos degree were higher in AIDS
patients than in asymptomatic patients, as was shown in Fig. 2. For all patients
of the group 1, the value of the entropic chaos degree had temporarily larger
than 0.2. On the other hand, almost all patients of the group 3 showed the value
below 0.15 over the period of study (5 of 10 patients; chaos degree < 0.1 , 4 of
10; < 0.15).

4 Discussion

We analyzed the variation of the V3 sequence by using the entropic chaos degree.
This degree measures chaotic aspects of the dynamics causing the variation of
sequence.

Whether a patient progressed to AIDS or not is so far decided on depletion of
CD4+ T cell. Although the majority of patients infected with HIV-1 is considered
to progress to AIDS, a small number of patients remain healthy and maintain
CD4+ T cell numbers or above 200 for more than a decade after infection. In
addition to CD4+ T cell, it is known that HIV-1 RNA level in plasma is closely
related to the stage of the disease. However, it is hard to predict not only the time
of the progress to AIDS and death relative to AIDS, but also rapid progressors
or slow progressors.
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Fig. 1. The entropic chaos degree for V3 sequences obtained at several points in time
of each patient are plotted altogether
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Fig. 2. Entropic chaos degree increased in group 1 and group 2 as AIDS developed.
However, it remained low in group 3, except patient N . (The time to be diagnosed as
AIDS is indicated by an underline.)
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From our results, patients who developed AIDS took the entropic chaos de-
gree high value compare with patients who remain asymptomatic. All patients
who died of AIDS-related complications surely took the value 0.2 or more during
the period of study and died within 3-4 years thereafter. In contrast, patients
who continued taking the value less than 0.1 or immediately going back to the
value less than 0.1, even if the value transiently becomes larger than 0.1, were
asymptomatic without AIDS. Our results indicate that the chaos degree in-
creases with leading to AIDS after infection and attains the value larger than
0.2. Therefore, when the chaos degree has decreased after this increase without
attaing high value like patient P and S or it has maintained stable and low value
(< 0.1) like patient J, K, M, O and R, those patients can be classified as long
term non progressors. Patient N who appears to have been slow progressor was
exceedingly close to AIDS development, because the value of the entropic chaos
degree between 2 and 3 years (visit 5 and visit 7) after seroconversion indicated
larger value than 0.2 and drew a characteristic increase pattern such as AIDS
patients.

Many researcher are exploring every markers to recognize AIDS development
and disease progression, and there have been some diagnosis markers used to
estimate prognosis in patients with HIV-1 infection [7]. We examined whether
the entropic chaos degree can be a candidate of these markers. Although the
data used here are not sufficiently many so far, we in this paper propose that the
entropic chaos degree can be one of the markers to estimate disease progression
in HIV-1.

References

1. Cleland A, Watson HG, Robertson P, Ludlam CA, Leigh Brown AJ (1996) Evolu-
tion of Zidovudine Resistance-Associated Genotypes in Human Immunodeficiency
Virus Type 1- infected Patients, Journal of Acqired Immune Deficiency Syndromes
and Human Retrovirology, 12(1): 6-18

2. Takahashi H, Nakagawa Y, Pendleton C.D., Houghten R.A, Yokomuro K, Germain
R.N Berzofsky J.A (1992) Induction of Brosadly Cross-Reactive Cytotoxic T-Cells
Recognizing an HIV-1 Envelope Determinant. Science, Vol.255: 333-336

3. Holmes E C, Zhang LQ, Simmonds P, Ludlam CA, Leigh-Brown AJ (1992) Con-
vergent and divergent sequence evolution in the surface envelope glycoprotein of
Human immunodeficiency virus type 1 within a single infected patient. Proc. Natl.
Acad. Sci. U.S.A. 89: 4835-4839

4. Ida S, Gatanaga H, Shioda T, Nagai Y, Kobayashi N, Shimada K, Kimura S,
Iwamoto A, Oka S (1997) HIV type 1 V3 variation dynamics in vivo: long-term per-
sistence of non-syncytium-inducing genotypes and transient presence of syncytium-
inducing genotypes during the course of progressive AIDS. AIDS Res. Hum. Retro-
viruses 13 (18): 1597-1609

5. Inoue K, Ohya M and Sato K: Application of chaos degree to some dynamical
systems, to appear in Chaos, Solitons & Fractals

6. Javaherian K, Langlois A.J, McDanal C, Ross K.L, Eckler L.I., Jellis C.L, Proty
A.T, Rusche J.R, Bolognesi D.P, Putwey S.D., Matthews T.J. (1989) Principal
Newtralizing Domain of the Human Immunodeficiency Virus Type 1 Envelope
Protein, Proc. Natl. Acad. Sci. USA, Vol.86: 6768-6772



An Information Theoretic Approach to the Study of Genome Sequences 57

7. John W. Mellors, Lawrence A. Kingsley, Charles r. Rinaldo, John A. Todd, Brad
S. Hoo, Robert P. Kokka, Phalguni Gupta (1995) Quantitation of HIV-1 RNA in
Plasma Predict Outcome after Seroconversion, Ann. Intern. Med.,122: 573-579

8. Leigh Brown AJ, Cleland A (1996) Independent evolution of the env and pol genes
of HIV-1 during zidovudine therapy. AIDS 10(10): 1067-1073

9. Markham,R.B., Wang,W.C., Weisstein, A.E., Wang, Z., Munoz, A., Templeton, A.,
Margolick, J., Vlahov, D., Quinn, T., Farzadegan, H., Yu, X.F. (1998) Patterns of
HIV-1 evolution in individuals with differing rates of CD4 T cell decline. Proc.
Natl. Acad. Sci. U.S.A. 95(21): 12568-12573

10. Ohya M (1998) Complexities and their applications to characterization of chaos,
International Jornal of Theoretical Physics, 37, No.1: 495-505

11. Poss M, Rodrigo A.G., Gosink J.J., Learn G.H., de Vange Panteleeff D., Martin
H.L. Jr., Bwayo J., Kreiss J.K., Overbaugh J (1998) Evolution of envelope se-
quences from the genital tract and peripheral blood of women infected with clade
A human immunodeficiency virus type 1. J. Virol. 72(10): 8240-8251

12. Sato K., Miyazaki S., Ohya M. (1998) Analysis of HIV by entropy evolution rate.
Amino Acids 14: 343-352

13. van’t Wout A.B, Ran L.J., Kuiken C.L., Kootstra N.A., Pals S.T., Schuitemaker,
H. (1998) Analysis of the temporal relationship between human immunodeficiency
virus type 1 quasispecies in sequential blood samples and various organs obtained
at autopsy. J. Virol. 72(1): 488-496

14. van’t Wout, A.B., Blaak, H., Ran, L.J., Brouwer, M., Kuiken, C.L., Schuitemkaer,
H. (1998) Evolution of syncytium-inducing and non-syncytium-inducing biological
virus clones in relation to replication kinetics during the course of HIV-1 infection.
J. Virol. 72(6): 5099-5107

15. Wolfs T.W., Zwart G., Bakker M., Valk M., Kuiken C., Goudsmit J. (1991) Nat-
urally occurring mutations within HIV-1 V3 genomic RNA lead to antigenic vari-
ation dependent on a single amino scid substitution. Virology 185: 195-205



Halting of Quantum Turing Machines

Masanao Ozawa

Graduate School of Information Sciences,
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Abstract. The notion of a quantum Turing machine (QTM) is well
established as a mathematical model. However, the difficulty on halting
procedures has prevented us from formulating the notion of computing
on an arbitrary quantum Turing machine. Here, an argument is outlined
to show that any QTM can be efficiently simulated by a QTM with
well-behaved halting flag. Thus, we can affirmatively solve the halting
problem for QTMs.

1 Introduction

In the late 1980s, Deutsch introduced quantum Turing machines [1] and quantum
circuits [2] to model quantum computers exploiting “quantum parallelism”. In
1994, Deutsch’s idea of quantum parallelism was realized strikingly by Shor
[3], who found efficient quantum algorithms for the factoring problem and the
discrete logarithm problem, for which no efficient algorithms have been found
for classical computing machines.

Unlike the classical computer, the quantum Turing machine (QTM) cannot
be monitored throughout the computation because of the inevitable disturbance
caused by measurement. Thus, the machine needs a specific halt scheme to sig-
nal when the computation has been completed. For this purpose, Deutsch [1]
proposed the use of the halt qubit. However, Myers [4] argued in 1997 that the
halting of a QTM spoils the computation when the state is the superposition
of halt qubit and non-halt qubit. In 1998, the present author [5,6] reformulated
Deutsch’s halting condition precisely and proved that the measurement of the
halt qubit does not spoil the computation as long as that condition is satisfied.
Linden and Popescu [7] pointed out that under a certain additional condition,
the halting condition contradicts unitarity and claimed that the halting of the
universal QTM is impossible.

This paper proposes a positive solution for the problem on the halting pro-
cedure of quantum Turing machines. For this purpose, a certain difficulty in
defining the output probability for arbitrary QTMs is pointed out and a new
formulation of the output probability based on the amplitude over the compu-
tational paths is introduced. It is shown that for any QTM there is a QTM with
a well-behaved halting flag which efficiently simulates the output probability.

Quantum complexity theory was instituted by Bernstein and Vazirani [8],
but in order to avoid the halting problem, they restricted the class of QTMs to
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the very special class of QTMs that synchronize the completion of computation.
The above result enables us to generalize quantum complexity theory to arbitrary
QTMs without affecting the basic complexity classes.

2 Computing Processes of Quantum Turing Machines

For the basic formulation and properties of QTMs, we refer the reader to Ref. [9].
Let M be a QTM with configuration space C(Q,Σ) = Q×Σ# ×Z. We assume
that we have a device to prepare the QTM M in the state |q, T, ξ〉 for any
configuration C = (q, T, ξ) and that we have a measuring device to measure
sufficiently many but finite numbers of T̂ (m)s simultaneously.

Let Γ be a finite set of symbols and Γ ∗ the set of finite strings from Γ .
We assume B �∈ Γ . In this paper, we shall consider computations which are
probabilistic transformations on Γ ∗, or precisely functions from Γ ∗ to the set of
probability distributions on Γ ∗. The set Γ is called the alphabet of the computa-
tion. A finite string from the set Γ is called a Γ -string. The length of a Γ -string
x is denoted by |x|. When |x| = 0, x is called the empty string. We shall identify
any Γ -string x = (x0, . . . , x|x|−1) with a function x from {0, . . . , |x| − 1} to Γ
such that x(m) = xm for all m with 0 ≤ m ≤ |x| − 1.

The computation by a QTM consists of encoding, preparation, time evolution,
measurement, and decoding. The encoding transforms the input Γ -string to the
input tape string. The preparation prepares the initial state of the QTM with
the input tape string, and the time evolution transforms the initial state to
the final state. The measurement of the tape string in the final state gives a
probability distribution of the output tape string. The decoding transforms the
output tape string to the output Γ -string and hence transforms the probability
distribution of the output tape string to the probability distribution of the output
Γ -string. Therefore, the initial Γ -string is transformed to the output probability
distribution of the Γ -string.

The encoding e of the QTM M is a polynomial time computable function
from Γ ∗ to Σ#. Thus, the encoding e transforms any Γ -string x to a tape
configuration denoted by e(x); if T = e(x) we shall write T ∼ x and T is said
to represent the Γ -string x. Inversely, the decoding d of M is a polynomial time
computable function from Σ# to Γ ∗ satisfying d(e(x)) = x for all x ∈ Γ ∗.

The encoding e is called the standard encoding if Σ = Γ ∪ {B} and if e is
defined by

e(x)(m) =



x(n) if m = mn ∈ S

and 0 ≤ n < |x|,
B otherwise,

(1)

for any x ∈ Γ ∗. The standard decoding is then naturally defined by

|d(T )| = min{mn ∈ S| T (mn) = B}, (2)
d(T )(n) = T (mn) (3)

for 0 ≤ n < |d(T )|, where T ∈ Σ#.
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The computation begins at t = 0. At this time M is prepared in an initial
state |C0〉 such that

|C0〉 = |q0, e(x), 0〉, (4)

where x ∈ Γ ∗. Generally, any configuration C0 of the form C0 = (q0, e(x), 0) is
called an initial configuration with input x ∈ Γ ∗, where e is the given encoding.
In this case, |x| is called the input length.

Since the number of all the possible tape strings is countable, we assume them
to be indexed as {T1, T2, . . .}. Thus, the observable T̂ on H(Q,Σ) describing the
tape string can be represented by

T̂ =
∞∑
j=1

λj IQ ⊗ |Tj〉〈Tj | ⊗ IZ

where {λ1, λ2, . . .} is a countable set of positive numbers in one-to-one corre-
spondence with {T1, T2, . . .} by a polynomial time function and where IQ is the
identity on H(Q) and IZ is the identity on H(Z). In order to save notations,
we will write E(T̂ = Tj) instead of E(T̂ = λj) for the eigenprojection of T̂
corresponding to the eigenvalue λ.

3 Halting Protocol

The result of a computation is obtained by measuring the tape string after the
computation has been completed. Unlike the classical case, the machine con-
figuration cannot be monitored throughout the computation because of the in-
evitable disturbance caused by measurement. Thus, the machine needs a specific
halt scheme to signal actively when the computation has been completed.

Deutsch [1] introduced an additional single qubit, called the halt qubit, to-
gether with an observable n̂0, called the halt flag, with the eigenstates |0〉 and
|1〉, so that the processor configuration q is represented by the state vector |q〉|1〉
if q is the final state in the classical picture or by |q〉|0〉 otherwise. The halt qubit
is initialized to |0〉 before starting the computation, and every valid quantum al-
gorithm sets the halt qubit to |1〉 when the computation has been completed
but does not interact with the halt qubit otherwise. Deutsch claimed that the
observable n̂0 can then be periodically observed from the outside without affecting
the operation of the machine.

Myers [4] argued that the state entangles the non-halt qubits with the halt
qubits so that the measurement of the halt flag changes the state and concluded
that the halt scheme spoils the computation.

In [5], Deutsch’s halt scheme is reformulated precisely and it is shown that,
even though the measurement of the halt flag changes the state of the quantum
Turing machine, it does not change the probability distribution of the outcome
of the computation so that every valid quantum algorithm does not spoil the
computation. It is also shown in [5] that the halt scheme is equivalent to the
quantum nondemolition monitoring of the halt flag during the unitary evolution
of computation.
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In what follows, we shall give a new formulation of the halt scheme which
is more general than the previous one and in which the additional halt qubit is
not augmented.

The halt flag n̂0 is defined to be the observable corresponding to the projec-
tion on the final configuration of the processor, i.e.

n̂0 = |qf 〉〈qf | ⊗ IΣ# ⊗ IZ, (5)

where IΣ# is the identity on H(Σ#). We assume that we have a measuring
apparatus to measure n̂0 precisely after each step instantaneously in the manner
satisfying the projection postulate. Thus the n̂0-measurement gives surely the
outcome 1 if and only if the processor is in |qf 〉. We shall denote by E(Â = a)
the spectral projection onto the eigenspace of an observable Â corresponding
to the eigenvalue a. The product E(Â = a)E(B̂ = b), if commutable, will be
denoted by E(Â = a, B̂ = b).

The precise formulation of the halting protocol for a QTM M(Q,Σ, δ) with
encoding e and decoding d is given as follows.

(I) The halt flag n̂0 is measured instantaneously after every step. This mea-
surement is a precise measurement of the observable n̂0 satisfying the projection
postulate. (Note that the above measurement is different from the procedure that
one measures q̂ and checks if the outcome is qf because this does not satisfy the
projection postulate.)

(II) Once the halt flag is set to n̂0 = 1, the QTM no more changes the
halt flag nor the result of computation. Thus, we require the following halting
condition

UE(n̂0 = 1, T̂ = Tj)U t|C〉
= E(n̂0 = 1, T̂ (S) = Tj)UE(n̂0 = 1, T̂ (S) = Tj)U t|C〉 (6)

for any initial configuration C = |q0, e(x), 0〉 with input x ∈ Γ ∗, time t ≥ 0, and
tape string Tj .

(III) When the measurement of the halt flag n̂0 gives the outcome 1, the
observable T̂ of the tape string is measured. The outcome Tj of this measurement
is defined to be the output tape string. The output y ∈ Γ ∗ of computation is
then defined by y = d(Tj).

Now we shall show that the halting protocol does not affect the result of the
computation. For that purpose, it suffices to prove that the probability distribu-
tion of the output is not affected by monitoring of the halt flag.

Let PN (y|x, n) be the probability distribution of the output y ∈ Γ ∗ at the
time n given the input x ∈ Γ ∗ under the condition that there are no measurement
before the time n. On the other hand, let PM (y|x, n) be the corresponding prob-
ability distribution under the condition that the halt flag is measured after every
step instantaneously by an apparatus satisfying the projection postulate. We call
PN (y|x, n) the non-monitored output probability distribution and PM (y|x, n) the
monitored output probability distribution.

Then, we can extend the result of [5] to the following theorem.
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Theorem 1 If the time evolution U of a QTM M(Q,Σ, δ) satisfies the halt-
ing condition (6), then the non-monitored output probability coincides with the
monitored output probability.

From the above theorem, it is concluded that the the probability of finding
the output y up to N steps by the computation obeying the halt protocol is equal
to the probability of finding the output y by the single measurement of T̂ (S)
afterN steps. It follows that in any computation obeying the halting protocol the
measurement of the halt flag changes the quantum state of the QTM according
to the projection postulate but does not affect the result of the computation.

Recently, Linden and Popescu [7] claimed that the halt scheme given in [5] is
not consistent with unitarity of the evolution operator. However, their argument
applies only to the special case in which the whole tape is required not to change
after the halt. As suggested in a footnote 11 of [5], the conclusion in [5] can
be obtained from the weaker condition for the general case where the tape is
allowed to change except for the date slot. Linden and Popescu [7] disregarded
this case and hence their conclusion is not generally true. In this paper, the
halting protocol with such a general formulation is treated explicitly and it is
shown that even in this case the computation is not affected by the measurement
of the halt flag.

4 Simulation of Arbitrary QTMs by QTMs with
Well-Behaved Halt Flags

Deutsch [1] called the quantum algorithm valid if it satisfies his halting condi-
tion. In the preceding section, we have reformulated his halting condition in a
precise language and shown that for the “valid” QTM we can know when the
computation is completed without affecting the computation. Thus, the criti-
cism due to Myers is cleared in principle that the measurement of the halt flag
in the entangled state of the halt qubit and nonhalt qubit spoils the computation.
However, Linden and Popescu [7] pointed out the difficulty in implementing the
halt protocol to a general quantum Turing machine. They showed that in a very
restrictive case the halting condition is inconsistency of the unitarity of the evo-
lution operator. However, the difficulty arises from a certain inessential aspect of
the reversibility of quantum computing. From the point of view of the designer of
a quantum algorithm, the time evolution of the QTM after the completion of the
computation is of no need. However, if we define the “valid” output probability
to be the non-monitoring output probability at the time enough later than the
completion of computation in all the computational path, this probability is eas-
ily destroyed by the coherence between the completed computational paths and
the incompleted computational paths in the time evolution. Thus, the true prob-
lem of halting a QTM is to recover not the non-monitoring output probability
but a certain intrinsic output probability by the monitoring output probability
of a valid QTM. In this section, we shall introduce an output probability based
on the computational path amplitude as an “intrinsic” output probability and
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show that this output probability of any QTM can be reproduced as monitoring
output probability of a well-halting QTM.

A sequence 〈C0, . . . , CL〉 of configurations is called a computational path if C0
is an initial configuration, CL is an final configuration, and none of C1, . . . , CL−1
is initial nor final, i.e., if Cn = (τn, Tj(n), ξn) for n = 0, . . . , L then τ0 = q0,
Tj(n) = e(x) for some x ∈ Γ ∗, ξ0 = 0, τL = qf , τn �= q0, and τn �= qf . Given a
computational path 〈C0, . . . , CL〉, its amplitude δ(C0, . . . , CL) is defined by

δ(C0, C1, . . . , CL)
= 〈CL|U |CL−1〉〈CL−1|U |CL−2〉 · · · × 〈C1|U |C0〉.

Let P(Tj) be the set of computational paths 〈C0, . . . , CL〉 such that

E(T̂ = Tj)|CL〉 = |CL〉.
The path probability of obtaining the output tape string Tj at the time t = N
given the initial configuration C0 is defined by

Pr{path output(t = N) = Tj |C0}

=
∑

〈C0,...,CN 〉∈P(Tj)

∣∣∣∣∣∣
∑

C1,...,CN−1∈C(Q,Σ)

δ(C0, C1, . . . , CN )

∣∣∣∣∣∣
2

.

The computational path probability of obtaining the output tape string Tj up
to the time t = N given the initial configuration C0 is naturally given by

Pr{path output(t ≤ N) = Tj |C0}

=
N∑
K=1

Pr{path output(t = K) = Tj}.

Then, the path probability distribution PP (y|x, n) of the output y ∈ Γ ∗ up to
the time N given the input x ∈ Γ ∗ is naturally defined by

PP (y|x, n) =
∑

Tj :d(Tj)=y

Pr{path output(t ≤ N) = Tj |C0}

with C0 = (qO, e(x), 0). Let C(y|x, n) be the set of all computational path
〈C0, . . . , CL〉 satisfying the following conditions.

(i) L ≤ N .
(ii) C0 = (q0, e(x), 0).
(iii) CN = (qf , Tj , ξ) with d(Tj) = y and ξ ∈ Z.
Then, we have

PP (y|x, n) =
∑

〈CN ,...,C0〉∈C(y|x,n)
|δ(CN , . . . , C0)|2.

By definition, the computational path probability of a given QTM is not
an observable probability. However, from the algorithmic point of view, this is
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the most reasonable probability to be designed, since this probability is not
disturbed by any measurement or any superfluous coherence due to the time
evolution after completing the computation. The following theorem shows that
for any QTM we can equip the halting procedure that makes the computational
path probability observable by the measurement of tape cells.

Theorem 2 For any 2-way QTM M = 〈Q,Σ, δ〉 with standard encoding and
decoding, there is a well-monitored QTM M ′ = 〈Q′, Σ′, δ′〉 such that M ′ repro-
duces the computational path probability of M as the monitored probability of
M ′.

Bernstein and Vazirani [8] required the synchronization of computational
paths so that every computational path reaches a final configuration simultane-
ously. Since the time evolution may spoil the output of computation, the output
cannot be observed unless the exact halting time is previously known. Thus, the
halt scheme should be required for the observability of the output even when
the paths are synchronized.

The formal definition of QTMs satisfying the above synchronization condition
is given as follows. A QTM M = (Q,Σ, δ) is said to be stationary if given an
initial configuration C, there exists some t ∈ N satisfying

‖E(ξ̂ = 0, q̂ = qf )U t|C〉‖2 = 1

and for all s < t we have

‖E(q̂ = qf )Us|C〉||2 = 0.

From Theorem 2, we can show that any stationary QTM can be simulated by
a QTM obeying the halting protocol. Thus, quantum complexity theory devel-
oped by Bernstein and Vazirani [8] can be applied not only to stationary QTMs
but also to any QTMs with their path probability distributions.
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Periodic moving coherent structures (particles) are well known in parallel string
processing (SP) performed by cellular automata (CAs). In 1986 the discrete
soliton-like objects were shown in a filter CA model that performs serial SP.
Then, some other systems that support discrete solitons were proposed in
nonlinear physics. Now there are iterated arrays, filter CAs, soliton CAs, higher
order CAs, sequentially updated CAs, integrable CAs, IIR digital filters, filter
transducers, ultradiscrete soliton equations (KdV, KP, L-V), and fast rules.
Also, box-ball systems, crystal systems and affine Lie algebras were introduced
recently. We show a unified approach to all these processing mechanisms. They
are based on iterated automata maps (IAMs). Automaton equivalents to various
systems differ on their organization of memory. We show the automata that use
various finite and/or infinite memories: shift registers, counters, stacks, FIFO,
lists, and pipelines of counters. In our approach the IAMs mimic transmitting
media, while filtrons describe propagating coherent disturbances. We mention
also various phenomena of interacting filtrons.

1   Introduction

Iterated maps have been analyzed mainly as nonlinear dynamical systems. In CS they
are also considered within a framework of 1D cellular automata (CAs). This model
performs iterated parallel string processing (SP), and in many cases supports moving
coherent structures, called particles or signals [2, 8]. Iterated automata maps (IAMs)
with serial SP are known as OLIA model (see O. Ibarra in [8]). They perform
recursive digital filtering (IIR filtering), and can be treated as 1D (automaton)
transmitting medium. But the emergent propagating objects of IAMs, which we call
filtrons, and their connections with nonlinear physics are almost unknown.

The significance of IAMs and their filtrons, closely associated with questions about
the future of computational means, is related to the following facts:
� Colliding streams of discrete solitons (or filtrons) can be applied in performing

computations in solitonic processors [2, 22, 23, 42, 43, 44]. There is the rapid
progress in technology, where the possibilities of shaping the optical media and
guiding light by light are being dramatically extended with band gap materials.
Also in the theory [25], simple computational structures are being realized; e.g. the
medium of automata M, shown in Figure 1 (a), can perform any computation when
M = M110; this very simple 3-state automaton is equivalent (by de Bruijn graph
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� conversion) to rule 110 1D binary CA which is conjectured to be computationally
universal (no proof for this has yet appeared in scientific journal).

� New models, like ball moving algorithms [16, 21, 45, 46, 48, 51, 52], that support
discrete coherent structures show that filtrons indeed represent the solutions of
discrete versions of classical solitonic wave equations (KdV, KP, L-V). This
suggests deep and relevant connections between the computational processes
occurring within the nets of automata (represented by IAMs) and the equations of
motion of nonlinear dynamical systems.

� All known models that support discrete coherent structures can be described by
IAMs [33-41]. This indicates that the iterating of automata maps is the
fundamental mechanism that creates localized soliton-like periodic structures.

�
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Fig. 1. (a) IAM as an automaton medium; M(at) = at+1. (b) Automaton M110 � rule-110-CA.

Investigating of IAMs was started by H. Takahashi in 1976 [50]. Analyzing the
limit sets of CAs, he proposed a procedure of determining the iterated words (of fixed
length) supported by given finite state automaton. Then, similar topic was undertaken
by G. Paun in [31, 32], but mainly languages aspects were analyzed.

In 1986, a new model�filter CAs�was introduced [30]. This work founded a
bridge between automata and nonlinear physics, presenting the discovery of discrete
binary soliton-like entities emerging under particular IAMs. A number of similar
models and some new ones were introduced since that time. These are:
� iterated arrays [3, 7],
� classical CAs [4, 8] and higher order CAs [2, 8, 36, 47],
� filter CAs, introduced in [30] and discussed in [1,10, 14, 15, 17, 24, 27, 28, 42, 53],
� soliton CAs considered in [11, 12, 13, 47, 49, 53],
� sequentially updated CAs [5, 9]; their dynamics depends on an updating schedule,
� fast rules [1, 17, 24, 27, 29],
� digital recursive (IIR) filters [30, 35] and filter automata [33 – 41],
� integrable CAs [6, 19, 21],
� discrete versions of classical soliton equations (KdV, KP, L-V) [20, 48, 52],
� box-ball systems introduced in [45, 46], and considered in [16, 20, 21, 51, 53],
� crystal systems [19, 20], and combinatorial processing [18, 19, 20, 53],
� affine Lie algebras [18, 19, 20].

Some of these models are widely used in computer sciences, but others have been
constructed to describe the nonlinear wave phenomena, especially solitons behavior.
Here, we will show that all these models have their, relatively simple, automata
equivalents, but sometimes with very particular organization of memory.
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2   Automata, Filter Automata Family, and Filtrons

We consider serial SP using Mealy transducers. A Mealy type automaton M with
outputs and an initial state s0 is a system M = (S, �, �, �, �, s0), where S, � and � are
nonempty finite sets of �respectively� states, inputs and outputs, � : S � � � S is
called the next state (or transition) function of M, and � : S � � � � is called the
output function of M. The automaton converts sequences of symbols, preserving their
length. Any input string is read sequentially from left to right, one symbol at each
instant � of time, in such a way that � (s(�), �(�)) = s(�+1) and � (s(�), �(�)) = �(�);
� = 1, 2, … . To allow the iterations we apply a unified set A = � = �  = {0, 1, ..., m}.

A finite string given at some time t is denoted by at_ = ta1
ta2 ... t

tLa . Usually we

consider longer strings of zeroes, infinite or periodic, which contain a given finite
string as its substring; at = ...0 at_0... . Any such string is called configuration at. The
conversion at � at+1 of the entire configuration performed by the automaton M is
treated as a single step of automaton map; step number (t+1). We write M(at) = at+1.

The operation of M may be described by a sequence of functions fs : A � A (called
state-implied operations) such that fs (ai) = � (s, ai) for all s � S and ai � A. Then, the
succession of automaton’s outputs is determined by next [fs (ai)] = f

d (s, ai) 
(ai+1). Input

strings imply the labeled paths on state diagram of the automaton, and these paths can
be identified by the appropriate sequences of operations fs.

Iterating the automata maps over a0, we list successive strings a0, a1, … one under
another; this forms space-time (ST) diagram of processing. Let us mention, that such
ST diagram is a special case of the phase space of dynamical systems. Sometimes we
apply a shift q to the ST diagram, which means that each output string is shifted by q
positions to the left with respect to the input string.

We assume that two different models of SP are equivalent (�) if for any input
string at they both return the same result at+1 (the applied shifts q are disregarded); we
write at+1 = M1(a

t) = M2(a
t).

The functions implied by states allow us to define special class of cyclic sequential
SP mechanisms––the family of filter automata (FAs) [33, 34]. Filter automaton F =
(A, �, 	, 
) is the sequential transducer (converts strings in serial) where:
� A = {0, 1, ..., m} is a finite set, called the alphabet of F, with m > 0,
� � : A � {0, 1} is a mapping, called the activating function of F,
� 	 : A � r+1 � I  is a partial mapping (r > 0) into a set of indexes; I = {0, 1, ..., m�},
� 
 = (h0, h1,..., hm�

, f1,..., fr) is a sequence of mappings A � A, called the program of
automaton F.

The resulting string is generated in time instants � according to the following cycles:

next [h0(at
)] = 





≠
=

+

+

0)(if)(

0)(if)(

11

10

ττ

ττ
ι
ι

aaf

aah
,                                             and c:= a

t
 ,

(1)

next [hi(at
)] = 





+

+

               otherwise)(

defined is)(if)(

11

1

τ

ττ µ
af

aah j ,  where j = 	(a
t ) and 0 < i 	 m�,

(2)



Filtrons of Automata         69

next [fi (at
)] = 





++

+

            otherwise)(

defined is)(if)(

11

1

τ

ττ µ
af

aah

i

j ,   where j = 	(ai�t) and 0 < i < r,
(3)

next [fr(at
)] = 





+

+

              otherwise)(

defined is)(if)(

1

1

τ

ττ µ
ah

aah

c

j ,                       where j = 	(ar �t).
(4)

Here, ai�t = (a
t-i, at-i+1, ..., at

) denotes an (i+1)-segment (substring of a string) which
coincides with a current cycle of the automaton’s activity, and A � r+1 denotes the set A

 A2 
 ... 
 Ar+1. Variable c is a memory of current activating symbol of F [14].

Filter automata perform SP using the cycles (h0, f1, f2, …, fr�)(hj, f1, f2, …, fr�)… of
operations. The processing runs until a reset condition is met; this is any (L+1)-tuple
that coincides with a cycle and  such that a_� AL+1, 0 	 L 	 r, and 	 (a_) = 0.

We consider the automata that have two modes of operation. They are either active
or inactive. The automaton is said to be activated when it leaves the state s0 and starts
processing (f1 follows h0, in the case of F). Also, it is said to be extinguished when it is
forced to return to the initial s0 state (in the case of F its activity cycle is closed and h0

operation follows).
We use the activity mode concept of the automata to distinguish some special

segments of strings. Let an automaton M converts a configuration at = ...0 at_0... . Any

string at_ = ta1
ta2 ... t

tLa ( ta1  � 0) such that ta1  activates M and t
Lt

a  extinguishes M is

said to be M-segment. When a configuration at is transformed by the automaton M, it
may happen that a number of extinctions of M still occurs before the last element of
the string segment  at_ is read by M. In such a case we say that  at_ is a multi-M-
segment string. Such strings lead to the complex filtrons and their classification [33].

Here, the state s0 has been chosen as starting and also as final state to recognize an
M-segment by automaton. However, in general, another selection is possible and even
the subsets of automaton states can be chosen as starting states and/or as final ones.

To show filtrons on the ST diagrams we assume periodic boundary conditions and
use the following convention. Symbol 0 � A typically represents a quiescent signal or
a background, but sometimes it appears within an M-segment. Thus, we use three
different characters to present it on the ST diagrams. A dot �.� denotes zeros read by
the automaton M, which is inactive. A dash �-� represents tail zeros of an M-segment
that is all consecutive zeros preceding immediately the extinction of M. Remaining
zeros are shown as the digit 0. Additionally, all those symbols that activate the
automaton are printed in bold. Our convention allows one to recognize easily whether
any two filtrons are distant, adjacent or interact and form a complex object.

Example 1. Consider the filter automaton F1 = (A, �, 	, 
), A = {0, 1, 2, 3}, m� = 1
and r = 2. Also � -1

 (1) = {1, 2, 3}, 	 : A3 � A is such that 	 (w) = 0 if w � {*00} and 	

(w) = 1 otherwise. The operations of 
 = (h0, h1, f1, f2) are: h0 = 






0203

0123
, h1 = 







1203

0123
,

and f1 = f2 = 






0312

0123
. The cycles (h0, f1, f2)(h1, f1, f2)...(h1, f1, f2) are performed over each
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configuration, starting from the first leftmost nonzero element until a segment from
{
00} (* denotes any symbol) coincides with some cycle. The IAM of this automaton
is illustrated on the ST diagram below for some initial configuration a0. One can
check the filtron 2301--. When F1 reads the configuration ...02301000... the associated
sequence of operations is: ...h0 h0 f1 f2 h1 f1 f2 h0... . This sequence implies the output
configuration of the form: ... h0(0) h0(2) f1(3) f2(0) h1(1) f1(0) f2(0) h0(0)... or
...00202000... . This is seen on the ST diagram. Two cycles of activity of automaton
F1 are involved, (h0, f1, f2) and (h1, f1, f2). The second one is the extinction cycle
because its associated segment, 100, belongs to the set {*00} of reset conditions.

 0   ---.........11----..3--...111---132---..23031----.231
 1   1---........2301--..3--...2331--2211--...203301---.23
 2   31---........202---.3--....222---132---....23031----2
 3   231---.........110003---....111002211---....203301---
 4   0231----.......2301021--....2331010331--......2303100
 5   013301---.......202012---....222031222---......203301
 6   1323031----.......11311----...111230111---.......2303
 7   320203301---......2322301--...2330202331--........203
 8   31---23031----.....210202---...2211--222---.........2
 9   231---203301---.....3--.11----..132---111---.........
10   .231---.23031----...3--.2301--..2211--2331--.........
11   ..231---.203301---..3--..202---..132---222---........

ST diagrams of IAM strings processing exhibit all kinds of behavior typical of
dynamical systems; one can see then the fractals or periodic and chaotic dynamics.
But sometimes, particular moving coherent structures capable of non-demolition
collisions emerge also (as it is seen on ST diagram above where three pairs of objects
collide). We say, in brief, that automata can support coherent structures. These objects
seem to be of fundamental significance; they are very specific and inherently
associated with the IAMs. Since the IAM is a kind of recursive filtering, a new
term—filtrons has been introduced [34] for these coherent objects.

The filtron is defined as follows [34, 38, 41]. By a p-periodic filtron at_ of an

automaton M we understand a finite string ta1
ta2 ... t

tLa ( ta1  � 0) of symbols from A

such that during the iterated processing of configuration at = ...0 at_0... by automaton
M the following conditions are satisfied for all t = 0, 1, ..., p–1:
1. The string at_ occurs in p different forms (orbit [30] of the filtron), with 0 < Lt < �.
2. The string at_ is an M-segment.

These conditions can be easily verified on the ST diagram of string processing;
usually the periodic structure of coherent entities is clearly visible.

What is interesting, there are also some objects which form M-segments and rest
coherent for a very long time, but which finally appear to be nonperiodic; they
transform or decay. These are quasi-filtrons [34].

3   Automata Based on the FCA Window

The first automata supporting coherent binary entities were parity rule filter CAs [30].
This model consists of a specific ST window, which we call here the FCA (filter CA)
window, and the parity Boolean (updating) function fPST. The model performs serial
SP, thus is a kind of sequential transducer. In the domain of signal processing, most
sequential transducers are classified as IIR filters, hence we will use also the term
PST filter. The PST filter is defined as follows [30]. Assume a configuration at time t,
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at = ... t
ia ... = ...0 ta1 ... �

/

W

W

0..., of elements from A = {0, 1} such that 0 	 t < �, –� < i

< �, 1 	 Lt < � and ta1  � 0. For a fixed r � 1, the model (fPST, r) computes next

configuration at+1 at all positions i (–� < i < �) in such a way that:

1+t
ia  = fPST (

t
ia , ..., t

ria + , 1+
−

t
ria , ..., 1

1
+
−

t
ia ) =





                         otherwise  0

zeronot but even  is  if 1 ,tiS (5)

where Si,t = ∑+∑
=

+
=

+
−

r

j

t
ji

r

j

t
ji aa

01

1 .

Zero boundary conditions are assumed; it means that the segment at_ = ta1 ... t
Lt

a is

always preceded at the left side by enough zeros and the computation may start from
0 = fPST(0, ..., 0). Space-time positions of the arguments of function fPST , which form
the FCA window, are shown in Figure 2 (a). It is seen that the memory structure of
the PST model is based on two shift registers.

The PST model performs a cyclic processing and belongs to filter automata family.
We have the following basic generalization.

Proposition 1 [33]. PST model (fPST, r) belongs to FA family. The equivalent
automaton Fr = (A, �, 	, 
) is such that A = {0, 1}, m = m� = 1, a = 1 is the only
activating  element,  	 -1(0) = {*0r}, and 
 = (h0, h1, f1,..., fr) = (0, N, A, …, A) where 0

= 






00

01
,  N = 







10

01
, and A = id.
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Fig. 2. (a) Window of the PST model slides to the right (� moments), and implies q = r. (b) PST
model as an automaton; x – input variable, y1, y2,. . ., y2r

 – state variables, z – output variable.

For a proof [33, 35], the FCA window is decomposed: x represents input symbols
of the automaton Fr, y1, y1, ..., y2r represent state variables, and z represents output
symbols. Next states follow from the movement of the window, especially yr (� + 1) =
Yr = z. The function fPST that computes the outputs z of automaton Fr is z = y1 � y2 � ...
� y2r ��x � xyyy r ⋅⋅⋅⋅ 221 �  where � is XOR operation, and the variables are from
Figure 2 (b). The operations negate (N) and accept (A) are performed in cycles.
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3.1   Other Systems Based on FCA Window

After publishing the PST string processing mechanism some other models, based on
the FCA window, were proposed in the literature. We identify them by the initials of
their authors. First, Goldberg [17], analyzed formally the PST filters showing their
sequential nature and giving the idea of speeding up their computations (Rapid
Updating Rule). The models AKT [1] and TS [49] were derived by modifications of
the updating function of PST model. The J filtering, described in [24], used a wider
FCA window and a new updating function. New alphabets A, with |A| > 2, have been
applied with the models AKT [1] and FPS [14] starting the analysis of multi-valued
signals (configurations).

Another approach in searching for filter CAs supporting the filtrons exploited
algebraic methods. In [10], all possible updating functions were verified (for the FCA
window with r = 2) and the FM filter supporting filtrons was found. The FPS [14] and
F [15] filters used the operations based on algebraic groups. The TS filter from [49]
has been described [53] by means of a combinatorial procedure (Young tableaux and
stack language) associated with operations over a stack.

Table 1. Automata equivalents of serial SP models with FCA type windows; y
r
 (� + 1) = Y

r
 = z.

Model Ref. |A| r w FA  Output function b : Aw � X � A

PST [30] 2 > 0 2r ³  z = (T > 0) ¾ (`P)

FPS [14] m > 0 2r ³  Follows from the operation of group G
m
 = A

AKT [1] 2 > 0 2r ´  z =`y
1
 `y

2
 ...`y

r
`y

r+2
`y

r+3
...`y

w
 `x ª P

J [24] 2 > 0 2r+1 ³  z =`y
1
 `y

2
 ...`y

r
`y

r+2
`y

r+3
...`y

w
 `x ª y

r+1
 ª P

TS [49] 2 � � ´  z = (y
r+1

 = 0)¾((y
r+2

 + ... +y
�

) > (y
r
 + ... +y

-�
))

F [15] m > 0 2r ³  Follows from the operation of group G
m
 = A

BSR-1 [6] m 2 2r ´  z = y
3
 ª y

1
 y

4
 ª y

2
 x

M
CF2,1

[37] 2 2 2r ´  z = y
3
 ª y

2
 y

4
 ª y

1
 x

BSR-2 [6] m 3 2r ´  z = y
4
 ª y

2
`y

3
`y

6
 x ª y

1
`y

2
`y

5
 y

6

BSR-22 [6] 2 2 2r ´  z = y
3
 ª `y

1
 y

2
 ª y

4
`x

BSR-23 [6] 3 3 2r ´  z = y
4
 ª y

1 
y

2
 ª y

2 
y

3
 ª y

5 
y

6
 ª y

6 
x

M
CF3,6

[37] 2 3 2r ´  z = y
4
 ª y

2 
y

6
 ª y

3 
y

5
 ª y

1 
x

BSR-24 [6] 2 2 2r ´  z = y
3
 ª `y

1
 y

2
 ª y

4
`x ª y

2 
y

4

FM [10] 2 2 2r ³  z =`x`y
1
`y

2
`y

3
`y

4
 ª`x ª y

1
 ª y

3

Looking for FCA models capable of supporting the filtrons was also undertaken by
an analysis of the integrability of some equations of motion or wave equations. This
approach is represented in [6] where new families of BSR-j filters have been derived
(j refers to the number of defining formula in [6]). In [37] it was shown that a number
of versions of the BSR-j filters could be obtained using S2r+1, the group of
permutations over arguments of basic updating function. In Table 1 two examples of
such versions, MCF2,1 and MCF3,6, are presented.

In Table 1 [37, 41] we list a description of automata equivalents of all currently
known filter CAs supporting the filtrons, except those derived immediately from FA
family. All these classical models were originally defined by the recursive formulae.
Here we describe them by explicit automaton output functions. Next states follow
from window’s movement and the substitution yr (� + 1) = Yr = z. In the table, P is the
mod 2 sum of all window’s elements (thus�P denotes parity), and T is the algebraic
sum of all these elements.

It is seen also that not all the systems, which apply FCA windows belong to the FA
class.
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3.2   Fast Rule Algorithms

Fast Rule Theorem (FRT) type algorithms have been given in [17, 27] as an
equivalent explicit formulation of parity rule filter CAs. Later, they have been
extended to the binary AKT filters and J filters [1, 24, 29].
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Fig. 3. (a) FRT algorithm for the case r = 1. (b) FRT algorithm for the case r > 1.

For every configuration at the FRT of AKT filter proceeds in two phases. During
the first phase at is examined from the left, and a subset B(t) � Z of positions (so
called boxes) is identified. Then, during the second phase, the resulting configuration
at+1 is derived simply by complementing the symbols in boxes and shifting all symbols
by r positions to the left. Note that this implies q = r for this model.

There are three steps in the first phase of the FRT algorithm. Assume that A = {0, 1},
positive integer r of AKT filter is given, and the current configuration at is analyzed
from left to right. The algorithm starts with B(t) = �.

1. Place the first encountered position i such that t
ia � 0 in the set B(t), and proceed

to Step 2. If there are no such positions go to the phase 2.
2. Check the r-segment w (word) consisting of r symbols to the right from the

current box position i;
- if w � 0r then include the position j = i+r+1  to the set B(t), and repeat Step 2,
- if w = 0r (there is the block of r zeros) then go to Step 3.

3. Check the symbol t
ia ;

- if t
ia  = 1 then include the position j = i + r to the set B(t), and go to Step 2,

- if t
ia  = 0 then return to Step 1.

Looking for the set B(t) lead to the block schemata shown in Figure 3; the step
numbers used as box indices indicate how boxes are generated by the algorithm. E.g.
for r = 3 one has: . . . 0 1 1 0 0 1 0 2 0 0 0 0 1 1 0 0 0 3 0 0 1 0 2 0 0 1 1 2 0 0 0 3 0  0 0 0 . . . .
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Having these schemata, the state diagrams of equivalent Mealy automata MAKTr can
be determined. To obtain the function � of MAKTr when r > 1, one has to ‘unroll’ bold
paths from Figure 3 (b). These are: w � = 0r-1 for the transition � (1, w �) = (2r-1),�w �
for � (1,�w �) = (3r-1), w = 0r for � (2, w) = 0 and also�w for � (2,�w) = (3r). The
resulting automata do not belong to FA class. The details are given in [35, 36].

3.3   Soliton Cellular Automata

The model called soliton cellular automaton has been introduced in [49]. Its
underlying FCA window has an infinite length.  The model operates as follows.
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Fig. 4. Infinite Mealy automaton MTS which is equivalent to the TS system.

Assume a configuration at = ...0 ta1 ... t
ia ... t

Lt
a 0... of elements from A = {0, 1}

where 0 	 t < �, -� � i � �, 1 	 Lt � � and ta1  � 0. The next configuration is

computed for all positions i (�� � i � �) sequentially from the left hand side

according to 1+t
ia  = fTS (

ta ∞− , ..., t
ia 1− , t

ia , 1+
∞−

ta , ..., 1
1

+
−

t
ia ) where the function fTS is

given by:

1+t
ia  = ,

               otherwise          0,

> and 0 if  1, 1,,





 = +titi

t
i SSa (6)

where Si,t = ∑
∞

=
−

1j

t
jia  and  Si,t+1 = ∑

∞

=

+
−

1

1

j

t
jia .

This model has an infinite capacity of memory; we have the following property.

Proposition 2 [39, 41]. The automaton MTS that is equivalent to TS model is a
difference counter of the infinite capacity; states are incremented under input 1, and
decremented under 0.

Proof. We choose the states {sj} of MTS such that j = ri,t, where ri,t = Si,t - Si,t+1. Then for
j = 0 one has � (s0, a) = s0+a and � (s0, a) = 0, and for j > 0 there is � (sj, 0) = sj-1 and �
(sj, 1) = sj+1 and also � (sj, a) =�a; a � A.

The counter is shown in Figure 4, and the ST diagram of an exemplary associated
IAM dynamics is given below.
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0  ·1111----·111---·11--·1-··································
1  ·····1111----111---11—·1-·································
2  ·········1111000111001101----·····························
3  ·············111---11--1-1111----·························
4  ················111001101---·1111----·····················
5  ···················11--1-111---··1111----·················
6  ·····················1101--·111---···1111----·············
7  ·······················1-11--··111---····1111----·········
8  ························1-·11--···111---·····1111---······
9  ·························1-··11--····111---······1111----·

4   Box-Ball Systems

For the first time the box-ball systems (BBSs) were proposed as models that support
the soliton phenomena by D. Takahashi in [44, 45]. Later this class of models was
enlarged and discussed, among others in [16, 19, 21, 48, 51, 52]. The basic idea of
using BBSs to serial SP is to associate the balls with each symbol ai in some way, and
then to perform one step of evolution at �  at+1 by moving all balls. The processing
mechanism runs once along given string from the left hand side to the right and
moves all balls once. The new location of a ball is the first encountered empty box;
typically zero symbol means an empty box.

4.1   Single Ball Boxes

The simplest BBS models assume that each nonzero symbol ai of a string at over
alphabet A = {0, 1, ..., m} represents a single ball with a label 0 < ai 	 m (symbols
represent the variety of balls). This model is denoted B1BS (box-1-ball system).

The B1BS rules to transform at into at+1 are as follows [45]. Move every ball
exactly once by the procedure (a)-(b), first move the balls number 1, then the balls
number 2, and so on:

(a) move the leftmost ball, not yet moved, to the nearest right empty box,
(b) repeat this procedure until all balls are moved.
Note that for m = 1, the B1B system reduces to TS system [45, 53]. For m > 1, by

the definition all balls are moved according to ascending order. Later, in [16] the
reformulated BBS with the descending order was proposed. This suggests that any
order � of nonzero symbols from A could be applied. Thus, we extend the original
B1B system by adding to it some permutation � : A� � A�, where A� = {1, 2, ..., m}.
We have then B1BS-� model. Now the balls are moved according to the order
determined by permutation �.
Proposition 3. The automaton equivalent of B1BS-� model, MB1BS-a, is such that its
set S of states consists of the sorted lists of symbols from A� already read but not yet
returned to the output string. The initial state s0 represent empty list, and � (s0, 0) = s0.
For any s � s0 and a � A the output symbol � = � (s, a), which is released from list, is
either the first element of list greater than a (with respect to �) or it is zero if there is
no such element. In this last case symbol a is included into list if a � 0.
Proof. Looking for a free box to release a ball by means of a one-way sequential
procedure requires a memory (or a nonzero state s) to remember all predecessing balls
not yet released. The symbols are moved according to some order �, and m > 1, thus
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any state s must represent a sorted list. Also, the number of consecutive nonzero
symbols in a string is unbounded in the model B1BS-�, thus the unbounded lists are
necessary. In this case the automata MB1BS-a have an infinite memory.

Remark 1. Other special cases are also possible. E.g. no order of symbols is decided,
and they are moved in the order as they appear running from the left to the right. This
type of memory is known as FIFO (first in, first out) queue. Also, one can decide the
reversed order. This implies immediately the memory structure known as stack. Thus
we distinguish the automata MB1BS-i, MB1BS-d, MB1BS-a (increasing, decreasing or given
order �) or MB1BS if no order is specified, and MB1BSr if the stack is applied.

Below, we show four ST diagrams (with q = 0) of iterated string processing (A =
{0, 1, 2, 3}) performed by automata MB1BS, MB1BS-i, MB1BS-d and MB1BSr.

0  ·23--·1-····23--·1-···111---··23--········23--·1-············
1  ···23--1-·····23--1-·····111---23--·········32--1-···········
2  ·····2301--·····2301--······111023----········2301--·········
3  ·······2-31--·····231---·······11231-----·······3-12--·······
4  ········2-·31--·····213---·······120311----······3-·21--·····
5  ·········2-··31--····2-13--········21--311---·····3-··12--···
6  ··········2-···31--···2-·13--········21--·311---···3-···21--·

4.2   Multiple Ball Boxes

Now, let us consider the models BBSs such that each symbol 0 < ai 	 m is interpreted
as the number of balls contained in a box at position i, while the capacity of boxes is
bounded by the integer m. This interpretation was proposed in [45]. We denote this
models by BmBS (box-m-balls system). The BmB systems have simple automata
equivalents. Such automata have to use the finite counter as their memory. The
counter is decremented immediately when it is possible and as much as it is possible,
which means that the operation min determines its behavior. Thus BmB systems
generalize the model shown in Figure 4, and one could call them TSm systems. An
example of the operation of B3BS is given on the ST diagram below (q = 0).

 0  ·131-··21-·········132--·131-·····················
 1  ···23--·21-··········132--·23--···················
 2  ·····32--21-···········132--·32--·················
 3  ······131-21-············132--131-················
 4  ········23021-·············132--23--··············
 5  ··········3122--·············132--32--············
 6  ···········21131-··············1320131-···········
 7  ············21-23--··············132023···········
 8  ·············21-·32--··············131033--·······
 9  ··············21-·131-···············23--33--·····
10  ···············21-··23--···············32--33--···
11  ················21-···32--··············131-·33--·

We have [39, 41] the following explicit description of automata MBmBS.

Proposition 4. The automaton equivalent, MBmBS, of the BmB system over A = {0, 1,
..., m} is given by the next state function s� = � (s, �) = s + � - �  and the output

function � = � (s, �) = min (s, σ ), where σ  = m - �. The initial state is s0 = 0.
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4.3   Box-Ball Systems with Carrier

Yet another family of BBSs has been introduced in [48]. This model is called box-ball
system with carrier; let us denote it by BBSC. This is a modification of BmBSs such
that the mechanism carrying the balls (called carrier) has the capacity restricted to n.
Thus, while the carrier passes the box it puts as many balls into the box as possible
and simultaneously takes as many balls from the box as it can.

The action of the carrier over the j-th box is as follows. Assume that the carrier
carries 0 	 cj 	 n balls and there are 0 	 aj 	 m balls in the box. This means that there
are n - cj vacant spaces for balls in the carrier, and m - aj vacant spaces for balls in the
box. Thus the carrier puts min (cj, m - aj) balls into the box and gets min (aj, n - cj)
balls from the same box. By this action the number of balls in the j-th box changes
from aj to aj + min (cj, m - aj) - min (aj, n - cj), and simultaneously the number of balls
carried by the carrier changes from cj to cj+1 = cj + min (aj, n - cj) - min (cj, m - aj).

From the above one can identify immediately the automata MBBSC(m, n) equivalent
to BBSC model with parameters m and n.

Proposition 5 [38, 39]. The automata MBBSC(m, n) = (S, �, �, �, �, s0) are such that:
� S = {0, 1, ..., n} is the finite set of integers�the set of states of MBBSC(m, n),
� � = �  = A = {0, 1, ..., m} is the finite set of integers (unified alphabet),
� s0 = 0 is the initial state of M BBSC(m, n),
� the next states are given by s� = � (s, �) = s + min (�s, �) - min (s,��), and
� the output symbols are determined by � = � (s, �) = � + min (s,��) - min (�s, �),

where �s = n - s and�� = m - �.

Fig. 5. Multi-filtron nondestructive collision of ten objects of automaton MBBSC(17, 25); q = 1.

An example of IAM performed by the automaton MBBSC(17, 25), where a0 =
…0H904G904F904E904D904C904B904A9049904890…, is shown in Figure 5.

5   Crystal Systems

After introducing the box-ball systems [45, 46, 48], a new domain has been
opened�crystal base theory�as being closely related to soliton phenomena. Some
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studies [16, 19, 20, 21] extended BB systems and applied them or reformulated in
crystal theory.

Among the crystal bases that are considered there are two classes called crystals Bk

and crystals Ck. These models represent finite systems and lead to finite state
automata B(m, k) and C(m, k), respectively. Namely, the states of equivalent automata
are represented by sorted lists of symbols from A, but the lengths of lists are bounded
by a given positive integer k.

Formal definitions of crystal systems are not presented here, since they need a
number of auxiliary notions like tensor algebra and combinatorial R matrices. Let us
make a comment that in crystal approach the strings are identified with the set of
tableaux of shapes, and some (isomorphic) maps evolve the strings and are used to
define the crystal forms. The classes Bk and Ck can be reduced to the finite cases of
simple models B1BSs [16, 20, 41]. Thus the automata B(m, k) and C(m, k) (denoted in
[41] by MBBS-GF and MBBS-LF, respectively), can be obtained immediately. We present
these automata here without a formal proof.

Proposition 6 [39]. The automata equivalents, B(m, k) and C(m, k), for crystal models
Bk and Ck have the states represented by the lists L of k symbols from A. Initial state s0

is the empty list with all entries equal to 0. The lists are sorted in descending (the
greatest first) or ascending (the least first) orders, respectively. Next states L� = � (L,
�) and outputs � = � (L, �) of automata are determined by the following operations
over lists (L, �) � (L�, �):

(a) the automata B(m, k); GF (greatest first) case:
� remove an element from the list; e.g. (124, 0) � (012, 4),
� insert a symbol to the list, e.g. (013, 1) � (113, 0),
� replace �  by � (where � is immediate smaller than �); e.g. (124, 3) � (134, 2),
(b) the automata C(m, k); LF (least first) case:
� remove an element from the list; e.g. (032, 0) � (003, 2),
� insert a symbol to the list, e.g. (032, 3) � (332, 0),
� replace �  by � (where � is immediate bigger than �), e.g. (032, 1) � (031, 2).

Remark 2. Similarly as in systems BmB one can consider also the bounded lists that
are sorted according to a given order �. Following this line, if no order is specified,
we have the model with FIFO memory bounded to k. And also the automata with a
stack memory bounded to k can be constructed easily.

To illustrate the IAM for some (m, n), we show below two ST diagrams generated
by automaton B(3,3), and (at the right side) two ST diagrams of automaton C(3,3).

0 ·321---·22--3-·········32--··13-····13--·31-·····12--·3-··············
1 ····321---2203-··········32--·13-·····13--31-······12--3-·············
2 ·······32100223--··········32--13-······13031--······1203--···········
3 ··········3210232---·········32013--······1-313--······1-23--·········
4 ·············3120322---········3-231--·····1-3-13--·····1-·23--·······
5 ···············132--322---······3-2-31--····1-3-·13--····1-··23--·····
6 ················1-32--·322---····3-2-·31--···1-3-··13--···1-···23--···
7 ·················1-·32--··322---··3-2-··31--··1-3-···13--··1-····23--·

A qualitatively new model of crystal systems has been introduced in [21]. The
restricting parameter k was allowed to be different for various symbols. E.g. it was
assumed that a symbol 1 can appear in any unbounded number (even infinite) of
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copies, while at the same moment the other symbol, 2, was allowed to exist in
bounded number of copies. Such symbols were called bozonic and fermionic symbols,
respectively. The automata that are equivalent to such crystal systems form a new
class of sequential transducers; they are finite for some inputs, and simultaneously
infinite for the others. We have immediately the following.

Proposition 7 [41]. The bosonic-fermionic crystal systems have the automata
equivalents with mixed types of counter memory: infinite for bozonic symbols and
finite for fermionic symbols.

An example of the automaton that represents crystals with bozonic and fermionic
symbols 1 and 2 is shown in Figure 6.
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Fig. 6. Automaton with a mixed counter memory: infinite for 1�s and finite for 2�s.

ST diagram below illustrates the IAM performed by the automaton from Figure 6.

0 ·211---····1-···211---····2-···111---··21--2-················
1 ····211---··1-·····211---··2-·····111---·2102-···············
2 ·······211---1-·······211---2-·······111---212--·············
3 ··········21101---·······21102--········11100221--···········
4 ·············2-111---·······2121---········1112021---········
5 ··············2-··111---······2-211---········1210211---·····
6 ···············2-····111---····2-··211---······1-21--211---··
7 ················2-······111---··2-····211---····1-·21--·211-·

6   Automata for Systems Based on Affine Lie Algebras

The papers [18, 19] have considered another family of systems capable of supporting
filtrons where the symbols are treated as types of balls, the carriers have infinite
capacity, and some interaction among balls are allowed. These models are called
affine Lie algebras gn. The description of their dynamics is the following [19].
1. The valid alphabets B of symbols, and associated sequences J = (jd, …, j1) are
assumed as shown in Table 2.
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Table 2. Alphabets B and orders of symbols for g
n
 systems.

g
n Set B Sequence J = (j

d
, …, j1) d

)1(
nA {1, 2, …, n+1} (2, 3, …, n+1) n n > 0

)1(
12 −nA {1, 2, …, n, -n, …, -2, -1} (2, 3, …, n, -1, -n, …, -3, -2) 2n-1 n > 2

)2(
2nA {1, 2, …, n, -n, …, -2, -1, �} (2, 3, …, n, -1, -n, …, -3, -2, �) 2n n > 1

)1(
nB {1, 2, …, n, 0, -n, …, -2, -1} (2, 3, …, n, 0, -n, -3, -2) 2n-1 n > 2

)1(
nC {1, 2, …, n, -n, …, -2, -1} (2, 3, …, n, -1, -n, … -3, -2, -1) 2n n > 1

)1(
nD {1, 2, …, n, -n, …, -2, -1} (2, 3, …, n, -n, …, -3, -2) 2n-2 n > 3

)2(
1+nD {1, 2, …, n, 0, -n, …, -2, -1, �} (2, 3, …, n, 0, -n, …, -3, -2, �) 2n n > 1

2. Symbol 1 is a basic (quiescent) element, and –1 denotes a neutral bound state thus
represents merged (particle-antiparticle) pairs (j, j *), or two symbols in a box, such
that:

j * = 




∅−∈−
∅−∈

},1,0{\if

},1,0{if

Jjj

jj (7)

Especially 0 and � are anti-particles and can form a bound state with one another.
3. The operator Kj is given by:
� Replace each –1 by a pair (j, j *) within a box.
� Move the leftmost j to the nearest right box that is empty or with a single j *.
� Repeat above until all of j’s are moved once.
� Replace all pairs (j, j *) by –1.
4. Evolution of a string b = (…, bi, …), where bi � B, and bi =1 for |i| >> 1, is
performed by the operation T = 

dj
K . . . 

2j
K

1j
K  where

T(b) = 
dj

K (. . . (
2j

K (
1j

K (b)))…).

Let us define the automata M(gn) = (S, �, �, �, �, s0). Input and output alphabets
are � = � = B. The states S = {(c1, c2, …, cd)} are represented by d-tuples of counter
states, cj � Z

�0. The counters, arranged in a pipeline shown in Figure 7 (a), update
their contents and workout the outputs according to the state diagrams shown in
Figures 7 (b), (c) and (d). Note that all other cases, which are not shown on diagrams,
are such that the counter state cj rests not changed and the output �j equals input �j.
The initial state s0 of automaton M(gn) represents zero counts on all d positions.

Proposition 8. The automata M(gn) are equivalent to the algebras gn.
Proof. Operation T represents the motion of balls (as in TS model), thus one has to
use the counters, and d counters are necessary because there are d types of balls. The
pair-annihilation and creation has to be possible through a neutral bound state, and
even the order of moving symbols has to be respected. This means that the counters
must pass one-way information immediately at any distance, thus Mealy type
automata are used. This implies a pipeline of counters. The operation of counters
follows immediately from the map Lj given in [19].
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Such a memory structure could also be treated as the list (sorted in a way) with
some associated processing mechanism (or an algebra of sorting process) to assure the
annihilation/creation requirements.
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Fig. 7. (a) Pipeline of counters. (b) Case j � {0, �, 1, -1}. (c) Case j � {0, �}. (d) Case j = -1.

Example 2. The operation of pipeline of automata M( )2(
4A ) which is equivalent to the

algebra gn = )2(
4A  is illustrated in Table 3 with the alphabet B = {1, 2, -2, -1, �}. The

states of counters are shown in boxes, and underlined symbols denote minus signs.

Table 3. Conversion of configuration ...112�2�211111... onto ...111�1�211111... .

� w/s w/s w/s �
� � c

«
� c2 � c1 � c2 �

0 1 0 1 0 1 0 1 0 1

1 2 2 2 0 1 0 1 0 1

2 � 2 � 1 � 0 � 0 �
3 2 2 2 1 1 0 1 0 1

4 � 2 � 0 � 1 � 0 �
5 2 2 2 0 1 1 1 0 2

6 1 2 1 1 2 0 2 1 1

7 1 0 1 2 2 0 2 2 1

8 1 0 1 1 2 0 2 1 1

9 1 0 1 0 1 0 1 0 1

7   Filtron Phenomena

The interactions of filtrons exhibit very particular and rich collection of phenomena.
They are especially important from the point of view of nonlinear (wave) phenomena
and wave computations [22, 23, 42, 43, 44]. Let us mention only some striking, and
interesting events. The images of these phenomena can be found in previous papers
treating filtrons. Among specific images demonstrating the behavior of filtrons there
are the following.
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� Multifiltron collisions. An example is shown in Figure 5. Note that in general, to
classify the collision to be a solitonic one, it is required (among others) that a
nondemolition collision should occur for arbitrary number of objects [26].

� Annihilation, shown for the first time in [33], and in [34], is rather a rare event. An
interesting question, under what conditions for automata and for initial
configurations the annihilation occurs, requires separate studies.

� Fusion of filtrons [33, 34], an event that joins colliding objects into greater entities.
Can play some role in building higher-level functional blocks when arranging
computations based on filtrons’ interactions.

� Calm filtrons, introduced in [37], interact hardly, because their edges are straight,
and they move in parallel. Nevertheless, their internal behavior and huge periods
are interesting (e.g. in cryptography).

� Vibrating objects (presented at ICCS2002, Nashua, NH) are distinguished by their
rapidly changing edge delays (they move on and back within their orbit).

� Breathers [33, 34, 41] belong to a class of complex objects, and seem important
because they resemble bound states or orbiting entities.

� Trapped bouncing (TB) filtrons are such that among three objects, the middle
filtron is trapped, and bounces between the two others. Also, the colliders can be
trapped. These phenomena have been shown for the first time in [35, 36]. What is
especially interesting is that TB filtrons can collide solitonically as whole entities.
This makes them good candidates for “soft” resonant cavities, not disturbing one
another, or even for “memory containers” in solitonic computations.

� Diffracting-like filtrons were shown in [6, 36]. They seem to mimic immediately
the basic phenomenon of propagation.

� Attracting and repelling forces. Typically, colliding filtrons change their positions
(undergo translational and orbital shifts) in such a way that it can be interpreted as
an evidence of attracting forces. In rare cases the filtrons repel [36, 41]. This
phenomenon was shown for the first time in [24].

� Quasi-filtrons were shown in [34, 36, 38]. These are objects which can rest
localized for a long time, after which they seem to transform or disintegrate
“spontaneously”.  They demonstrate an ability to collide solitonically.

8   Final Remarks

One of the most important features of CAs is that this model explicitly considers the
basic impact of fundamental physical laws. Here, we have shown that all known
models supporting discrete soliton-like structures can be described by IAMs
performed by means of properly chosen automata. Thus, also linearly extended SP
media, represented by automata, are closer to basic physical phenomena�automata
computations can mimic some of them. This also suggests that nonlinear wave
phenomena, especially soliton-like coherent structures, have their fundamental
counterparts within the computational models.

This was shown by treating the automata as media (described by excitation,
operations, and extinction), and by identifying the types of memory that are applied
by basic automata representing the mechanisms capable of supporting discrete
coherent structures.
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We have distinguished the following memory structures of automata: shift registers
associated with FCA windows, circular memory applied by FA family (cycles of
processing), finite and infinite counters (TS based models), finite or infinite lists,
FIFO and stacks (BmBS-� systems), sorted bounded lists (simple crystal systems B
and C), bounded counters of BBSC model, and some combinations of counters (called
pipelines of counters, or converted lists of affine Lie algebras).

The definition of filtrons of automata is based on the concept of M-segments. One
can easily enlarge this concept, and assume that the beginning and/or end of an M-
segment is associated with some specific subsets of automaton states. Especially, such
M-segments can be used together with the de Buijn graphs of CA rules, and describe a
wide class of CA particles [41].

Let us emphasize also that in related papers some analytical tools have been
developed to describe and analyze the filtrons. These tools are based on the concept of
so-called ring computation, shown in [33, 34, 38]. Especially, the existence of filtrons
for some their (edge) description and for a given automaton can be anticipated using
that technique.

To close the remarks: we see the basic potential applications of filtrons in
arranging pipelined computations in carefully chosen automaton media.

References

1. Ablowitz, M. J., Keiser, J. M., Takhtajan, L. A.: A class of stable multistate time-
reversible cellular automata with rich particle content. Physical Review A. 44 no. 10
(1991) 6909-6912.

2. Adamatzky, A. (ed.). Collision-Based Computing. Springer-Verlag, London (2002).
3. Atrubin, A. J.: An iterative one-dimensional real-time multiplier. IEEE Trans. on El.

Computers. EC-14 (1965) 394-399.
4. Boccara, N., Nasser, J., Roger, M.: Particle-like structures and their interactions in spatio-

temporal patterns generated by one-dimensional deterministic cellular-automaton rules.
Physical Review A. 44 no. 2 (1991) 866-875.

5. Barrett, C. L., Reidys, C. M.: Elements of a theory of computer simulation I: sequential
CA over random graphs. Applied Mathematics and Computation. 98 (1999) 241-259.

6. Bruschi, M., Santini, P. M., Ragnisco, O.: Integrable cellular automata. Physics Letters A.
169  (1992) 151-160.

7. Buning, H. K., Priese, L.: Universal asynchronous iterative arrays of Mealy automata.
Acta Informatica. 13 (1980) 269-285.

8. Delorme, M., Mazoyer, J. (eds.): Cellular Automata. A Parallel Model. Kluwer (1999).
9. Deqin, Y., Quinghu, H.: The enumeration of preimages and Gardens-of-Eden in sequential

cellular automata. Complex Systems. 12 no. 1 (2000) 83-91.
10. Fokas, A. S., Madala, H. R.: Emerging patterns and computational design of filter cellular

automata. Complex Systems. 7 (1993) 389-413.
11. Fokas, A. S., Papadopoulu, E. P., Saridakis, Y. G., Ablowitz, M. J.: Interaction of simple

particles in soliton cellular automata. Studies in Appl. Mathematics. 81 (1989) 153-180.
12. Fokas, A. S., Papadopoulou, E. P., Saridakis, Y. G.: Particles in soliton cellular automata.

Complex Systems. 3 (1989) 615-633.
13. Fokas, A. S., Papadopoulou, E. P., Saridakis, Y. G.: Soliton cellular automata. Physica D.

41 (1990) 297-321.
14. Fokas, A. S., Papadopoulou, E. P., Saridakis, Y. G.: Coherent structures in cellular

automata. Physics Letters A.  147 no. 7 (1990) 369-379.



84         P. Siwak

15. Fuchssteiner, B.: Filter automata admitting oscillating carrier waves. Applied Mathematics
Letters. 4 no. 6 (1991) 23-26.

16. Fukuda, K., Okado, M., Yamada, Y.: Energy functions in box ball systems. International
Journal of Modern Physics A. 15 no. 9 (2000) 1379-1392.

17. Goldberg, A. H.: Parity filter automata. Complex Systems. 2 (1988) 91-141.
18. Hatayama, G., Kuniba, A., Okado, M., Takagi, T.: Combinatorial R matrices for a family

of crystals: C
n

(1) and A2n-1

(2) cases. Progress in Mathematics Vol. 191, Physical
Combinatorics. Birkhauser Boston (2000) 105-139.

19. Hatayama, G., Kuniba, A. Takagi, T.: Simple algorithm for factorized dynamics of the g
n
-

automaton. J. of Physics A: Mathematical and General. 34 (2001) 10697-10705.
20. Hatayama, G., Hikami, K., Inoue, R. Kuniba, A., Takagi, T., Tohikiro, T.: The AM

(1)

automata related to crystals of symmetric tensors. J. Math. Phys. 42 (2001) 274-308.
21. Hikami, K., Inoue, R.: Supersymmetric extension of the integrable box-ball system.

Journal of Physics A: Mathematical and General. 33 no. 29 (2000) 4081-4094.
22. Jakubowski, M. H., Steiglitz, K., Squier, R. K.: When can solitons compute? Complex

Systems. 10 (1996) 1-21.
23. Jakubowski, M. H., Steiglitz, K., Squier, R. K.: Information transfer between solitary

waves in saturable Schrödinger equation. Physical Review E. 56 no. 6 (1997) 7267-7272.
24. Jiang, Z.: An energy-conserved solitonic cellular automaton. Journal of Physics A:

Mathematical and General. 25 no. 11 (1992) 3369-3381.
25. Lindgren, K., Nordal, M. G.: Universal computation in simple one-dimensional cellular

automata. Complex Systems. 4 (1990) 299-318.
26. Newell, A.: Solitons in Mathematics and Physics. Soc. for Industrial and App. Math.,

Philadelphia (1985).
27. Papatheodorou, T. S., Ablowitz, M. J., Saridakis, Y. G.: A rule for fast computation and

analysis of soliton automata. Studies in Applied Mathematics. 79 (1988) 173-184.
28. Papatheodorou, T. S., Fokas, A. S.: Evolution theory, periodic particles and solitons in

cellular automata. Studies in Applied Mathematics. 80 (1989) 165-182.
29. Papatheodorou, T. S., Tsantanis, N. B.: Fast soliton automata. In: “Optimal Algorithms”,

H. Djidjev (ed.) LNCS vol. 401. Springer-Verlag, Berlin (1989) 41-47.
30. Park, J. K., Steiglitz, K., Thurston, W. P.: Soliton-like behavior in automata. Physica D.

19 (1986) 423-432.
31. Paun, G.: On the iteration of gsm mappings. Revue Roumaine de Mathematiques pures et

Appliquees. 23 (1978) 921-937.
32. Paun, G.: On controlled iterated gsm mappings and related operations. Revue Roumaine de

Mathematiques pures et Appliquees. 25 (1980) 139-145.
33. Siwak, P.: Introduction to filter automata theory. Studia z Automatyki, 18 (1993) 87-110.
34. Siwak, P.: Filtrons and their associated ring computations. International Journal of

General Systems, 27 nos. 1-3 (1998) 181-229.
35. Siwak, P.: On automata of some discrete recursive filters that support the filtrons.

Proceedings of the Fifth International Symposium MMAR’98, 25-29 August 1998,
Miedzyzdroje, Poland. Eds. S. Domek, R. Kaszynski, L. Tarasiejski. Printed by
Wydawnictwo Politechniki Szczecinskiej. Vol. 3 (1998) 1069-1074.

36. Siwak, P.: Iterons, fractals and computations of automata. In: D. M. Dubois (ed.),
CASYS’98 - Second International Conference. Liege, Belgium, August 1998. AIP
Conference Proceedings 465. Woodbury, New York (1999) 367-394.

37. Siwak, P.: On automaton media supporting the filtrons. In: D. M. Dubois (ed.), CASYS’99
- Third International Conference. Liege, Belgium, August 1999. AIP Conference
Proceedings 517. Woodbury, New York (2000) 552-573.

38. Siwak, P.: Soliton-like dynamics of filtrons of cyclic automata, Inverse Problems. 17 no. 4
(2001) 897-918.

39. Siwak, P.: Automata and filtrons of box-ball and crystal systems. International Journal of
Computing Anticipatory Systems. 8 (2001) 386-401.



Filtrons of Automata         85

40. Siwak, P.: Anticipating the filtrons of automata by complex discrete systems analysis. In:
D. M. Dubois (ed.), CASYS’2001 - Fifth International Conference on Computing
Anticipatory Systems., HEC Liege, Belgium, August 13-18, 2001. AIP Conference
Proceedings 627. Woodbury, New York (2002).

41. Siwak, P.: Iterons of automata. In: Collision-Based Computing. A. Adamatzky (ed.),
Springer-Verlag, London (2002) 299-354.

42. Steiglitz, K., Kamal, I., Watson, A.: Embedding  computation in one-dimensional
automata by phase coding solitons. IEEE Transactions on Computers. C-37 (1988) 138-
145.

43. Steiglitz, K.: Time-gated Manakov spatial solitons are computationally universal. Physical
Review E. 63, 016608 (21 December 2000).

44. Steiglitz, K.: Multistable collision cycles of Manakov spatial solitons. Physical Review E.
63, 04407 (26 March 2001).

45. Takahashi, D.: On a fully discrete soliton system. Proceedings NEEDS’91, Baia Verde,
Gallipoli, Italy, 19-29 June 1991. Eds. M. Boiti, L. Martina, F. Pempinelli. World
Scientific, Singapore (1991) 245-249.

46. Takahashi, D.: On some soliton systems defined by using boxes and balls. International
Symposium on Nonlinear Theory and Its Applications (NOLTA’93), Hawaii, USA,
December 5-10. (1993) 555-558.

47. Takahashi, D., Matsukidaira, J.: On discrete soliton equations related to cellular automata.
Physics Letters A.  209  (1995) 184-188.

48. Takahashi, D., Matsukidaira, J.: Box and ball system with carrier and ultradiscrete
modified KdV equation. Journal of Physics A: Mathematical and General. 30, no. 21
(1997) L733-L739.

49. Takahashi, D., Satsuma, J.: A soliton cellular automaton. Journal of the Physical Society
of Japan. 59, no. 10 (1990) 3514-3519.

50. Takahashi, H.: Information transmission in one-dimensional cellular space and the
maximum invariant set. Information and Control. 33 (1977) 35-55.

51. Tokihiro, T., Nagai, A., Satsuma, J.: Proof of solitonical nature of box and ball systems by
means of inverse ultra-discretization. Inverse Problems. 15 (1999) 1639-1662.

52. Tokihiro, T., Takahashi, D., Matsukidaira, J.: Box and ball systems as a realization of
ultradiscrete nonautonomous KP equation. Journal of Physics A: Mathematical and
General. 33, no. 3, (2000) 607-619.

53. Torii, M., Takahashi, D., Satsuma J.: Combinatorial representation of invariants of a
soliton cellular automaton. Physica D 92. no. 3-4 (1996) 209-220.



A Man and His Computer: An Issue of Adaptive
Fitness and Personal Satisfaction

Tommaso Toffoli

Boston University, MA 08544, USA
tt@bu.edu

Abstract. Today man is living in a natural and social ecology extraordi-
narily different from that in which he evolved. Computers and commu-
nication networks have become an integral part of our world’s texture;
in particular, they provide the “nervous system” for a variety of super-
organisms among which and within which we live.
Paradoxically, even though computers were introduced by man, the tech-
nological, commercial, and social superhuman “animals”, thanks to their
greater evolutionary plasticity, have been more ready than the human
individual to take advantage of the computer’s capabilities. Though this
new environment provides us with a rich assortment of external informa-
tion services and appliances, so far we have not gotten from computers
much help in the way of extending our very selves—nothing comparable,
for example, with the deep, intimate empowerment given by literacy.
We argue that an extension of our personal capabilities and an atten-
dant enlargement of our own private information space are possible. The
computer, in one of its many possible impersonations, will provide the
additional processing power needed to support these extensions. But ma-
terial instruments will have to be matched, on the human individual’s
side, by the acquisition of new competencies. Hardware is not really an
issue: what is needed is the crafting of a new culture (in the standard
sense of ‘and integrated set of tools, skills, and traditions’). Thus, we are
not thinking as much of a “bionic prothesis” as of a computational liter-
acy culture as naturally integrated with one’s person as other acquired
cultural habits such as living in a home, playing a violin, or reading a
book.
The design of a culture is no doubt a delicate engineering task; one
that involves both humans and computers will be doubly demanding.
In this paper we shall examine and try to arrange some of the pieces
of the puzzle: What is desirable? What is possible? Can we identify
an evolutionary stable strategy? What are the scientific issues and the
technical problems involved? What do we know already? What do have
to study next? Who shall do what? Who shall pay for it? Who, if any,
will be threatened by it?
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1 Introduction

Note. The title of this paper is a paraphrase, of course, of Thomas Mann’s
delightful story “A man and his dog” [10].1 Given the role that I anticipate for
language in the interchange between human and computer (cf. §3), and given
women’s greater facility, on the whole, for language handling, this paper might
as well have been “A woman and her computer.”

I imagine a conference on non-conventional computing to be in certain re-
spects akin to a science-fiction writers’s convention. Everybody will try to im-
press everyone else with the most imaginative and outlandish tale. Yet, it were a
poor science-fiction story that merely consisted of a fancy adventure in an exotic
setting. Beside exercising the writer’s imagination, a good story must stimulate
the reader’s—for instance, it may help one preview a technologically or socially
relevant issue, give concrete embodiment to a conceptual paradox, or frame an
ethical dilemma.

Since I’ve spent a good part of my life studying fundamental connections
between physics and computation, a natural candidate for this talk might have
been one more clever way to make nature compute “without even knowing”.
We’ve all seen how one can extract useful computational work from water jets
[15], from a DNA soup [1], from brush fires [19], even, according to John Reif,
from moving a grand piano through narrow corridors [3]. We have realized that,
pace Thomas Aquinas and the hierarchy of ad hoc souls he postulated to account
for progressively higher capabilities in the scala naturae (cf. [18]), computation-
universal hardware is dirt cheap. So cheap (a few flip-flops and a tape recorder
[12], or practically any kind of excitable medium or board game like the game of
“life” [2]) that Norman Margolus recommended not wasting the term ‘computer’
on anything that is not a universal computer to begin with [11]. In matters com-
putational it is not computational-universality (which may be taken for granted)
but practicality that will “tell the men from the boys”.
So I entertained and then abandoned, as not being sufficiently practical, a

plan to compute by means of meandering rivers (which can obviously process
information: they cut new channels, merge and split, leave behind transient ox-
bow lakes, etc.).

Next, I drew up the plot for what would indeed have made a good science-
fiction story. There is this civilization who owns the most advanced computers.
Their machines can fit—not in a nutshell, not on the head of a pin, not inside an
ammonia molecule—they can fit in the nucleus of an atom!—their logic gates are
10−18 meters across and operate in 10−24 second. This civilization is threatened
by vicious space invaders. Fortunately, their wonderful computers are just what
1 Charges of ‘sexism’ or lack of ‘political correctness’ would be a-historical, since at

that time (1918) those memes hadn’t emerged yet. At any rate, I’m aware that today,
in the West at least, most dogs are purchased by women. In this regard, cf. another
delightful booklet which also paraphrases Thomas Mann’s title, namely Dogs and
Their Women.
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is needed to wage an effective defence; unfortunately, even though they have
excellent software, trained information technologists, etc., and even though their
hardware is always kept in perfect working conditions, yet they are helpless in
the face of the alien attack: their computers cannot be run for any length of time
because they lack batteries!
You may think this a contrived predicament. Yet, it is conceivably the

dilemma we would find ourselves in if we wanted to exploit interactions of sub-
nuclear particles—quarks, gluons, and all that—as an “obvious” approach to
denser and faster computers. The particles made up of those, such as protons,
electrons, and other traditional “elementary particles”—are stable because mat-
ter on that scale is already near thermal equilibrium: “all of the fast things have
already happened” (as Feynman would say) in perhaps the first three minutes of
the universe. Already by then, the batteries for those advanced computers were
(almost) all gone. Sorry!
With that in mind, the lack of popular enthusiasm for the Superconducting

Super Collider is not surprising. Once the laws of a certain kind of interaction
are known, setting up a controlled sequence of such interactions is no longer
a scientific experiment; it becomes a deliberate computation [17]! High-energy
particle physics is thus a preliminary form of computer design (cf. [20]). But
what’s the point of spending enormous resources to design computers that then,
because of the difficulty in finding fresh batteries, we have little hope of running?

In the end, I resolved to talk about a more realistic, more pressing, and in
the end much more humanly relevant endeavor—something I’ve been thinking
about for a while, beginning to involve others with, and slowly trying to turn
into a concrete initiative. In brief, the idea is to develop a natural way to extend,
by a combination of technological resources and cultural means, our own—that
is, the ordinary human individual’s—natural, tacit, internal computational ca-
pabilities. This will certainly be a new, nonconventional way to compute, just
as literacy was the introduction of nonconventional—but, as it turned out, ex-
tremely effective and productive—ways to remember and communicate.
Instead of asking, as many of you will in this conference, “What makes a piece

of hardware a computer?” I’ll ask, “How can we turn computers that we already
know how to design (and can program at will) into a useful complement to a
“legacy” computer we care a lot about but which we cannot redesign (though
we can to a certain extent teach)—namely, ourselves?

Much emphasis is being placed today on human cognitive sciences. To turn
the computer into a natural, effective, and faithful extension of ourselves we’ll
have to develop a complementary discipline, namely, some sort of cognitive sci-
ence of computers.

2 More Mileage for a Legacy Architecture

Our goal, in brief, is to develop a culture—a complex of tools, skills, and
traditions—that will make it possible for normal individuals
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– To use the computer as an unobtrusive extension of their own capabilities;
and

– To manage and enjoy an extended personal information space—a “knowledge
home,” as it were [21], as an informatic counterpart to their physical home.

I’ll readily admit that two objections, quite antithethical to one another, are
commonly raised to such a proposal.

– The first says, essentially, Haven’t we already achieved those milestones?
What about Windows, the Internet, Google, and all that? Today, even little
children can effortlessly point-and-click their way through the e-world.

– The other says, How can you even imagine that the great bulk of people
will acquire the motivation, the discipline, and the technical skills needed
to manage for themselves a complex informatic world? Let a priesthood of
dedicated specialists can design and maintain information appliances for the
masses!

I’m persuaded that both of these objections are to some extent fraudulent, in
the same sense that most advertising is (cf. [7]). However, I’ll not try to convince
you of that—this is a scientific, not a moral, paper. I’ll limit myself to arguing,
later on, that both objections are factually wrong. But first let’s get down to
some business.

We must presume man to be quasi-optimally adapted to the natural and
social environment in which he evolved—conceivably open brushland and small,
loosely-coupled nomadic tribes. In a geological instant, however, the former has
been replaced by a thoroughly artificial (i.e., man-fabricated and -mantained)
world, and the latter has given way to an assortment of intercompenetrating
“super-organisms” (corporations, institutions, territorial entities, political bod-
ies, commercial networks). In modern western society, it has become virtually
impossible for the human individual to find a habitable space and a way to make
a living other than as a job holder, i.e., a recognized, specialized “cell’ of one of
those bodies [16].
The continuing viability of man in such a radically different ecology has made

it obvious that man is essentially different from other animals in at least one re-
spect: man is a thoroughly general-purpose animal. What constitutes “human
nature” must be not so much a specific adaptive mandate, like that of most other
species, as something akin to the hardware, firmware, and operating system of a
general-purpose computer: well-characterized and vibrantly full of potentialities,
for sure, but not really ready to go anywhere until a further level of software—in
the case of man, a role in society—has been “loaded”. Think, for an analogy,
of our extraordinary innate capacities for language—the language “organ” [14]:
unless a particular language is acquired at an early age they fail to realize them-
selves, leaving the whole person stunted.
At the same time as we have and instinct for finding and developing a role

in society, so we have an instinct for maintaining, exercising, and upgrading our
“operating system”—our generic self. We develop a private life and an “interior”
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life, we cultivate hobbies and expand interests, we read and listen to music, we
turn our home into a general-purpose extension of our person and into a support
system for our activities. When we do all this, our instinct rewards us with
satisfaction.

In the rest of this paper we shall discuss the visible interface between human
and computer (§3); some of the structure and “intelligence” that will have to be
present underneath (§4); and finally touch on the issue of cultural dissemination
of the instrument we propose.

3 A Verbing Language

In the partnership we envisage between human individual and computer, the
latter is better viewed as a pragmatic and unpretentious extension of the capa-
bilities of the former, much like a piano to the pianist or a dog to the hunter—
rather than an external “artificial intelligence” genie. For the dialogue that will
take place between a human individual and his/her “extension” we envisage a
verbing language. Functionally, this will be somewhat analogous to a scripting
language: interactive, general-purpose, flexible and robust rather than efficient
at any cost, suitable to act as a conversational shell for more specialized pack-
ages. However, the verbing language will be designed from the start as a spoken
medium, capable of maintaining and referring to a substantial implicit “world of
discourse;” thus, in terms of internal structure, it will resemble more a remorse-
lessly stripped-down version of natural language.
A more formal, text-oriented dialect of the verbing language will be used

for batch-mode directives and other noninteractive tasks. Though the oral mode
of the verbing language will have conceptual primacy both in its design and
its teaching, the written mode will be cultivated (as it happens with English)
as the instrument of choice for more deliberate or more technical information-
structuring activities.
The term ‘verbing’ (short for ‘verbalizing’) suggests an analogy with scripting

languages, but reveals a different emphasis and scope. As we said, the verbing
language is conceived from the beginning as a conversational language, and will
be used by the computer as well to talk back to the human. In this interactive
mode, the language will heavily rely on semantics. Within the same language,
however, one will shift into a more formal “scripting dialect” for one-way, written,
batch-mode communication, which has substantially different requirements.
Though the verbal, interactive component of the verbing language retains

methodological priority, the pedagogical value of the scripting mode cannot be
overemphasized (cf. [13]). A script captures the results of a mental effort so
that we don’t have to repeat that effort every time we want a complex action
done; at the same time, unlike a keyboard macro or a recording, a script is
open for inspection, recall, and modification. Unlike a sequence of point-and-
click incantations, a script has a syntactical and semantic structure similar to
natural language. (Scoping, data-typing, and dependencies are appropriate for
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an interpretive language: temporary structures are kept simple, are built as the
need arises, and are discarded after use.) The moment a sequence of commands
becomes routine, it is canned, given a name, and becomes just one new command;
use of modifiers (do this in an hour) or iterators (do this every weekday) greatly
enlarges the scope of a base command form.
Scripts are a vehicle eminently suited for cultural transmission, as they pro-

vide a structured way not only to specify an action but also to document it,
i.e., reveal the aspects of intention and design behind the action. Scripts permit
a short design/test/modify cycle, and are much more tolerant of concatena-
tion, deletion, mutation and recombination than conventional programs.2 More-
over, a scripting language lends itself well to a gradual transition from key-
board/mouse/screen input/output to verbal dialog, which we expect will become
more and more common in the future in dealing with computers.

Let us imagine a time when the envisaged culture will have taken hold. There
are me and this other entity that I’m talking to, which I should rightly call “a
piece of my mind” but I will call, for brevity, my computer. This is not, let us
be clear, my laptop, or a box that sits on my desk, or a cellular-phone terminal
to a supercomputer network—though on occasion it may appear to be any of
those things, or, in a pinch, may be impersonated by your desktop computer,
for one. Neither is it some distinguished part of the entire complex of hardware,
software, and computer-accessible information that surrounds us (which we may
also call ‘the computer’, as when we say “The computer is changing the world”).
‘My computer’ is something different—it is a special incantation that I (and

possibly only I) can cast (for definiteness, you may visualize this spell as a
collection of programming-language scripts and data pointers) and that will
evoke, out of any reasonable hardware box, anyplace, anytime, that “piece of
my mind” to which I refer above. The essence of ‘my computer’ lies, in sum, in
my having a blueprint for it, knowing how to evoke the genie described by this
blueprint, and, most important of all, knowing how to deal with this genie when
it materializes. More on this later on.

And why did I say ‘I’m talking ’ to my computer, even though most of the
time I’d probably by typing to him?3 Actually, most of the time that I casually
claim to be “communicating with my computer” I may well be editing a piece
of text or a script in a stand-alone mode (say, on my laptop on an airplane); or
I may be penciling a note on a bit of paper while lying on the beach; or even
hashing bits of ideas in my head while swimming. What’s going on here? Who
am I really talking to—or whom am I trying to fool?

2 In the our verbing/scripting/programming distinction, a program, in the usual sense
of the term, is the software counterpart of a piece of complex, high-precision ma-
chinery whose demands for compactness, efficiency, and reliability justify a large
technical investment and long design latency. In the same machine-shop metaphor,
a script is more like a prototype, and a verbing exchange is more like a use-once jig.

3 Cf. Footnote 1.
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Well, imagine that my wife leaves a note on the fridge, “Tom, remember to
get some milk!” Isn’t she in a very real sense talking to me? It is not primarily
the uttering of some sounds in the air that constitutes talking, but the fact that
the note on the fridge is addressed to an actually existing person who’s likely
to see it at the right time; that it is certain to be comprehended and likely to
be executed; that it didn’t require any special coding; in sum, that it will have
essentially the same effect as if my wife were directly talking to me.
But these are exactly the requirements for a meaningful conversation to be

going on between me and this extra piece of my mind that I call ‘my computer’.
Certain details—whether the conversation is spoken or in writing, whether a
particular exchange is interactive or one-way, whether transmission is immediate
or buffered—do of course make a practical difference, but what’s more important
is that I must feel that I can talk “as it comes” and that “there is somebody there
listening to me.” The conversation with my computer must be qualitatively close
to “thinking to myself” or to giving casual instructions to a longtime servant:
that is, I must be speaking in something not unlike my natural language, with a
variable amount of detail and redundancy compatible with the interactivity (or
lack of) of the exchange, and the recipient must be able to understand, respond
in a similar language, take action as appropriate, have a sense of when this action
has achieved the intended effects, and let me know that all of that is the case.
The verbing language4 I imagine we will be using to talk to ‘our computers’

will more closely resemble a stripped down version of natural language than
a conventional programming language. Of course, like with natural language,
there will be as many distinct flavors as there are speakers; all the same, like
with all cultural artifacts, there will be much mutual comprehensibility within a
community (after all, we’ll be learning verbing language from people close to us)
and a good deal of social reusability. Think of kitchens and recipes, how they
change in going from my home to my neighbor’s to a Japanese home, and yet
to what extent they are still recognizably “the same”.

The above scenario, which is nominally about language, is clearly as much
about the nature of this entity called ‘my computer’ that I will be talking to
and about my own nature.
To be effective, a process aimed at the acquisition of effective “computer

husbandry” practices and of the attendant computational literacy5 will have to
be designed to leverage universal, innate human cognitive faculties. In addition,

4 There is a multiple pun here in the word ‘verbing’. It wants to recall scripting lan-
guages, as constrasted to more formal programming languages. It wants to stress
that the language should be designed from the start as a spoken or “verbalizable”
medium (even though one will often use a more formal, written dialect of it suitable
for non-interactive directives). Finally, it wants to remind one that, notwithstand-
ing the word ‘object’ in object-oriented programming, verbs—and actions—retain a
primary role in language.

5 This term was introduced by Andy diSessa [6] to distinguish a deep cultural acquisi-
tion from the skin-deep training in the use of commercial office software etc. peddled
by some as “computer literacy”.
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this process will have to reckon with another set of cognitive aptitudes—those
of the raw computing machinery that is impersonating the ‘my computer’ role,
and those that this role itself is assigned to play.
Far from being an independent, self-contained entity with little contents

of its own—like a conventional computer language—the verbing language will
be a “handle” to two complex, independently-standing structures—me and my
computer—both characterized by having a large amount of unique state—all
that makes me and this extra piece of my mind different from everyone else.
Then a meaningful and efficient dialogue must entail four components, that is,

– Me in its full complexity and ramifications.
– My computer in its full complexity and ramifications (secondary and tertiary
storage, links to other computers and repositories, etc.).

– The “model of the world of discourse” that I entertain for the sake of a
short-term conversational exchange, and which includes some model of my
partner.

– The “model of the world of discourse” that my partner in the conversation
likewise entertains and which includes some aspects of me.

In these circumstances, a dialogue will be like a pair of matched sliding-window
convolutions. What I say will be convolved with the state of my computer,
resulting in a new state of the world of discourse that my computer entertains
(and in occasional minor modifications of its full state or “long-term memory”).
At the same time, I will listen to myself and myself convolve what I say with
the “brief model” of my partner that I entertain, resulting in a new state for
this model. It is on the basis of this latter state that I will be able to efficiently
adapt and compress what I say next, confident that it will be decompressed and
understood correctly by my partner. For instance, If I had just mentioned my
daughter, I’ll presume that my partner will have placed a special token for her in
its short-term model, and thus I may unambiguosly say ‘her’ rather than ‘Julia’
or ‘my daughter’ on my next utterance, thus achieving not only concision but
greater semantic clarity as well.6

In a similar way, my computer will transform my state by means of his
utterances and at the same time maintain an updated “short model” of me, so
that when I say “Delete this file” he need only answer “Done!” to be understood.

In addition to me and my computer, there is a third complex structure that
the verbing language must handle in a tacit, automatic, and therefore “intel-
ligent” way, namely, language itself (human, computer, or otherwise) seen not
as a historical accident, but rather as an adaptively advantageous (and in this
sense “universal”) solution to a common problem: that of two large and complex
systems who need to exchange substantial communication and control but are
constrained to using a serial, low-bandwith link.

6 If I had mentioned both my daughter and my wife, then from this short-term model I
will gather that just ‘her’ will be ambiguous without extra indicators or conventions.
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Thus the verbing language must intrinsically know a lot about the primitives
and the attendant combining rules of three classes of mechanisms; namely, it
must handle with the competence of a native

– Primitives and rules of the human cognitive process (e.g., the ordering of
spatial and temporal arrangements in terms of “here”, “before”, and “after”;
the “who did what to whom” categorization; questions like “is this affecting
that?”, preliminary to any system decomposition attempts [8]).

– Primitives and rules of “language”. In this general context, How do humans
specifically like to say things, and why? and How do computers prefer to
hear them, and why?

– Primitives and rules of computer “cognitive aptitudes”. Though one can
imagine all sorts of computer architectures, for the last forty years the von
Neumann paradigm has managed to shrug off all challengers; meanwhile, the
repertoire of recognizedly basic computational “organs and tissues” (such as
procedure, tree, stack, list, interrupt, cache, pipe) has remained reasonably
stable. A survey of popular UNIX shell commands or Perl modules would
show that, all considered, computers insist on doing certain things in a way
that is most natural to them rather than to us (cf. Lohr [9]).

Because of that all, the designers of a verbing language will have to operate
under heavy constraints. Computers have cognitive aptitudes that are quite dif-
ferent from ours; though technical programmers and geeks can relatively easily
bridge the gap, normal people won’t. Thus, one task of the verbing language
will be to hide the cognitive aptitude of computers under the synthetic cognitive
aptitutes of ‘my computer’ (see next section), which will be much closer to my
style of cognition. Afer all, even though both are computation-universal, com-
puters can be reprogrammed (and their programs replicated) much more easily
than people; natural language, our most powerful and natural way of access to
our internal computational modes, is here to stay in spite of the vagaries and
idiosyncrasies of a long, undirected adaptive evolution at the genetic level and
thick layers of cultural adaptation (cf. [4,8,14]).
On the other hand, humans have extraordinary learning capacities when the

right learning sets are exploited, and both the pressure of competition and the
reward of personal satisfaction will induce the to put their capabilities to good
use. We cannot expect to gain much from a new tool if we are not willing to
train ourselves in the use of it, or from a new servant if we are not willing
to understand his capabilities and limitations and train him to understand and
fulfill our wishes. Using ‘my computer’ will be a process of mutual domestication
(cf. [23]).
Designers of the template of ‘my computer’ and of the accompanying verb-

ing language we will have to judiciously evaluate how people’s and computers’
“anatomies” differ, and what riding styles can be introduced or paddings devised
to attain a comfortable fit.7

7 Incidentally, interfaces like the saddle, the stirrup, and the horse collar had military
and economic consequence utterly incommensurable with the humbleness of the
inventions themselves.
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4 Under the Hood

The term “computer language” is fraught with the same kind of deceiving am-
biguity as “speech recognition”. A speech recognition program will take your
dictation and possibly even correct some of your mistakes; it may be doing a
good and useful job, but in no way does it understand what you are saying. It
knows about human speech statistics, perhaps including your mannerisms and
idiosyncrasies, but has no “model of the world” to constantly compare your
speech stream with.
In a similar way, one may think that a computer language is for “talking

with a computer”; but really there is “no one there” to talk with, no equivalent
of a person, no permanent world or model of the world underneath except,
just one level down, the raw resources of the computer; likewise, there is no
continuity of discourse from one program to the next. In fact, the nature of a
computer language is better understood when one one examines the compiler
(or the interpreter) that supports and gives life to it. It then appears that a
computer language is more like a power screwdriver, which lightens and speeds
up the chore of assembling a complex structure but, in the end, leaves all the
responsibility to design the structure to us.
The verbing language imagined in the previous section aspires to being a real

language, i.e., a language for talking to somebody ; somebody who is there, has
permanent continuity, knows you, is recognizably the same from one day to the
next and yet can learn and grow.
Then, though there still are a number of eminently linguistic issues in design-

ing a proper interface with this entity, in the first place we must resolve what
kind of entity is going to be there to do the job of an extension of ourselves.

There will, of course, have to be some intelligence in ‘my computer’. But, just
as a disembodied “computer language” is not really a language, so there cannot
be a disembodied intelligence—intelligence about what? On the other hand, life
is full of intelligent behavior that is amazingly competent in its realm—bacterial,
immunologic, chemical [22]—without having to make recourse to the formal tools
of much classical “artificial intelligence”.
Besides, too much stress on making of ‘my computer’ an artifical intelligence

project runs two grave risks. On one hand, the quest for human-like machine
intelligence may take us on a long chase and possibly lead us nowhere soon. On
the other hand, who wants it? We already know an easy way to make real people,
but then either (a) they start pursuing their own goals, perhaps in competition
with ours, or (b) the league for the protection of animals will prevent us from
turning them into our servants and slaves. If that were not enough, super-human
artificial intelligence is already brewing, in corporate networks, advertising com-
bines, and, in general, in the superhuman organisms to which our society is
giving birth.
A much better model for what we need in ‘my computer’ is given by the hum-

ble dog (thence our title). That is something that we evolved to be a man’s (or a
woman’s) unconditionally faithful, undemanding companion: the burglar’s dog
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will love and protect the burglar as much as the policeman’s will do the police-
man’s biddings. The hunter’s dog extends the hunter’s reach, the shepherd’s dog
can drive sheep toward us from afar, a watchdog lends us his ear, nose (as well
as a well-organized database of thousands of past smells) and subtle pattern-
recognition skills. A dog shows immense satisfaction just at being allowed to
bask in his master’s company. Note that the ‘my’ in ‘my dog’ is not primarily
and indicator of ownership; a dog has to grow with me to really become ‘my
dog’—and to some extent I with him. Also note that a dog doesn’t have to be so
intelligent (how would an intelligent dog adore the most despicable master?); in
fact, domestication systematically tends to lower a species’ intelligence as well as
its aggressivity. On the other hand, a dog has a world all of its own—of smells,
sounds, places, social hierarchies, chases, habits, and memories. A dog will enter-
tain ‘doggie thoughts’ and have ‘doggie dreams’ of smelling possums or chasing
squirrels .
Let the world of interest and understanding of ‘my computer’, then, be not my

whole world, but a limited world of files, pictures, directories, pattern matches,
searches, URLs, drivers, format conversion procedures, etc. This, however, will
be a real world to which ‘my computer’ will have direct access, not a vague,
nominalistic “semantic network” (“dog(CHASE,BALL)” and all that!). When ‘my
computer’ deletes a file, well, that was a real file and it is lost for good!

Whatever intelligence ‘my computer’ will have will emerge from tireless itera-
tion and reshuffling of certain low-level primitives capable of supporting modest
capabilities of discovery and invention by basically evolutionary mechanisms
(like, after all, all kinds of intelligence; cf. once more [22]). Among these primi-
tives

– A built-in feedback loop template for solving inverse problems by massive
iteration of the corresponding direct problems. If I know how to answer the
simple direct question, Does this file contain the string “quark”?, then, by
using this loop I’ll eventually be able to answer the indirect question, What’s
the longest file containing “quark”?
Once capabilities for this kind of loop have been designed in as a basic reflex,
details of the iteration order, of the closeness of an acceptable match (Does
“Quark” qualify?), of timeout or retry policies, etc. can be left to be hashed
out by genetic algorithms, recombination of previous runs, and, in sum, by
the “try and retry and keep whatever works” approach.

– A built-in comparison template (“scalar product”) that given any two struc-
tures will return a real number rating their similarity. Again, the adaptive
development of a repertoire of features to be used in the comparison, of
weighting patterns, etc., will be left to evolution.

– A built-in tree template, for synthesizing ever more complex structures (data,
commands, production rules) from persistent reuse of a single forking con-
struct (see analogies in natural language [8], protein synthesis, phenotipic
development, artificial languages such as Lisp, etc.)
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– A built-in “pleasure center” template, which will convert to a single currency
the values of different commodities like running time, closeness of match,
owner’s approval, intrinsic simplicity of a solution, and so forth.

The task of inventing the right personality, the right role, the right “species”
for ‘my computer’ is one deserving the best efforts of applied cognitive science,
computer science, education science, and, to some extent, applied anthropology.

5 Conclusions

At the beginning of the industrial revolution, industrialists attempted at first
to have complete control over the worker: work from early morning to night,
workers’ lodgings on company grounds, company stores, blue laws (no drinking
on Sunday to have sober workers on Monday), etc. Workers had next to no
private life (or time for it, for that matter).
Eventually, by a combination of workers’ demands, trade unions, industrial-

ists’ philanthropic initiatives, government supervision, and, last but not least,
a quest for more productive ways of managing the worker as an economic re-
source, much of private life was returned to the worker. The corporation gave
up meddling with the workers’ reproductive policies, their family life, their chil-
drens’ schooling, their leisure time, even their political views. The corporation
still tries, by and large, to get as much as possible out of the worker (what else
could one expect?). However, there is a tacit contract that—ostensibly for the
good of the worker but undoubtedly also for the overall good of the corporate
world—the making and raising of new workers, their day-to-day “maintenance”
(bed, shower, rest and relaxation), and much of what we call “private life” even
though it is indispensable to public life, is “outsourced” back to the worker: its
details become his or her responsibility.

In a similar way, at the beginning of the “computer revolution” the superor-
ganisms of the day—be they Internet providers, software companies, communi-
cation conglomerates, e-businesses, and what-nots—have been making a bid for
total control of the informatics “customers”, mainly through offers they “can-
not resist”: one-click shopping, browser frames that do not let go, email services
where your mail remains with them so that you must continually return to their
“water hole” to edit a reply, and so forth. To show just one aspect of this attempt
to monopolize the user, I will quote a clear message that Michael Dertouzos, the
late director of the MIT Laboratory for Computer Science, gave to DARPA
in his last published statement [5]: “[T]ake, for example, the development of
a radically new operating system that will increase human productivity three
to one, by making machines serve people rather than the other way around. It
is against the interest of large software manufacturers to pursue such research-
and-development endeavor. [italics mine] They’d rather upgrade their systems
incrementally so as to preserve a steady revenue stream from a huge base of
existing custometrs. By doing so they inadvertently exacerbate the complexity
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and difficulty of using these systems. A radically new approach could help all
computer users in a big way. . . .”

In this context, the present initiative aims at preparing the terms and the ma-
terial conditions for a broad outsourcing contract to humans as individuals, from
societal and corporate organisms, of a substantial part of “informatics space”.
Resources will have to be devolved to this, just as they are being devoted to uni-
versal schooling and other forms of public education. We’ll need basic research,
curriculum development, creation of infrastructure, teaching aids, documenta-
tion, textbooks, and all the paraphernalia for the diffusion of literacy, this time
applied to the dissemination of computational literacy. In a world of six or ten
billion people, the extended knowledge space made available to each of us by ‘my
computer’ will provide much needed Lebensraum at the only affordable cost.

References

1. Adleman, Leonard: Computing with DNA: The manipulation of DNA to solve
mathematical problems is redefining what is meant by ‘computation’, in Scientific
American 279:2 (August 1998), 54–61.

2. Berlekamp, Elwyn, Richard Guy, and John Conway: Winning Ways for Your Math-
ematical Plays, 2nd edition, A. K. Peters 2001.

3. Canny. J., B. Donald, John Reif, and P. Xavier: Kinodynamic motion planning, in
J. ACM 40 (1993), 1048–1066.

4. Chomsky, Noam, Language and Mind, Harcourt Brace Jovanovich 1972.
5. Dertouzos, Michael: An open letter to DARPA, in Technology Review, Oct. 2001,

50.
6. diSessa, Andrea: Changing Minds: Computers, learning, and literacy, MIT Press

2000.
7. Feynman, Richard: The Pleasure of Finding Things Out, Perseus 1999.
8. Jackendoff, Ray: Patterns in the Mind: Language and human nature, BasicBooks

1994.
9. Lohr, Steve: Go To: The programmers who created the software revolution, Basic-

Books 2001.
10. Mann, Thomas: A Man and His Dog (1918), in Stories of Three Decades (H. T.

Lowe–Porter ed.), The Modern Library.
11. Margolus, Norman: Physics and computation, Ph. D. Thesis, MIT Physics Dept.,

June 1987.
12. Minsky, Marvin: Computation: Finite and Infinite Machines, Englewood Cliffs, NJ:

Prentice–Hall, 1967.
13. Ong, Walter: Orality and Literacy—The technologizing of the world, Routledge

1982 (reprinted Methuen 1988).
14. Pinker, Steven: The Language Instinct: How the mind creates language, Harper

2000.
15. Stong, C. L., and Shawn Carlson: A fluidic flip-flop, in Scientific American (May

1966), 128–135 (this is a second-hand reference).
16. Thayer, Lee: The functions of incompetence, in Vistas in Physical Reality: Papers

in honor of Henry Margenau (Laszlo and Sellon ed.), Plenum Press 1976, 171–187,
republished in electronic form in the Knowledge Home Library (kh.bu.edu/khl).



A Man and His Computer 99

17. Toffoli, Tommaso: Physics and Computation, in Int. J. Theor. Phys. 21 (1982),
165–175.

18. Toffoli, Tommaso: Occam, Turing, von Neumann, Jaynes: How much can you get
for how little? (A conceptual introduction to cellular automata), in The Interjour-
nal (October 1994). Republished from ACRI ’94: Automi Cellulari per la Ricerca
e l’Industria, Rende, Italy, 29–30 September 1994.

19. Toffoli, Tommaso: Non-conventional computers, in Wiley Encyclopedia of Elec-
trical and Computer Science (J. G. Webster ed.), Wiley & Sons, vol. 14 (1998),
455–471.

20. Toffoli, Tommaso: Symbol Super Colliders, in Collision Based Computing (Andrew
Adamatzky ed.), Springer 2002.

21. Toffoli, Tommaso: A Knowledge Home: Personal knowledge structuring in a com-
puter world, white paper, draft 5.00 (25 January 2002), kh.bu.edu.

22. Vertosick, Frank: The Genius Within: Discovering the intelligence of every living
thing, Harcourt 2002.

23. Wilson, Peter: The Domestication of the Human Species, Yale U. Press 1988.



Exploiting the Difference in Probability
Calculation between Quantum and Probabilistic

Computations

Masami Amano1, Kazuo Iwama2, and Rudy Raymond H.P.2

1 IBM Tokyo Research Lab, Tokyo, Japan
amanom@jp.ibm.com

2 Graduate School of Informatics, Kyoto University/ERATO
{iwama, raymond}@kuis.kyoto-u.ac.jp

Abstract. The main purpose of this paper is to show that we can ex-
ploit the difference in the probability calculation between quantum and
probabilistic computations to claim the difference in their space efficien-
cies. It is shown that, for each n, there is a finite language L which
contains sentences of length up to O(nc+1) such that: (i) There is a one-
way quantum finite automaton (qfa) of O(nc+4) states which recognizes
L. (ii) However, if we try to simulate this qfa by a probabilistic finite au-
tomaton (pfa) using the same algorithm, then it needs Ω(n2c+4) states.
It should be noted that we do not prove real lower bounds for pfa’s but
show that if pfa’s and qfa’s use exactly the same algorithm, then qfa’s
need much less states.

1 Introduction

It is a fundamental rule of quantum computation that if a state q has an ampli-
tude of σ, then q will be observed not with probability ‖σ‖ but with probability
‖σ‖2. Therefore, if one can increase the amplitude of q twice, i.e., from σ to
2σ, then the corresponding probability increases four times, i.e., ‖σ‖2 to 4‖σ‖2.
In general, if the amplitude increases k times then the probability increases k2

times. One observation of the Grover search [Gro96], which is apparently one of
the most celebrated quantum algorithms, is that it takes advantage of this fact
cleverly, by inventing the (efficient) quantum process whose k iterations increase
the amplitude of a designated state roughly k times. As described above, this
is equivalent to increasing the probability k2 times. Thus the Grover search is
faster quadratically than the classic randomized search whose k iterations can
increase the probability only k times.

In this paper, we also exploit this feature, i.e., the difference in probability
calculation between quantum and probabilistic computations, but from a bit
different angle: Suppose that there are ten pairs of state (p1, q1), · · · , (p10, q10)
where, for each 1 ≤ i ≤ 10, either pi or qi has the amplitude 1/

√
10 (we say that

pi is ON if it has the amplitude and OFF otherwise.). We wish to know how
many pi’s are ON. This can be done by “gathering” amplitudes by applying a
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Fourier transform from pi’s to ri’s and by observing r10 (see later sections for
details). If all ten pi’s are ON, then the amplitude of r10 after Fourier transform
is one and it is observed with probability one. If, for example, only three pi’s are
ON, then the amplitudes of r10 is 3/10 and is observed with probability 9/100.
In the case of probabilistic computation, we can also gather the probability of
pi’s (= 1/10 for each) simply by defining (deterministic) transitions from pi to
r10. If all pairs are ON, then the probability that r10 is observed is one again,
but if only three pi’s are ON, its probability is 3/10. If the latter case (only
three pi’s are ON) is associated with some erroneous situation, this probability,
3/10, is much larger than 9/100 in the quantum case. In other words, quantum
computation can enjoy much smaller error-probability due to the difference in
the rule of probability calculation.

The question is of course whether we can turn this feature into some concrete
result or how we can translate this difference in probability into some difference
in efficiency like time and space. In this paper we give an affirmative answer
to this question by using quantum finite automata; we prove that there is a
finite language L which contains sentences of length up to O(nc+1) such that:
(i) There is a one-way quantum finite automaton (qfa) of O(nc+4) states which
recognizes L. (ii) However, if we try to simulate this qfa by a probabilistic finite
automaton (pfa) using the same algorithm, then it needs Ω(n2c+4) states. It
should be noted that we do not prove real lower bounds for pfa’s but show that
if pfa’s and qfa’s use exactly the same algorithm (the only difference is the way
of gathering amplitudes mentioned above), then qfa’s need much less states.

Quantum finite automata have been popular in the literature since its
simplicity is nice to understand merits and demerits of quantum computa-
tion [AF98,AG00,AI99,ANTV99,KW97,Nay99]. Ambainis and Freivalds [AF98]
proved an exponential difference in the size of qfa’s and pfa’s for a one-letter lan-
guage. Their technique highly depends on the rotation of complex amplitudes,
which is exceptionally powerful for a certain situation. Nayak [Nay99] gave a
negative side of qfa’s by showing Ln = {wa| w ∈ {a, b}∗ and |w| ≤ n} needs
exponentially more states for qfa’s than for dfa’s. L∞ is a regular set but is not
recognizable by qfa’s as shown by Kondacs and Watrous [KW97]. [KW97] also
introduced 2-way qfa’s which can recognize non-regular languages. To our best
knowledge, the notion of gathering amplitudes using Fourier transform appeared
in this paper for the first time and played an important role in [AI99], too.

2 Problem EQ

Suppose that Alice and Bob have n-bit numbers x and y and they wish to know
whether or not x = y. This problem, called EQ, is one of the most famous
problems for which its randomized communication complexity (= Θ(log n)) is
significantly smaller than its deterministic counterpart (= n+1) [KN97]. In this
paper, we need a little bit more accurate argument on the value of randomized
(and one-way) communication complexity: Consider the following protocolMEQ:
(i) Alice selects a single prime p among the smallest N primes. (ii) Then she
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divides x by p and sends Bob p and the residue a. (iii) Bob also divides his
number y by p and compares his residue with a. They accept (x, y) iff those
residues coincide.

It is obvious that if x = y then protocol MEQ accepts (x, y) with probability
one. Let E(N) be the maximum (error) probability that MEQ accepts (x, y)
even if x 	= y. To compute E(N), we need the following lemma: (In this paper,
log n always means log2 n and 
f(n)� for a function f(n) is simply written as
f(n).)

Lemma 1. Suppose that x 	= y and let S(x, y) be a set of primes such that x ≡ y
mod p for all p in S(x, y). Also, let s be the maximum size of such a set S(x, y)
for a pair of n-bit integers x and y. Then s = Θ(n/ log n).

Proof. Let pi be the i-th largest prime and π(n) be the number of different
primes ≤ n. Then the prime number theorem says that limn→∞

π(n)
n/ loge n

= 1,
which means that pn/ logn = Θ(n). Consequently, there must be a constant c
s.t. p1 · p2 · · · pn/ logn · · · pcn/ logn > pn/ log n · pn/ logn+1 · · · pcn/ logn > 2n since
nn/ logn = 2n. Thus an n-bit integer z has at most cn/ log n different prime
factors. Note that x ≡ y mod a iff |x− y| ≡ 0 mod a. Hence, s ≤ cn/ log n. Also
it turns out by the prime number theorem that there is an n-bit integer z such
that it has c′n/ log n different prime factors for some constant c′, which proves
that s ≥ c′n/ log n. ��

In this paper, N0 denotes this number s which is Θ(n/ log n). Then

Lemma 2. E(N) = N0/N .

For example, if we use N = n2/ log n different primes in MEQ, its error-rate
is 1/n.

3 Our Languages and qfa’s

A one-way qfa is the following model: (i) Its input head always moves one po-
sition to the right each step. (ii) Global state transitions must be unitary. (iii)
Its states are partitioned into accepting, rejecting and non-halting states. (iv)
Observation is carried out every step, and if acceptance or rejection is observed,
then the computation halts. Otherwise, computation continues after proportion-
ally distributing the amplitudes of accepting and rejecting states to non-halting
states. We omit the details, see for example [KW97]. In this paper, we consider
the following three finite languages.

L0(n) = {w�wR | w ∈ {0, 1}n},
L1(n) = {w1�w2��w3�w4� | w1, w2, w3, w4 ∈ {0, 1}n,

(w1 = wR2 ) ∨ ((w1w2) = (w3w4)R)},
L2(n, k) = {w11�w12��w13�w14��� · · · ���wi1�wi2��wi3�wi4��� · · ·

· · · ���wk1�wk2��wk3�wk4� | wi1, wi2, wi3, wi4 ∈ {0, 1}n, 1 ≤ i ≤ k
and 1 ≤ ∃j ≤ k s.t. (wj1 = wRj2)
∧ (for all 1 ≤ i ≤ j − 1, (wi1wi2) = (wi3wi4)R)}.
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In the next section, we first construct a qfa MQ
0 , which accepts each string

x ∈ L0 with probability 1 and each string y /∈ L0 with probability at most 1
n .

MQ
0 simulates the protocol MEQ in the following way (see Fig.1). Given an input

string c/w1�w2$ (c/ is the leftmost and $ is the rightmost symbols), MQ
0 first splits

into N different states qp1 , · · · , qpi , · · · , qpN
with equal amplitudes by reading c/.

Then from qpi
, submachine M1i starts the task for dividing integer w1 by the

i-th prime pi. This computation ends up in some state of M1i which corresponds
to the residue of the division. This residue is shifted to the next submachine M2i,
and then M2i carries out a completely opposite operation while reading w2. If
(and only if) two residues are the same, M2i ends up in some specific state q0i .
MQ

0 then applies a Fourier transform from q0i to si for 1 ≤ i ≤ N . MQ
0 thus

simulates MEQ by setting sN as its only accepting state.
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Fig. 1. Qfa MQ
0 .

For the probabilistic counterpart, pfa MP
0 , we can use exactly the same state

transition, except for deterministic transitions from q0i to sN . As mentioned
before we can achieve a quadratic difference in the probability of error, like
(1/n)2 for MQ

0 v.s. (1/n) for MP
0 . It would be nice if this quadratic difference of

error can be traded directly to a quadratic difference in the necessary number
of primes or to a quadratic difference in the size of automata. Unfortunately
that is not possible: The main reason is that we do not need such a small (like
1/n or 1/n2) error-rate but something like 1/3 is enough by definition. Then
the quadratic difference in the error is reduced to a difference between, say, 1/3
and 1/9, which means only a difference of the constant factor in the necessary
number of primes or the necessary number of states.

There is a standard technique to overcome this difficulty, namely, the use of
iteration. Consider the following string:

w11�w12��w21�w22�� · · · �wn1�wn2
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where the accepting condition is that for some 1 ≤ j ≤ n, wj1 = wRj2. When all
pairs (wj1, wj2) do not satisfy this condition, the (error) probability of accepting
such a string is roughly O

( 1
n

) × n = O(1), which appears desirable for our
purpose.

This argument does not seem to cause any difficulty for pfa’s but it does
for qfa’s for the following reason: After checking w11 and w12, the qfa is in a
single accepting state if the condition is met, which is completely fine. However,
if w11 	= wR12 and the observation is not accepting, then there are many small
amplitudes distributed to many different states. Note that we have to continue
the calculation for w21 and w22 which should be started from a single state. (It
may be possible to start the new computation from each non-halting state, but
that will result in an exponential blow-up in the number of states, which again
implies no clear separation in the size of automata.) One can see easily that we
cannot use a Fourier transform this time to gather the amplitudes since there are
many different patterns in the distribution of states which have a small nonzero
amplitudes.

This is the reason why the next language L1(n) plays an important role.
Suppose that w1 	= wR2 . Then the resulting distribution of amplitudes is quite
complicated as mentioned above. However, no matter how complicated it is, we
can completely “reverse” the previous computation for w1�w2 by reading w3�w4
if (w1w2) = (w3w4)R. This reverse computation should end up in a single state of
amplitude one (actually it is a little less than one) since the original computation
for w1 	= wR2 starts from the (single) initial state. Now one can use the iteration
scheme, which naturally leads us to the third language L2(n, k).

4 Main Results

As mentioned in the previous section, we construct our qfa’s and corresponding
pfa’s for L0(n), L1(n) and L2(n, nc) in a step-by-step fashion. Recall that N is
the number of primes used in protocol MEQ and N0 = Θ(n/ log n).

Lemma 3. There exists a qfa MQ
0 which accepts strings in L0 with probability

one and strings not in L0 with probability at most
(
N0
N

)2
. The number of states

in MQ
0 is Θ(N2 logN).

Proof. MQ
0 has the following states: (i) An initial state q0, (ii) qpk,jk,1 (in sub-

machine M1i of Fig.1), (iii) qpk,jk,2 (in M2i of Fig.1), (iv) qpk,jk,rej (also in M2i
of Fig.1), (v) sl, where 1 ≤ k ≤ N , 0 ≤ jk ≤ pk − 1 and 1 ≤ l ≤ N . pk denotes
the k-th largest prime > 3 (two is excluded for the reason mentioned later). sN
is the only accepting state, qpk,jk,rej and sl (1 ≤ l ≤ N − 1) are rejecting states
and all the others are non-halting states. We give a complete state transition
diagram of MQ

0 in Table 1, where Vσ|Q〉 = α1|Q1〉+ · · ·+αi|Qi〉+ · · ·+αm|Qm〉
means that if MQ

0 reads symbol σ in state Q, it moves to each state Qi with
amplitude αi (|α1|2 + · · ·+ |αm|2 = 1).
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110001101
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0
110
101
10
0
100
0

1001
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1312440state
input 0
input 1

0

1

23

4

(a) (b)

Fig. 2. Division procedure for w1 = 110001 and pk = 5.

When reading c/ of the input string c/w1�w2$, M
Q
0 splits into N submachines

(denoted by M1i in Fig.1) with equal amplitudes (see transition (1) of Table 1).
The k-th submachine M1k computes the residue when dividing w1 by pk (by
using transition (2− a) to (2− d) in Table 1). This division can be done simply
by simulating the usual division procedure as shown in Fig.2 (a) and (b) for
w1 = 110001 and p2 = 101 (= 5). State j in Fig.2 (b) corresponds to qp2,j,1.
The starting state is 0 and by reading the first symbol 1 it goes to state 1. By
reading the second symbol 1, it goes to state 3 (= 11). Now reading 0, it goes
to state 1 since 110 ≡ 1 mod 101. This continues until reading the last symbol 1
and MQ

0 ends up in state 4. It should be noted that these state transitions are
reversible: For example, if the machine reaches state 2 (= 10) from some state Q
by reading 0, then Q must be state 1 since Q cannot be greater than 2. (Reason:
If Q is greater than 2, it means that the quotient will be 1 after reading a new
symbol. Since MQ

0 reads 0 as the new symbol, the least significant bit of the
residue when divided by 5 must be 1, which excludes state 2 as its next state.)
Hence the quotient must have been 0, and so the previous state must be 1. Note
that this argument holds because we excluded two, which is the only even prime,
from pk.

Thus, if w1 mod pk = jk, then MQ
0 is in superposition 1√

N

∑N
k=1 |qpk,jk,1〉

after reading w1. Then MQ
0 reads � and this superposition is “shifted” to 1√

N∑N
k=1 |qpk,jk,2〉, where MQ

0 checks if wR2 mod pk is also jk by using transition
(4 − a) to (4 − d) in Table 1. This job can be done by completely reversing
the previous procedure of dividing w1 by pk. Actually, the state transitions are
obtained by simply reversing the directions of previous state diagrams. Since
previous transitions are reversible, new transitions are also reversible. Now one
can see that the k-th submachine M2k is in state qpk,0,2 iff the two residues are
the same.
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Finally by reading $, Fourier transform is carried out only from these zero-
residue states qpk,0,2 to sl. From other states qpk,j,2 (j 	= 0) MQ

0 goes to rejecting
states qpk,j,rej . If the residues are the same in only t submachines out of the k
ones, the amplitude of sN is computed as

1
N

∑
|t|

N∑
l=1

exp
(
2πi
N

kl

)
|sl〉 = t

N
|sN 〉+ 1

N

∑
|t|

N−1∑
l=1

exp
(
2πi
N

kl

)
|sl〉,

namely that is equal to t/N . Thus the probability of acceptance is
(
t
N

)2. If the
input string is in L0, then this probability becomes 1. Otherwise, it is at most
(N0/N)2 by Lemma 2. The number of states in MQ

0 is given as

1 + 2
N∑
k=1

pk +
N∑
k=1

(pk − 1) +N = 1 + 3
N∑
k=1

pk ≤ 1 + 3 ·N · pN = O(N2 logN),

which completes the proof. ��

Table 1. State transition diagram of MQ
0 .

(1) Vc/|q0〉 = 1√
N

∑N
k=1 |qpk,0,1〉, (4− a) V0|qpk,j,2〉 = |q

pk,
j
2 ,2

〉
(j : even),

(2− a) V0|qpk,j,1〉 = |qpk,2j,1〉 (4− b) V0|qpk,j,2〉 = |q
pk,

j+pk
2 ,2

〉
(0 ≤ j < pk

2 ), (j : odd),
(2− b) V0|qpk,j,1〉 = |qpk,2j−pk,1〉 (4− c) V1|qpk,j,2〉 = |q

pk,
j−1+pk

2 ,2
〉

( pk
2 < j < pk), (j : even),

(2− c) V1|qpk,j,1〉 = |qpk,2j+1,1〉 (4− d) V1|qpk,j,2〉 = |q
pk,

j−1
2 ,2〉

(0 ≤ j < pk
2 − 1), (j : odd),

(2− d) V1|qpk,j,1〉 = |qpk,2j+1−pk,1〉 (5− a) V$|qpk,0,2〉
( pk

2 − 1 < j < pk), = 1√
N

∑N
l=1 exp

( 2πi
N

kl
) |sl〉,

(3) V�|qpk,j,1〉 = |qpk,j,2〉, (5− b) V$|qpk,j,2〉 = |qpk,j,rej〉 (1 ≤ j < pk).

Let us consider the pfa whose state transition is exactly the same as MQ
0 of

f(N) states excepting that the state transitions from qpk,0,2 to sl for the Fourier
transform are replaced by simple (deterministic) transitions from qpk,0,2 to sN .
We call such a pfa emulates the qfa. Suppose that MP emulates MQ. Then the
size of MP is almost the same as that of MQ, i.e., it is also Θ(f(N)) if the
latter is f(N), since the Fourier transform does not make much difference in the
number of states. The following lemma is easy:

Lemma 4. Suppose that MP
0 emulates MQ

0 . Then MP
0 accepts strings in L0

with probability one and those not in L0 with probability N0/N .



Exploiting the Difference in Probability Calculation 107

Let us set, for example, N = N0
√

n. Then the error-rate of MQ
0 is (N0/N)2 =

1
n and its size is O(n3/ log n). To achieve the same error-rate by a pfa, we have
to set N = N0n, which needs O(n4/ log n) states.

Remark 1. Suppose that we have once designed a specific qfa MQ
0 (similarly

for MP
0 ). Then it can work for inputs of any length or it does not reject the

input only by the fact that its length is not 2n + 1. The above calculation of
the acceptance and rejection rates is only true when our input is restricted to
strings ⊆ {0, 1}n�{0, 1}n.

The following lemmas, Lemma 5 and 6 (see Acknowledgment), are important
for the analysis of error probability of MQ

1 , a qfa which recognizes the second
language L1(n). Here, ‖ψ‖ means the norm of a vector ψ and ‖ψ‖acc the norm
of ψ after being projected onto accepting space, i.e., the accepting probability is
‖ψ‖2acc. 〈ψ|φ〉 denotes the inner product between ψ and φ.

Lemma 5. Let ψ be a quantum state such that applying a unitary transforma-
tion U followed by a measurement to ψ causes acceptance with probability 1, i.e.,
‖Uψ‖2acc = 1. If ψ can be decomposed into two orthogonal states ψ1 and ψ2 s.t.
ψ = ψ1 + ψ2, then ‖Uψ1‖2acc ≥ ‖ψ1‖4.

Proof. Let H = span{φ | ‖Uφ‖acc = 1 and ‖φ‖ = 1}, i.e., H is obtained by
applying U−1 to the subspace spanned by accepting states only. The accepting
probability of Uψ1 is equal to the squared projection of Uψ1 on the subspace
spanned by accepting states. Since U is unitary and any unitary transformation
preserves the inner product, it turns out that this projection is the same as
the projection of ψ1 onto H. Let H ′ = span{ψ}. Since ‖Uψ‖2acc = 1, we have
H ′ ⊆ H. Therefore the projection of ψ1 to H is at least the projection of ψ1 to
H ′, namely at least ‖ 〈ψ1|ψ〉 ‖ = ‖ψ1‖2. To summarize, ‖Uψ1‖2acc ≥ ‖ 〈ψ1|ψ〉 ‖2 =
‖ψ1‖4. ��

Lemma 6. Let ψ be a quantum state such that applying a unitary transforma-
tion U followed by a measurement to ψ causes acceptance with probability at
most α2, i.e., ‖Uψ‖2acc ≤ α2. If ψ can be decomposed into two orthogonal states
ψ1 and ψ2 s.t. ψ = ψ1 + ψ2, then

‖Uψ1‖2acc ≤ ‖ψ1‖2 (α‖ψ1‖+ ‖ψ2‖)2 .

Proof. Let H be the Hilbert space spanned by ψ1 and ψ2. Then, ψ1 can also be
written as

ψ1 = 〈ψ|ψ1〉 ψ +
〈
ψ̄|ψ1

〉
ψ̄,

where ψ̄ is a normalized vector in H and perpendicular to ψ. Note that ‖ψ‖ is
also 1. Again ‖ 〈ψ|ψ1〉 ‖ = ‖ψ1‖2 and from the above equation we obtain that
〈ψ1|ψ1〉 = ‖ 〈ψ|ψ1〉 ‖2 + ‖

〈
ψ̄|ψ1

〉 ‖2, which implies that ‖ 〈ψ̄|ψ1
〉 ‖2 = ‖ψ1‖2(1−

‖ψ1‖2). Note that ‖ψ1‖2 + ‖ψ2‖2 = 1. Thus, ‖ 〈ψ̄|ψ1
〉 ‖ = ‖ψ1‖ ‖ψ2‖. Since
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Uψ1 = 〈ψ|ψ1〉 Uψ +
〈
ψ̄|ψ1

〉
Uψ̄ and our observation is a simple projection, it

follows by triangular inequality that

‖Uψ1‖acc ≤ ‖ 〈ψ|ψ1〉 ‖ ‖Uψ‖acc + ‖
〈
ψ̄|ψ1

〉 ‖ ‖Uψ̄‖acc
≤ ‖ψ1‖2α+ ‖ψ1‖ ‖ψ2‖
= ‖ψ1‖ (α‖ψ1‖+ ‖ψ2‖) .

This proves the lemma. ��
Now we shall design a qfa MQ

1 which recognizes the second language L1(n).

Lemma 7. There exists a qfa MQ
1 which accepts strings in L1 with probability

at least 1 − (N0
N1

)2 + (N0
N1

)4 and strings not in L1 with at most (N0
N1

)2 + (1 −
(N0
N1

)2)(N
′
0

N2
+ N0

N1
)2. MQ

1 has Θ((N1N2)2 logN1 · logN2) states. Here N ′
0 denotes

the number s in Lemma 1 but for x and y of length 2n.

Proof. Again a complete state transition diagram is shown in Table 2, where
accepting states are sN1,0,pl,f such that 0 ≤ f ≤ pl− 1 and tN1 . Rejecting states
are qpk,e,pl,f,rej such that e 	= 0 or f 	= 0, 0 ≤ e ≤ pk − 1, 0 ≤ f ≤ pl − 1, tpk,0,y
such that 1 ≤ y ≤ N2 − 1, and tz such that 1 ≤ z ≤ N1 − 1. All other states are
non-halting.

MQ
1 checks whether w1 = wR2 using N1 primes and also whether (w1w2) =

(w3w4)R using N2 primes. Note that those two jobs have to be done at the
same time using composite automata while reading w1�w2. Hence MQ

1 first splits
into N1 · N2 submachines, each of which is denoted by M(k, l), 1 ≤ k ≤ N1,
1 ≤ l ≤ N2. As shown in Fig.3, M(k, l) has six stages, from stage 1 thorough
stage 6. It might be convenient to think that each state of M(k, l) be a pair of
state (qL, qR) and to think M(k, l) be a composite of ML and MR. In stages 1
and 2, ML has similar state transitions to those of Table 1 for checking w1 	= wR2 .
MR has also similar transitions but only for the first part of it, i.e., to compute
w1w2 mod pl. This portion of transitions are given in (2) to (4) of Table 2.

Now we go to stage 3. Here ML, reading the first �, carries out the Fourier
transform exactly as MQ

0 (see (5 − a) in Table 2). After that ML, reading the
second �, execute Inverse Fourier transform from states sm,0,pl,f (1 ≤ m ≤ N1),
which is shown in (6 − a) of Table 2. In this stage, MR does nothing; it just
shifts the state information about (w1w2) mod pl (but only when w1 	= wR2 ) to
stage 4.

Stages 4 and 5 are for the complete reverse operation of stages 2 and 1, re-
spectively. By doing this, the amplitudes for state qL, which were once in turmoil
after stage 2, are reorganized and gathered in specific states, namely qpk,0,pl,0,4
if (w1w2) = (w3w4)R. Therefore, what we do is to gather the amplitude of
qpk,0,pl,0,4 to tpk,0,N2 by Fourier transform reading �. Now reading the right-
most symbol, we do another Fourier transform, which gathers the amplitudes of
tpk,0,N2 to tN1 .

For the analysis of error probability, Lemma 5 and 6 are convenient. The
basic idea is as follows: When w1 	= wR2 , a small amplitude, 1√

N2

N0
N1

is “taken”
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Fig. 3. Qfa MQ
1 .

by each of the N2 accepting states in stage 3. This is basically the same as MQ
0

since its probability of observing acceptance is
∑N2
l=1

(
1√
N2
· N0
N1

)2
=
(
N0
N1

)2
.

So, the problem is how much of the remaining amplitudes distributed on the
other states in this stage can be retrieved in the final accepting state tN1 when
(w1w2) = (w3w4)R.

Suppose that we construct a new qfa M ′ which is exactly the same as MQ
1

but all the N2 halting states of M
Q
1 in stage 3 are changed to non-halting states.

Thus M ′ only checks the longer strings, whether (w1w2) = (w3w4)R or not. It
is clear that M ′ accepts with probability exactly one when (w1w2) = (w3w4)R

and with probability at most (N
′
0

N2
)2 when (w1w2) 	= (w3w4)R.

Note that Lemma 5 and 6 also hold for any sequence of unitary trans-
formations and measurements since we can delay measurements and replace
them with a single unitary transformation U followed by a measurement
[ANTV99]. Next, consider (i)ψ, (ii)ψ1 and (iii)ψ2 in Lemma 5 and 6 as
(i)the quantum state, (ii)the superposition of non-halting states and (iii)the
superposition of accepting states in stage 3 of MQ

1 right after Fourier trans-
form, respectively. In our case, ‖ψ1‖2 = (1 − (N0

N1
)2), ‖ψ2‖2 = (N0

N1
)2 and

α2 = (N
′
0

N2
)2. Thus, from Lemma 5 we can obtain that when (w1w2) =

(w3w4)R, MQ
1 accepts with probability at least

(
N0
N1

)2
+
(
1−

(
N0
N1

)2)2

.

Also from Lemma 6, when (w1w2) 	= (w3w4)R, MQ
1 accepts with probabil-
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ity at most
(
N0
N1

)2
+
(
1−

(
N0
N1

)2)((
1−

(
N0
N1

)2) 1
2
N ′

0
N2

+ N0
N1

)2

≤
(
N0
N1

)2
+

(
1−

(
N0
N1

)2)(
N ′

0
N2

+ N0
N1

)2
.

Finally, we count the number of states inMQ
1 . This is not hard since the whole

machine is a composition of two machines, one for using N1 different primes and
the other for N2 different primes. Therefore the size of the composite machine
is O((N1N2)2 logN1 · logN2). ��

Suppose that we set N1 = N0
√

n, and N2 = dN ′
0. Then

N0
N1

= 1√
n

and
N ′

0
N2

+ N0
N1
≤ 1

2 if we select a sufficiently large constant d, e.g. d = 3 when n ≥ 36.
Namely, MQ

1 accepts strings in L1 with probability at least 1 − 1/n + 1/n2

and those not in L1 with probability at most 1
4 + 3

4n . The number of states
is Θ( n5

log2 n
). The probability distribution for each state of MQ

1 is illustrated in
Fig.4 (for example, above 1− 1/n+1/n2 is the sum of 1/n and 1− 2/n+1/n2).
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1 n + n
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1
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4 4n
1 1

3
4 4n

3

Fig. 4. Probability distribution when N1 = N0
√

n,N2 = dN ′
0.

Let us consider pfa MP
1 which recognizes L1(n). The state transition of MP

1
is the same as that of MQ

1 except for Fourier transform and Inverse Fourier
transform only MQ

1 performs. If string x satisfies w1 	= wR2 , then MP
1 accepts x

with probability at most N0
N1

after reading w1�w2 instead of with at most (N0
N1

)2 in
the case of MQ

1 . There are subtle differences between MP
1 and MQ

1 . For example,
in the case of MP

1 , the distributed small amplitudes after reading w3�w4 can be
collected completely (there is some loss due to Inverse Fourier transform in the
case of MQ

1 ). This causes a slight difference in the accepting probability of the
next lemma (proof is omitted).

Lemma 8. Suppose that MP
1 emulates MQ

1 . Then MP
1 accepts strings in L1

with probability 1 and those not in L1 with probability at most N0
N1

+
(
1− N0

N1

)
·
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N ′
0

N2
. The number of states is approximately the same as the one of MQ

1 , i.e.,
Θ((N1N2)2 logN1 logN2).

If we set N1 = N0n and N2 = dN ′
0, then strings such that w1 	= wR2 are

accepted with probability at most 1
n after reading w1�w2. Thus this probability

is the same as qfa MQ
1 such that N1 = N0

√
n and N2 = dN ′

0, but the lemma
says that we need Ω

(
n6

log2 n

)
states. See Fig.5 for a probability distribution.

w = w1 2
R

Yes 1

1

1 w1w2 = w w3 4

No

R

Yes

No

n
1

n
3
4

4
1

4n

4n

1 n
1

1

3

Fig. 5. Probability distribution when N1 = N0n, N2 = dN ′
0.

Now we are ready to give our main theorem:

Theorem 1. For any integer c, there is a qfa MQ such that MQ recognizes
L2(n, nc) and the number of states in MQ is O

(
nc+4

log2 n

)
.

Proof. The construction of MQ is easy: We just add a new deterministic transi-
tion from the last accepting state in stage 6 of MQ

1 to its initial state by reading
�, by which we can manage iteration. Also, we need some small changes to han-
dle the very end of the string: Formally speaking, transition (11) in Table 2 is
modified into

V�|tpk,0,N2〉 =
1√
N1

N1∑
z=1

exp
(
2πi
N2

kz

)
|tz〉,

tN1 is now not an accepting state but a non-halting state and two new transitions

(10− c) V$|qpk,e,pl,f,4〉 = |qpk,e,pl,f,rej〉
(12) V�|tN1〉 = |q1〉

are added.
We set N1 = 2N0n

c/2 and N2 = dN ′
0. Then N0/N1 = 1

2nc/2 and N ′
0

N2
+ N0
N1

< 1
2

if we select a sufficiently large constant as d. Suppose that MQ has not halted
yet and is now reading the i-th block wi1�wi2��wi3�wi4. Then, we can conclude
the following by Lemma 7: (i) If wi1 = wRi2, then MQ accepts the input with
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probability one. (ii) If (wi1wi2) = (wi3wi4)R, then (ii− a) MQ also accepts the
input with probability at most 1/4nc and (ii− b) rejects the input with at most
1

4nc − 1
16n2c and (ii−c) goes back to the initial state with at least 1− 2

4nc + 1
16n2c .

(iii) If (wi1wi2) 	= (wi3wi4)R, then (iii− a) MQ accepts the input with at most
1

4nc , (iii− b) rejects it with at least 3
4 − 3

16nc and (iii− c) goes back to the initial
state with at most 1

4 − 1
16nc . The number of state is O(nc+4/ log2 n).

Recall that the number of iteration is nc. Now suppose that the input x is
in L2(n, nc). Then, the probability that x is rejected is equal to the probability
that (ii− b) happens before (i) happens. The probability that (ii− b) happens
is at most 1

4nc per iteration, and so the probability that (ii − b) happens in
some iteration is at most nc · 1

4nc = 1
4 . Therefore the probability that x is finally

accepted is well larger than 1/2. Suppose conversely that x is not in L2(n, nc).
Then the probability that (ii − a) happens in some iteration is the same as
above and is at most 1

4 . If MQ does not meet a block such that (wi1wi2) 	=
(wi3wi4)R until the end, then the accepting probability is at most this 1/4. If
MQ does meet such a block in some iteration, it rejects x with probability at
least (1 − 1

4 )(
3
4 − 3

16nc ) which is again well above 1/2. Thus MQ recognizes
L2(n, nc). ��

Theorem 2. Suppose that MP which emulates MQ recognizes L2(n, nc). Then
the number of states of MP is Ω(n2c+4/ log2 n).

Proof. MP is constructed by applying the same modification (as given in the
above proof) to MP

1 . Then it turns out that we must set N ′
0/N2 ≤ 1/d, where d is

a sufficiently large constant, to reject the strings such that (wi1wi2) 	= (wi3wi4)R

since MP
1 accepts such bad strings with probability at least N0

N1
+ (1− N0

N1
) · N ′

0
N2

by Lemma 8. So we have to set N2 = dN ′
0 and suppose that we set N1 = 1

aN0n
c.

Then, as shown below, MP does not recognize L2(n, nc) if a is large. That means
we have to set N1 = 1

aN0n
c for a sufficiently small a > 0, which implies, from

Lemma 8, that we need Ω(n2c+4/ log2 n) states.
Now suppose that the input x includes a long repetition of blocks such that

(wi1wi2) = (wi3wi4)R. Then x is accepted in each iteration with probability
a/nc. Therefore the probability that this happens in the first k iterations is

k∑
i=1

(
1− a

nc

)i−1
· a

nc
= 1−

(
1− a

nc

)k
.

Since the number of repetitions (= k) can be as large as nc,

lim
n→∞

(
1− a

nc

)nc

=
1
ea

.

Thus if we select a sufficiently large constant a, then the probability of accep-
tance can be arbitrarily close to one. Such an MP does not recognize L2(n, nc)
obviously, which proves the theorem. ��
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Table 2. State transition diagram of MQ
1 .

(1) Vc/|q0〉 = 1√
N1N2

∑N1
k=1

∑N2
l=1 |qpk,0,pl,0,1〉,

(2− a) V0|qpk,e,pl,f,1〉 = |qpk,2e,pl,2f,1〉 (0 ≤ e < pk
2 , 0 ≤ f < pl

2 ),
(2− b) V0|qpk,e,pl,f,1〉 = |qpk,2e,pl,2f−pl,1〉 (0 ≤ e < pk

2 , pl
2 < f < pl),

(2− c) V0|qpk,e,pl,f,1〉 = |qpk,2e−pk,pl,2f,1〉 ( pk
2 < e < pk, 0 ≤ f < pl

2 ),
(2− d) V0|qpk,e,pl,f,1〉 = |qpk,2e−pk,pl,2f−pl,1〉 ( pk

2 < e < pk,
pl
2 < f < pl),

(2− e) V1|qpk,e,pl,f,1〉 = |qpk,2e+1,pl,2f+1,1〉 (0 ≤ e < pk
2 − 1, 0 ≤ f < pl

2 − 1),
(2− f) V1|qpk,e,pl,f,1〉 = |qpk,2e+1,pl,2f+1−pl,1〉 (0 ≤ e < pk

2 − 1, pl
2 − 1 < f < pl),

(2− g) V1|qpk,e,pl,f,1〉 = |qpk,2e+1−pk,pl,2f+1,1〉 ( pk
2 − 1 < e < pk, 0 ≤ f < pl

2 − 1),
(2− h) V1|qpk,e,pl,f,1〉 = |qpk,2e+1−pk,pl,2f+1−pl,1〉 ( pk

2 − 1 < e < pk,
pl
2 − 1 < f < pl),

(3) V�|qpk,e,pl,f,1〉 = |qpk,e,pl,f,2〉,
(4− a) V0|qpk,e,pl,f,2〉 = |qpk,

e
2 ,pl,2f,2〉 (e : even, 0 ≤ f < pl

2 ),
(4− b) V0|qpk,e,pl,f,2〉 = |qpk,

e
2 ,pl,2f−pl,2〉 (e : even, pl

2 < f < pl),
(4− c) V0|qpk,e,pl,f,2〉 = |q

pk,
e+pk

2 ,pl,2f,2
〉 (e : odd, 0 ≤ f < pl

2 ),

(4− d) V0|qpk,e,pl,f,2〉 = |q
pk,

e+pk
2 ,pl,2f−pl,2

〉 (e : odd, pl
2 < f < pl),

(4− e) V1|qpk,e,pl,f,2〉 = |q
pk,

e−1+pk
2 ,pl,2f+1,2

〉 (e : even, 0 ≤ f < pl
2 − 1),

(4− f) V1|qpk,e,pl,f,2〉 = |q
pk,

e−1+pk
2 ,pl,2f+1−pl,2

〉 (e : even, pl
2 − 1 < f < pl),

(4− g) V1|qpk,e,pl,f,2〉 = |q
pk,

e−1
2 ,pl,2f+1,2〉 (e : odd, 0 ≤ f < pl

2 − 1),
(4− h) V1|qpk,e,pl,f,2〉 = |q

pk,
e−1
2 ,pl,2f+1−pl,2

〉 (e : odd, pl
2 − 1 < f < pl),

(5− a) V�|qpk,0,pl,f,2〉 = 1√
N1

∑N1
m=1 exp

(
2πi
N1

km
)

|sm,0,pl,f 〉,
(5− b) V�|qpk,e,pl,f,2〉 = |qpk,e,pl,f 〉 (1 ≤ e < pk),
(6− a) V�|sm,0,pl,f 〉 = 1√

N1

∑N1
r=1 exp

(
− 2πi
N1

mr
)

|qpr,0,pl,f,3〉 (1 ≤ m ≤ N1),
(6− b) V�|qpk,e,pl,f 〉 = |qpk,e,pl,f,3〉 (1 ≤ e < pk),
(7− a) V0|qpk,e,pl,f,3〉 = |q

pk,2e,pl,
f
2 ,3

〉 (0 ≤ e < pk
2 , f : even),

(7− b) V0|qpk,e,pl,f,3〉 = |q
pk,2e,pl,

f+pl
2 ,3

〉 (0 ≤ e < pk
2 , f : odd),

(7− c) V0|qpk,e,pl,f,3〉 = |q
pk,2e−pk,pl,

f
2 ,3

〉 ( pk
2 < e < pk, f : even),

(7− d) V0|qpk,e,pl,f,3〉 = |q
pk,2e−pk,pl,

f+pl
2 ,3

〉 ( pk
2 < e < pk, f : odd),

(7− e) V1|qpk,e,pl,f,3〉 = |q
pk,2e+1,pl,

f−1+pl
2 ,3

〉 (0 ≤ e < pk
2 − 1, f : even),

(7− f) V1|qpk,e,pl,f,3〉 = |q
pk,2e+1,pl,

f−1
2 ,3〉 (0 ≤ e < pk

2 − 1, f : odd),
(7− g) V1|qpk,e,pl,f,3〉 = |q

pk,2e+1−pk,pl,
f−1+pl

2 ,3
〉 ( pk

2 − 1 < e < pk, f : even),

(7− h) V1|qpk,e,pl,f,3〉 = |q
pk,2e+1−pk,pl,

f−1
2 ,3〉 ( pk

2 − 1 < e < pk, f : odd),
(8) V�|qpk,e,pl,f,3〉 = |qpk,e,pl,f,4〉,
(9− a) V0|qpk,e,pl,f,4〉 = |q

pk,
e
2 ,pl,

f
2 ,4

〉 (e : even, f : even),
(9− b) V0|qpk,e,pl,f,4〉 = |q

pk,
e
2 ,pl,

f+pl
2 ,4

〉 (e : even, f : odd),

(9− c) V0|qpk,e,pl,f,4〉 = |q
pk,

e+pk
2 ,pl,

f
2 ,4

〉 (e : odd, f : even),

(9− d) V0|qpk,e,pl,f,4〉 = |q
pk,

e+pk
2 ,pl,pl,

f+pl
2 ,4

〉 (e : odd, f : odd),

(9− e) V1|qpk,e,pl,f,4〉 = |q
pk,

e−1+pk
2 ,pl,

f−1+pl
2 ,4

〉 (e : even, f : even),

(9− f) V1|qpk,e,pl,f,4〉 = |q
pk,

e−1+pk
2 ,pl,

f−1
2 ,4

〉 (e : even, f : odd),

(9− g) V1|qpk,e,pl,f,4〉 = |q
pk,

e−1
2 ,pl,

f−1+pl
2 ,4

〉 (e : odd, f : even),

(9− h) V1|qpk,e,pl,f,4〉 = |q
pk,

e−1
2 ,pl,

f−1
2 ,4〉 (e : odd, f : odd),

(10− a) V�|qpk,0,pl,0,4〉 = 1√
N2

∑N2
y=1 exp

(
2πi
N2

ly
)

|tpk,0,y〉,
(10− b) V�|qpk,e,pl,f,4〉 = |qpk,e,pl,f,rej〉 (1 ≤ f < pl),
(11) V$|tpk,0,N2〉 = 1√

N1

∑N1
z=1 exp

(
2πi
N2

kz
)

|tz〉,
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5 Concluding Remarks

The question in this paper is whether or not we can exploit the difference in
probability calculation between quantum and probabilistic computations. We
have shown that the answer is yes using quantum finite automata. However,
what remains apparently is whether or not we can exploit this property for
other types of models and/or for other types of problems which are preferably
less artificial. Also it should be an important future research to obtain a general
lower bound for the number of states which is needed to recognize L2(n, nc) by
pfa’s.

Acknowledgment. We are grateful to Mario Szegedy for his many valuable
comments to this research. We also thank the anonymous reviewer for Lemma
5. In the earlier version of this paper, the proof of Lemma 7 was very lengthy.
Using this lemma and Lemma 6 which is developed under the same idea as
Lemma 5, the proof of Lemma 7 was greatly simplified.
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Abstract. In this paper, we implement Bead–Sort, a natural sorting
algorithm that we introduced in [1], with the new, biochemically inspired
P systems. In Bead–Sort, positive integers are represented by a set of
beads (like those used in an Abacus). The beads representing integers
to be sorted are allowed to slide through the rods of the Abacus. In
this process, the smaller “numbers” always emerge above the larger ones
and this creates a natural comparison and thus a natural sorting action.
This natural sorting phenomenon is “implemented” with a special type of
P system— a tissue P system that computes by means of communication
(using symport/antiport rules) only. Beads are represented by objects
placed within membranes of a tissue P system; a rod is represented by a
‘group’ of membranes that can communicate with one another by means
of symport/antiport rules. The “flow” of objects between the group of
membranes representing a rod (using communication rules) reflects the
actual flow of beads in the physical system.

1 Bead-Sort Algorithm

Bead–Sort is a natural sorting algorithm for positive integers. See [1] where we
introduced the new sorting algorithm Bead–Sort along with a proof of correct-
ness, analyzed its complexity and discussed different possible implementations
in detail. Here, we implement Bead–Sort using the new, biochemically inspired
P systems. See [7] (where Păun first introduced P systems) and [3] for a detailed
discussion on P systems. A brief description of Bead–Sort algorithm follows.

We represent positive integers by a set of beads (like those used in an Abacus)
as illustrated in Figure 1; the beads slide through rods.

Figure 1 (a) shows the numbers 4 and 3 (represented by beads) attached
to rods; beads displayed in Figure 1 (a) appear to be suspended in the air,
just before they start sliding down. Figure 1 (b) shows the state of the frame
(a frame is a structure with the rods and beads) after the beads are ‘allowed’
to slide down. The row of beads representing number 3 has ‘emerged’ on top
of the number 4 (the ‘extra’ bead in number 4 has dropped down one ‘level’).
Figure 1 (c) shows numbers of different sizes, suspended one over the other
(in a random order). We allow beads (representing numbers 3, 2, 4 and 2) to
slide down to obtain the same set of numbers, but in a sorted order again (see

C.S. Calude et al. (Eds.): UMC 2002, LNCS 2509, pp. 115–125, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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4

3
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3

(a) (b) (c) (d)

Fig. 1. Bead–Sort examples.

Figure 1 (d)). In this process, the smaller numbers emerge above the larger ones
which creates a natural comparison (see [2] for online animation).

Rods (vertical lines) are counted always from left to right and levels are
counted from bottom to top as shown in Figure 2. A frame is a structure con-
sisting of rods and beads.

. . .

1 2 3 m

1

2

3

n

. . .

.

.

.

Rods

L
ev

el
s

Fig. 2. Bead–Sort conventions.

Consider a set A of n positive integers to be sorted and assume the biggest
number in A is m. Then, the frame should have at least m rods and n levels.
The Bead–Sort algorithm is the following:
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The Bead–Sort Algorithm

For all a ∈ A drop a beads (one bead per rod) along the rods,
starting from the 1st rod to the ath rod. Finally, the beads, seen
level by level, from the nth level to the first level, represent A in
ascending order.

The algorithm’s run–time complexity ranges from O(1) to O(S) (S is the
sum of the input integers) depending on the nature of implementation chosen.

2 Objects = Beads, Membranes = Rods

A tissue P system with symport/antiport is used to implement Bead-Sort.
(See Figure 3.) For literature on tissue P systems and P systems with sym-
port/antiport, see [4], [5], [6], [8] and [9]. Beads are represented by objects x
placed within the membranes; a rod is represented by a ‘group’ of membranes
that can communicate with one another by means of symport/antiport rules.
Note that the object ‘−’ represents “absence of bead”. Thus, the objects x and
‘−’ together will reflect bead–positions in the initial state of the frame.

. ..

. ..
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.
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.

.

.

.

.
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.
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.

counter−membranes

. ..

rod−membranes

1 2 m

n
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1
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L
ev

el
s

p

−

−

−

x

x

x x

x

x

Fig. 3. Membranes = Rods, Objects = Beads.

Morover, the “flow” of objects between the group of membranes representing
a rod (using communication rules) will reflect the actual flow of beads in the
physical system. The ‘counter membranes’ (see Figure 3) along with the object
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p will serve the purpose of generating ‘clock pulses’; they are useful especially to
synchronize, while ejecting the output in the desired sequence. We distinguish
these from the other set of membranes — the ‘rod membranes’.

More formally, we have a tissue P system with symport/antiport of degree
(m × n) + n (m × n membranes to represent m rods with n levels; extra n
membranes to serve as counters). Note that m rods with n levels can sort n
positive integers, the biggest among them being m.

In the following sections, we discuss the various symport/antiport rules used
to simulate Bead–Sort. A simple P system that can sort 3 integers (biggest
among them is 3) is used for illustrative purpose. To explain the necessity of
each rule, we initially start with a system having only the ‘basic rule’, then
gradually add more and more complex rules until we arrive at the complete
system. We formally define the system only at the final stage.

3 Making Bead-Objects “Fall Down”

As outlined in the previous section, one can set–up the initial state of the frame
using a tissue P system. Now, the objects x (representing the beads) should
be made to fall down/flow like the real beads in the physical system. This is
achieved through a simple antiport rule. See Figure 4 which demonstrates the
rule with a simple tissue P system representing 3 rods with 3 levels; we start
with the unsorted set {2, 1, 3}. The antiport rule initiates an exchange of objects
x and ‘−’; for instance, according to the rule (8, x | −, 5) inside membrane 8, x
from membrane 8 will be exchanged with ‘−’ in membrane 5. This “simulates”
the action of beads falling down. Figure 4 (c) shows the sorted state of the frame;
note that the antiport rule can no longer be applied. Also, one can see that not
more than (n − 1) steps will be consumed to reach the sorted state using the
application of this rule.

Observe that the multiplicity of the object x in the membranes comprising
the same level taken together (e.g. membranes 1,2 and 3 in Figure 4 comprise
level–1) denotes an integer. And, these integers are now in the sorted order,
viewed level–wise, as seen in Figure 4(c).

Now, we discuss the rules for “reading” the output in the proper sequence,
in the following section.

4 Reading the Output

The output can be read in the proper sequence using only symport/antiport
rules. But, the rules are a little more complex. The idea is to first “know”
when the P system has reached the sorted state; then, the objects from the
rod–membranes can be ejected into the environment, starting from level–1 to
level–n. The objects from membranes comprising the same level will be ejected
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7 8 9

2 31

654

number 2

number 1

(7, x|−, 4) (8, x|−, 5) (9, x|−, 6)

(6, x|−, 3)(4, x|−, 1) (5, x|−, 2)
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x x x
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−
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−

(b) (c)

Fig. 4. Making bead–objects “fall down”.

simultaneously as a ‘single string’ to be externally interpreted as representing a
distinct integer. Thus the ejected output will form the following language:

{String of objects from level-1 membranes, String of objects from level-2 mem-
branes, ...}

Note that, externally, the multiplicity of x is “calculated” separately for each
string in the language which are ejected at different points of time.
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Now, let us include new rules that accomplish these actions related to read-
ing the output. Figure 5 shows the inclusion of new symport rules in the rod–
membranes. Observe the inclusion of new objects c1, c2, c3 in the rules. These
rules would eject (symport) the x objects from the membranes into the envi-
ronment along with the “prompting” objects c1, c2, c3, but only if they (c1, c2,
c3) are present. It is clear that, one has to first send c1, c2, c3 into the rod–
membranes in order to “prompt” the ejection of the output. In what follows, we
discuss the rules that do the “prompting”.

2 31

654

10

11

12 7 8 9

(8, x|−, 5) (9, x|−, 6)

x

x x

−

(5, x|−, 2) (6, x|−, 3)

(1, xc1, 0) (2, xc2, 0) (3, xc3, 0)

(8, xc2, 0) (9, xc3, 0)(7, xc1, 0)
(7, x|−, 4)

x

x

(4, xc1, 0) (5, xc2, 0)

x

(6, xc3, 0)
(4, x|−, 1)

− −

Fig. 5. Ejecting the output.

Remember, before prompting the ejection of output, the system has to first
“know” (and ensure) that it has reached the sorted state. The new rules to
be discussed help ensure this. Figure 6 shows new rules added to the counter–
membranes. Note the presence of object p within membrane 12. These new
symport rules would “move” p from one counter membrane to the other, driven
by the global clock. After n − 1 time units of the global clock (2 units in our
example), p would have been symported to the counter–membrane denoting
level–1 (membrane 10). Recall from previous section, not more than (n − 1)
steps will be consumed for the bead–objects to “fall down” and reach the sorted
state.



Implementing Bead-Sort with P Systems 121

1

4

2 3

5 6

7 8 912

10

11

(available in arbitrary numbers outside)

level−1

level−2

level−3

(9, x|−, 6)

x

(4, x|−, 1) (6, x|−, 3)

(3, xc3, 0)

(4, xc1, 0) (6, xc3, 0)

(9, xc3, 0)(7, xc1, 0)

x

x

x

(1, xc1, 0)

x

(8, x|−, 5)
(8, xc2, 0)

(5, x|−, 2)
(5, xc2, 0)

(2, xc2, 0)

(7, x|−, 4)

−x

− −

(12, p, 11)

(11, p, 10)

(10, c3, 3)
(10, c2, 2)
(10, c1, 1)

p

(10, p|qc1c2c3, 0)

c1, c2, c3 ....

Fig. 6. Prompting the ejection of output from level–1.

Thus, the presence of p within level–1 counter–membrane (membrane 10)
would ensure that the bead–objects have settled down in a sorted state.1 output.
Note that the other rules written in membrane 10 (level–1 counter–membrane)
would start prompting ejection of the output, after p is availabe in membrane 10.
The rules get c1, c2, c3 (and another object q) from the environment and transfer
them into the group of membranes representing level–1 (1, 2 and 3 in our case)
thus prompting the ejection of x objects as output. (Assume the presence of
arbitrary number of c1, c2, c3 in the environment. The need for object q will be
discussed shortly.)

Still we need to add more rules which prompt the ejection of (output) strings
from level–2 upto level–n. The idea is to move two new objects q and r (alter-
nately) through the counter–membranes, now from level–2 upto level–n (“up-
ward”)2. The presence of objects q and r in the counter–membranes would trig-

1 Note that we are forced to adopt this method because, there seems to be no better
way to ensure whether the system has reached the final state or not; for instance,
we can not deduce this from the ‘states’ of individual membranes.

2 We can not use p again as it has already been used by earlier rules; p would activate
the same set of actions as before, which is undesirable.



122 J.J. Arulanandham

ger certain new rules that would subsequently prompt output from level–2 upto
level–n rod–membranes, one by one. (Note, in our case, n = 3.) These rules have
been included in Figure 7. (Assume the presence of arbitrary number of q’s and
r’s in the environment.)

7 8 9

2 31

654

12

11

q, r ....
(available in arbitrary numbers outside)

level−1

level−2

level−3

10

(7, x|−, 4) (8, x|−, 5) (9, x|−, 6)

x x

x −

(4, x|−, 1) (5, x|−, 2) (6, x|−, 3)

(1, xc1, 0) (2, xc2, 0) (3, xc3, 0)

(4, xc1, 0) (5, xc2, 0) (6, xc3, 0)

(8, xc2, 0) (9, xc3, 0)(7, xc1, 0)

x

x −

x

−

(11, c3, 6)
(11, c2, 5)
(11, c1, 4)

(11, q|rc1c2c3, 0)
(11, p, 10)

(11, r, 12)

(12, c2, 8)
(12, c1, 7)

(12, r|qc1c2c3, 0)

p

(12, c3, 9)

(10, q, 11)
(10, c3, 3)
(10, c2, 2)
(10, c1, 1)

(10, p|qc1c2c3, 0)

(12, p, 11)

c1, c2, c3 ....

Fig. 7. Prompting the ejection of output from levels 2 & 3.

5 A Sample Illustration

We first formally define a tissue P system of degree 12 ( 3 rods × 3 levels +
3 counter membranes) with symport/antiport rules which can sort a set of three
positive integers, the maximum among them being three:

Π = (V , T , ω1, ω2, ..., ω12, M0, R)
where:
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−
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Fig. 8. Sample illustration — intermediate steps (i) to (vi).

(i) V (the alphabet) = {x, −, p, q, r, c1, c2, c3}
(ii) T (the output alphabet) ⊂ V

T = {x, c1, c2, c3} (the multiplicity of c1, c2, c3 is to be ignored in the end)
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5 64
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2 3

−

c1 c2 c3

q c1x c2 c3

x

−xr
x − −q

c1

−

c2
c3

−

−

x

q

Fig. 9. Sample illustration — steps (vii) to (x).

(iii) ω1, ...,ω12 are strings representing the multisets of objects initially present
in the regions of the systems. These are shown in Figure 8 (i).
(iv) M0(x) = M0(−) = M0(p) = 0;

M0(q) = M0(r) = M0(c1) = M0(c2) = M0(c3) = ∞
(v) R is a finite set of (symport/antiport) rules. They are enumerated in Figure 7.
Note that we do not use a separate ‘output membrane’, but prefer to “eject” the
output into the environment.

Figures 8 and 9 illustrate sorting {2, 1, 3} with snapshots of all the interme-
diate configurations, clearly showing the evolution of the system, step by step,
until output is “read”. Note that steps (i) to (vi) are shown in Figure 8 and
steps (vii) to (x) in Figure 9.

Note that the output strings from membranes in levels 1, 2 and 3 will be
ejected during steps (vi), (viii) and (x) (of Figures 8 and 9) respectively. One
has to ignore the c1, c2, c3s that accompany x objects and take into account
only the multiplicity of x in each output string.

in bold letters.
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6 Conclusion

Bead–Sort, a natural algorithm for sorting positive integers has been imple-
mented with a tissue P system that uses only symport/antiport rules. The com-
plexity of the algorithm is O(n). As the system uses only communication rules
(symport/antiport), the procedure to read the output has been a bit tedious.
The P system built for sorting three numbers can be generalized for sorting
any n positive integers by simply adding more membranes with similar rules.
Some of the antiport rules used involve 5 symbols; a future task could be to try
to avoid this, and keep the number of symbols involved close to 2, as it is the
case in biology. This could be important from the point of view of a possible
bio–implementation.
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Abstract. The aim of this paper is to develop an executable prototype
of an unconventional model of computation. Using the PVS verifica-
tion system (an interactive environment for writing formal specifications
and checking formal proofs), we formalize the restricted model, based on
DNA, due to L. Adleman. Also, we design a formal molecular program in
this model that solves SAT following Lipton’s ideas. We prove using PVS
the soundness and completeness of this molecular program. This work
is intended to give an approach to the opportunities offered by mecha-
nized analysis of unconventional model of computation in general. This
approach opens up new possibilities of verifying molecular experiments
before implementing them in a laboratory.

1 Introduction

Using formal notations does not ensure us that specifications will be correct.
They still need to be validated by permanent reviews but, on the other hand, they
support formal deduction; thus, reviews can be supplemented by mechanically
checked analysis.

PVS1 is a verification system: a specification language tightly integrated with
a powerful theorem prover and other tools. We present in this paper a formal-
ization, in the PVS verification system [3], of an abstract model of molecular
computation: the restricted model due to L. Adleman [2]. This work is moti-
vated by the results obtained using ACL2 in [6], where ACL2 is an automated
reasoning system that provides both a programming language in which one can
model computer systems and a tool that provides assistance to prove properties
of these models.

In a molecular model the data are, in general, tubes (abstract structures
representing a test tube in a laboratory) over a prefixed alphabet. The elements
of these tubes encode a collection of DNA strands associating to each symbol of
the alphabet an oligonucleotide, under certain conditions. The restricted model
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is based on filtering. In such a model, computations have as input an initial tube
containing all possible solutions to the problem to be solved (a coding of them).
Then, by performing separations, a tube with only the correct solutions of the
problem is obtained.

In order to establish the formal verification of a program designed in the
restricted model to solve a decision problem, we must prove two basic results:
• Every molecule in the output tube encodes a valid solution to the problem.

That is, if the output is YES then the problem has a correct solution (soundness
of the program).
• Each molecule in the input tube that encodes a correct solution to the

problem is in the output tube. That is, if there is such a molecule in the input
tube then the output is YES (completeness of the program).

The paper is organized as follows. In section 2, we briefly introduce the
PVS verification system. In section 3, we present Adleman’s restricted model
and describe how this model is formalized in PVS. Section 4 sets up the SAT
problem and how we deal with it in PVS. In section 5 we develop the molecular
solution due to Lipton and we provide, in a compact way, a description of the
formal verification of the program designed, obtained using PVS. The complete
developed theories for this paper are available on the web at
http://www.cs.us.es/c̃gdiaz/investigacion.

2 PVS

The Prototype Verification System (PVS) is a proof checker based on higher–
order logic where types have semantics according to Zermelo–Fraenkel set theory
with the axiom of choice [7]. In such a logic one can quantify over functions which
take functions as arguments and return them as values.

Specifications are organized into theories. They can be parameterized with
semantic constructs (constant or types). Also they can import other theories.
A prelude for certain standard theories is preloaded into the PVS system. As
an example we include in figure 1 the PVS theory epsilons (it appears in the
prelude) which provides a “choice” function that does not have a nonemptiness
requirement. Given a predicate over the type T, epsilon produces an element sat-
isfying that predicate if one exists, and otherwise produces an arbitrary element
of that type. Note that the type parameter is given as nonempty, which means
that there is an nonempty ASSUMPTION automatically generated for this theory.

Before a theory may be used, it is typechecked. The PVS typechecker ana-
lyzes the theory for semantic consistency and adds semantic information to the
internal representation built by the parser. Since this is not a decidable process,
the checks which cannot be resolved automatically are presented to the user as
assertions called type–correctness conditions.

The PVS prover is goal–oriented. Goals are sequents consisting of antecedents
and consequents, e.g. A1, . . . , An � B1, . . . , Bm. The conjunction of the an-
tecedents should imply the disjunction of consequents, i.e. A1 ∧ · · · ∧ An →
B1 ∨ · · · ∨ Bm. The proof starts with a goal of the form � A, where A is the
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epsilons [T: NONEMPTY_TYPE]: THEORY
BEGIN
p: VAR pred[T]
x: VAR T
epsilon(p): T
epsilon_ax: AXIOM (EXISTS x: p(x)) => p(epsilon(p))
END epsilons

Fig. 1. A PVS Theory

theorem to be proved. The user may type proof commands which either prove
the current goal, or result in one or more new goals to prove. In this manner
a proof tree is constructed. The original goal is proved when all leaves of the
proof tree are recognized as true propositions. Basic proof commands are also
combined into strategies.

3 Adleman’s Restricted Model in PVS

In this section Adleman’s restricted model is described and some considerations
about the PVS version of the formalization are given.

Definition 1. An aggregate over an alphabet Σ is a finite multiset of symbols
from Σ. A tube is a multiset of aggregates over Σ.

AGGREGATES: TYPE = MULTISETS[SIGMA]
TUBES: TYPE = MULTISETS[AGGREGATES]

The following are the basic molecular instructions in the Adleman’s restricted
model.
• separate(T, s): Given a tube T and a symbol s ∈ Σ it produces two tubes:

+(T, s) (resp. −(T, s)) is the tube of all the aggregates of T containing (resp.
not containing) the symbol s. As the separate operation produces two values,
we use two functions to implement it in PVS.

sep_p(TT, symb): TUBES =
LAMBDA (gamma): IF TT(gamma) = 0 OR NOT ms_in(symb, gamma)

THEN 0
ELSE TT(gamma) ENDIF

sep_n(TT, symb): TUBES =
LAMBDA (gamma): IF TT(gamma) = 0 OR ms_in(symb, gamma)

THEN 0
ELSE TT(gamma) ENDIF

• merge(T1, T2): Given tubes T1 and T2 it produces their union T1 ∪ T2,
considered as multisets.
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merge(T1, T2): TUBES = ms_union(T1, T2)

• detect(T ): Given a tube T , says YES if T contains at least one aggregate,
and says NO otherwise.

DECISION: TYPE = {YES, NO}
detect(TT): DECISION =
IF ms_empty?(TT) THEN NO ELSE YES ENDIF

4 The Satisfiability Problem

SAT Problem: Given a propositional formula in conjunctive normal form, to
determine if there is a truth assignment, whose domain contains all the proposi-
tional variables occurring in the formula, such that this assignment satisfies the
formula.

Let ϕ be a formula in conjunctive normal form where ϕ = c1 ∧ · · · ∧ cp and
each clause is a disjunction of literals, ci = li,1 ∨ · · · ∨ li,ri

for 1 ≤ i ≤ p. A
literal is a variable or the negation of a variable. Let V ar(ϕ) = {x1, . . . , xn} the
propositional variables occurring in ϕ.

Conjunctions of clauses and disjunctions of literals will be, in PVS, finite
sequences of clauses and literals, respectively. To describe literals in PVS we
represent them as a (marker, propositional variable) ordered pair. There
will be two markers: positive and negative.

MARKERS: TYPE = {positive, negative}
PLIT: TYPE = [MARKERS, PVAR]
PCL: TYPE = finseq[PLIT]
PFORM_fnc: TYPE = finseq[PCL]

For a nonempty sequence S = {e0, ..., en} we denote S = S′ ◦ {e} where
S′ = {e0, ..., en−1} and e = en. We denote, e ∈ S ≡ ∃k(e = ek).

The finite sequence of propositional variables occurring in ϕ is constructed
recursively, in a natural way, over the finite sequence of variables that occurs in
the clauses of ϕ. These sequences are constructed over the variables that appear
in the literals occurring in each clause. We define in PVS the functions PVar to
implement these constructions.

Definition 2.
• If l = (mk, x) then V ar(l) = x.

PVar((S, PV)): PVAR = PV

• If c = {l1, . . . , lr} then V ar(c) = {V ar(l1), . . . , V ar(lr)}.

PVar(PC): finseq[PVAR] = LET L = PC‘length IN
(# length := L,

seq := LAMBDA (i: below[L]): PVar(PC‘seq(i)) #)
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• V ar(ϕ) =
{
{} if ϕ = {}
V ar(c) ◦ V ar(ϕ′) if ϕ = ϕ′ ◦ {c}

PVar(PF): RECURSIVE finseq[PVAR] =
IF PF‘length = 0 THEN empty_seq
ELSE fs_concat(PVar(fs_last(PF)), PVar(fs_red(PF)))
ENDIF MEASURE PF‘length

We define in PVS a truth assignment or valuation as an application between
propositional variables and truth values, 0 or 1. The opposite value, v̄, of a truth
value, v, is defined as usual.

TRUTH_VALUES: TYPE = {zero, one}
VV: VAR TRUTH_VALUES
opp_value(VV): TRUTH_VALUES =

IF VV = zero THEN one ELSE zero ENDIF

VALUATIONS: TYPE = [PVAR -> TRUTH_VALUES]

For a given valuation the truth value of a literal agrees with the truth value
of its variable if the marker is positive; otherwise the truth value of the literal
is the opposite one. The truth value of a clause in relation to a valuation can be
computed recursively from the truth values of its literals. It will be 1 if there is,
at least, one literal whose truth value is 1 and 0 otherwise. Similarly, the truth
value for a given propositional formula can be computed recursively from the
truth values of the clauses occurring in it. It will be 1 if all of them are 1; 0
otherwise.

We define the functions PVal in PVS to compute those values.

Definition 3.

• π(l) =
{
π(V ar(l)) if l = (positive, x)
¬π(V ar(l)) otherwise.

PVal(PI, PL): TRUTH_VALUES =
IF plit_positive?(PL) THEN PI(PVar(PL))
ELSE opp_value(PI(PVar(PL))) ENDIF

• π(c) =



0 if c = {}

if c = c′ ◦ {l}
{
1 if π(l) = 1
π(c′) otherwise.

PVal(PI, PC): RECURSIVE TRUTH_VALUES =
IF length(PC) = 0 THEN zero
ELSIF PVal(PI, fs_last(PC)) = one THEN one
ELSE PVal(PI, fs_red(PC)) ENDIF
MEASURE length(PC)
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• π(ϕ) =



1 if ϕ = {}

if ϕ = ϕ′ ◦ {c}
{
0 if π(c) = 0
π(ϕ′) otherwise.

PVal(PI, PF): RECURSIVE TRUTH_VALUES =
IF length(PF) = 0 THEN one
ELSIF PVal(PI, fs_last(PF)) = zero THEN zero
ELSE PVal(PI, fs_red(PF))
ENDIF MEASURE length(PF)

Nevertheless, to establish the value of a formula usually it is considered that
the application domain is restricted to the set of variables that occur in the
formula. We consider, in this sense the following approximation.

Definition 4. A valuation σ, over a finite sequence S, is an application σ :
Ran(S)→ {0, 1}, where Ran(S) is the range of S.
RES_VALUATIONS: TYPE =
[# domain: finseq[PVAR],

PVal: [{PV: PVAR | fs_in(PV, domain)} -> TRUTH_VALUES] #]

The truth value of a variable for a valuation σ over S is σ(x) if x ∈ S, 0
otherwise. The definition of the truth value of a literal, clause or formula for a
valuation σ over S is done in the same way as before.

5 Lipton’s Solution to SAT Problem

In this regard we follow [5] closely. Given a propositional formula ϕ, we consider
the following directed graph Gϕ = (Vϕ, Eϕ); where Vϕ = {ai, xji , an+1| 1 ≤ i ≤
n ∧ (j = 0 ∨ j = 1)} and Eϕ = {(ai, xji ), (xji , ai+1)| 1 ≤ i ≤ n ∧ (j = 0 ∨ j = 1)}.

There is a natural bijection between the set of simple paths starting at a1
and ending at an+1, and the set of valuations defined over V ar(ϕ). Let γ =
a1x

j1
1 . . . xjnn an+1 be such a path. The associated valuation σγ is characterized

by the following relation: σγ(xi) = ji for 1 ≤ i ≤ n.

5.1 Design of the Molecular Program

Let us consider Σ = {ai, xji | i ∈ N∧x ∈ PVAR∧(j = 0∨j = 1)}. Given a formula ϕ
with V ar(ϕ) = {x1, . . . , xn}, the initial tube Tϕ = {{{{a1xj11 . . . xjnn an+1}}| ∀i(1 ≤
i ≤ n→ ji = 0∨ ji = 1}} (we use the double braces to denote a multiset) can be
generated in a laboratory. It is formed in the same way that the test tube of all
paths to find the Hamiltonian Path is elaborated in [1].

To describe the symbols xj for j ∈ {0, 1} in PVS we represent them as a
(propositional variable, truth value) ordered pair. Let us consider Σ =
PVAR × {0, 1} the alphabet for the computation model. Given a propositional
formula, we represent the aggregates for the initial tube by omitting the symbols
ai (they were used in the original experiment as auxiliary vertices of the directed
graph considered to construct Tϕ).
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Initial tube: To construct the initial tube for a given finite sequence of propo-
sitional variables, in PVS, we define the following functions.

Definition 5.

ins(x, v, γ) =

{
γ if ∃v′((x, v′) ∈ γ)
γ ∪ {(x, v)} otherwise.

ins(PV, VV, gamma): AGGREGATES =
IF EXISTS VV_p: ms_in((PV, VV_p), gamma) THEN gamma
ELSE ms_incl((PV, VV), gamma) ENDIF

TS =



{{}} if S = {}
{{{{(x, 1)}}, {{(x, 0)}}}} if S = {x}
{{ins(x, 1, γ′), ins(x, 0, γ′)| γ′ ∈ TS′}} otherwise (S = S′ ◦ {x}).

make_tube(S): RECURSIVE TUBES =
IF S‘length = 0 THEN ms_empty
ELSE LET SR = fs_red(S), SU = fs_last(S) IN

IF SR‘length = 0
THEN LAMBDA (gamma):

IF gamma = ms_incl((SU, one), ms_empty) OR
gamma = ms_incl((SU, zero), ms_empty)

THEN 1 ELSE 0 ENDIF
ELSE LET TT = make_tube(SR) IN LAMBDA (gamma):

IF EXISTS gamma_p:
ms_in(gamma_p, TT) AND
(gamma = ins(SU, one, gamma_p) OR
gamma = ins(SU, zero, gamma_p))

THEN 1 ELSE 0 ENDIF
ENDIF

ENDIF MEASURE S‘length
initial_tube(PF): TUBES = make_tube(PVar(PF))

The specification of γ|x states that x appears in γ associated with only one
truth value.

Definition 6. γ|x ≡ ∃v((x, v) ∈ γ ∧ (x, v̄) �∈ γ).
pv?_aggregate(gamma, PV): bool =

EXISTS VV: ms_in((PV, VV), gamma) AND
NOT ms_in((PV, opp_value(VV)), gamma)

Lemma 1. γ ∈ TS ∧ x ∈ S → γ|x
initial_tube_carac: LEMMA
ms_in(gamma, make_tube(S)) AND fs_in(PV, S)
IMPLIES pv?_aggregate(gamma, PV)
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Definition 7. Given S ⊆ S′ and γ ∈ TS′ we define the associated valuation as
σSγ : Ran(S)→ {0, 1} where σSγ (x) = v for a truth value v such that (x, v) ∈ γ.

asoc(S)(gamma: {gamma_p| EXISTS SL: fs_subseq(S, SL) AND
ms_in(gamma_p, make_tube(SL))}):

RES_VALUATIONS =
(# domain := S,

PVal := LAMBDA (PV: {PV_p| fs_in(PV_p, S)}):
epsilon! VV: ms_in((PV, VV), gamma) #)

The following properties characterize the above definition.

Lemma 2. γ ∈ TS ∧ (x, v) ∈ γ → σSγ (x) = v

asoc_carac: LEMMA
ms_in(gamma, make_tube(S)) AND ms_in((PV, VV), gamma)

IMPLIES asoc(S)(gamma)‘PVal(PV) = VV

Lemma 3. For each valuation σ : Ran(S) → {0, 1} such that S is nonempty
there exists an aggregate γ ∈ TS such that σSγ = σ.

make_tube_sound: LEMMA
(sigma‘domain = S AND S‘length > 0) IMPLIES

EXISTS gamma: ms_in(gamma, make_tube(S)) AND
asoc(S)(gamma) = sigma

Following [4], for each literal li,j occurring in ϕ we will denote lvi,j = xvm
if li,j = xm; otherwise lvi,j = xv̄m. That is, if an aggregate in the initial tube
contains the lvi,j symbol then, for the associated valuation of that aggregate, the
literal li,j has assigned the truth value v.

l_symb(PL, VV): [PVAR, TRUTH_VALUES] =
IF plit_positive?(PL) THEN (PVar(PL), VV)
ELSE (PVar(PL), opp_value(VV)) ENDIF

The operation over the initial tube is done as follows: Let T1 be the tube
whose aggregates encode a valuation that assigns the truth value 1 to the clause
c1. We construct this tube as follows:

Consider the tube that consists of the aggregates in T0 whose associated
valuation assign 1 to the literal l1,1. Then, for those aggregates whose associated
valuation assigns 0 to l1,1, extract the ones that assign 1 to l1,2. For the remainder
aggregates (encoding a truth assignment that assigns 0 to l1,1 ∨ l1,2) extract
those that assign 1 to l1,3, and so on.

From T1, in the same way as before, construct T2, the tube whose aggregates
assign 1 to the clause c2, and so on.

According to this idea, a molecular program in the restricted model solving
SAT is the following one.
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Procedure sat lipton(ϕ)
input: T ← Tϕ

for i = 1 to p do
T ′ ← ∅
for j = 1 to ri do

T ′′ ← +(T, l1i,j)
T ← −(T, l1i,j)
T ′ ← merge(T ′, T ′′)

end for
T ← T ′

end for
detect(T )

To implement the program sat lipton in PVS, we will define two recursive
functions, inner l and main l, one for each loop.

Definition 8.

inner l(c, T, T ′) =

{
T ′ if c = {}
inner l(c′,−(T, l1), T ′ ∪+(T, l1)) if c = c′ ◦ {l}

main l(ϕ, T ) =

{
T if ϕ = {}
main l(ϕ′, inner l(c, T, {{}})) if ϕ = ϕ′ ◦ {c}

inner_l(PC, TT, TRes): RECURSIVE TUBES =
IF PC‘length = 0 THEN TRes
ELSE inner_l(fs_red(PC),

sep_n(TT, l_symb(fs_last(PC), one)),
merge(TRes, sep_p(TT, l_symb(fs_last(PC), one))))

ENDIF MEASURE PC‘length
inner_l(PC, TT): TUBES = inner_l(PC, TT, ms_empty)

main_l(PF, TT): RECURSIVE TUBES =
IF PF‘length = 0 THEN TT
ELSE main_l(fs_red(PF), inner_l(fs_last(PF), TT))
ENDIF MEASURE PF‘length

main_l(PF): TUBES = main_l(PF, initial_tube(PF))

sat_lipton(PF): DECISION = detect(main_l(PF))

5.2 Completeness and Soundness in PVS

Next we present results needed to prove, in PVS, the completeness and soundness
of the program.

Theorem 1 (completeness). Given a formula ϕ such that V ar(ϕ) is
nonempty we have that ∃π(π(ϕ) = 1)→ sat lipton(ϕ) = YES
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completeness: THEOREM
PVar(PF)‘length > 0 AND (EXISTS PI: PVal(PI, PF) = one))

IMPLIES sat_lipton(PF) = YES

To prove this theorem it is sufficient to prove the next one.

Theorem 2 (sat lipton compl gen). V ar(ϕ) ⊆ S ∧ T ⊆ TS
∧ γ ∈ T ∧ σSγ (ϕ) = 1→ γ ∈ main l(ϕ, T ).

sat_lipton_compl_gen: THEOREM
fs_subseq(PVar(PF), S) AND ms_subset(TT, make_tube(S))
AND ms_in(gamma, TT) AND PVal(asoc(S)(gamma), PF) = one
IMPLIES ms_in(gamma, main_l(PF, TT))

A similar result for clauses is needed.

Theorem 3.
V ar(c) ⊆ S ∧ T ⊆ TS ∧ γ ∈ T ∧ σSγ (c) = 1→ γ ∈ inner l(c, T, T ′)

sat_lipton_compl_pcl: LEMMA
fs_subseq(PVar(PC), S) AND ms_subset(TT, make_tube(S)) AND
ms_in(gamma, TT) AND PVal(asoc(S)(gamma), PC) = one
IMPLIES ms_in(gamma, inner_l(PC, TT, TRes))

Theorem 4 (soundness). sat lipton(ϕ) = YES→ ∃π(π(ϕ) = 1).

soundness: THEOREM
sat_lipton(PF) = YES IMPLIES EXISTS PI: PVal(PI, PF) = one

To prove this theorem it is sufficient to prove the next one.

Theorem 5. V ar(ϕ) ⊆ S ∧ T ⊆ TS ∧ γ ∈ main l(ϕ, T )→ σSγ (ϕ) = 1.

sound_pform: LEMMA
fs_subseq(PVar(PF), S) AND ms_subset(TT, make_tube(S)) AND
ms_in(gamma, main_l(PF, TT))

IMPLIES PVal(asoc(S)(gamma), PF) = one

Again a similar result for clauses is also needed.

Theorem 6. V ar(c) ⊆ S ∧ T ⊆ TS ∧ γ �∈ T ′ ∧ γ ∈ inner l(ϕ, T, T ′)→ σSγ (c) =
1.

sound_pcl: LEMMA
fs_subseq(PVar(PC), S) AND ms_subset(TT, make_tube(S))
AND (NOT ms_in(gamma, TRes)) AND
ms_in(gamma, inner_l(PC, TT, TRes)))
IMPLIES PVal(asoc(S)(gamma), PC) = one
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6 Conclusions

A great part of our work within molecular computing is related to the formal-
ization of the different models that have appeared. Also we have designed and
verified programs within these models, to solve classical intractable problems.
During this effort we have drawn the conclusion that the next step should be
the implementation of these works in an automated reasoning system. Moreover,
this approach gives us the possibility of obtaining executable models.

As stated before, the present formalization has been motivated by the re-
sults obtained in [6] using ACL2. One advantage of PVS is that it has sets and
functions as types and that it is based on a higher–order logic so we gain expres-
siveness. We also have list data types and tools to deal with recursive definitions
and proofs by induction over them.

In this paper a formalization in PVS of the restricted model has been pre-
sented. Also a verification using PVS of the Lipton’s experiment solving the SAT
problem has been obtained. We think that using automated reasoning systems,
molecular experiments can be verified before realizing these experiments in a
laboratory.

We plan to implement in PVS a more natural specification of this and other
molecular models. We also want to establish the formal verification, in the men-
tioned terms, of the programs designed in those models. We believe and expect
that this process would be especially useful to develop a fully or semi automatic
strategy to prove the completeness and soundness of programs in unconventional
models of computation.
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Abstract. In this paper, we propose a topological metaphor for
computations: computing consists in moving through a path in a data
space and making some elementary computations along this path. This
idea underlies an experimental declarative programming language called
mgs. mgs introduces the notion of topological collection: a set of values
organized by a neighborhood relationship. The basic computation step
in mgs relies on the notion of path : a path C is substituted for a
path B in a topological collection A. This step is called a transforma-
tion and several features are proposed to control the transformation
applications. By changing the topological structure of the collection,
the underlying computational model is changed. Thus, mgs enables
a unified view on several computational mechanisms. Some of them
are initially inspired by biological or chemical processes (Gamma and
the CHAM, Lindenmayer systems, Paun systems and cellular automata).

Keywords: Topological collection, declarative and rule-based program-
ming language, rewriting, Paun system, Lindenmayer system, cellular
automata, Cayley graphs, combinatorial algebraic topology.

1 Introduction

Our starting point is the following intuitive meaning of a data structure: a data
structure s is an organization o performed on a data set D. It is customary to
consider the pair s = (o,D) and to say that s is a structure o of D (for instance
a list of int, an array of float, etc.) and to use set theoretic constructions to
specify o. However, here, we want to stress the structure o as a set of places
or positions, independently of their occupation by elements of D. Following this
perspective, a data structure in [Gia00] is a function from a set of positions to
a set of values: this is the point of view promoted by the data fields approach.
Data fields have been mainly focussed on arrays and therefore on Z

n as the set
of positions [Lis93]. One of our motivations is to define in the same framework
the set of positions representing a tree, an array or a multiset independently of
the set of values.

Data Structure and Neighborhood. To define a data organization, we adopt a
topological point of view: a data structure can be seen as a space, the set of
positions between which the computation moves. This topological approach relies
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on the notion of neighborhood to specify a move from one position to one of its
neighbor. Although speaking of neighborhood in a data structure is not usual,
the relative accessibility from one element to another is a key point considered
in a data structure definition:

1. In a simply linked list, the elements are accessed linearly (the second after
the first, the third after the second, etc.).

2. In a circular buffer, or in a double-linked list, computation goes from one
element to the following or to the previous one.

3. From a node in a tree, we can access the sons.
4. The neighbors of a vertex V in a graph are visited after V when traveling

through the graph.
5. In a record, the various fields are locally related and this localization can be

named by an identifier.
6. Neighborhood relationships between array elements are left implicit in the

array data-structure. Implementing neighborhood on arrays relies on an in-
dex algebra: index computations are used to code the access to a neighbor.
The standard example of index algebra is integer tuples with linear map-
pings λx.x ± 1 along each dimension (called “Von Neumann” or “Moore”
neighborhoods).

This accessibility relation defines a logical neighborhood. And the list of exam-
ples can be continued to convince ourselves that a notion of logical neighborhood
is fundamental in the definition of a data structure.

Elementary Shifts and Paths. The concept of logical neighborhood in a data
structure is not only an abstraction perceived by the programmer and vanishing
at the execution, but it does have an actual meaning for the computation. Very
often the computation indeed complies with the logical neighborhood of the
data elements. For example, the recursive definition of the fold function on
lists propagates an action to be performed from the the tail to the head of
the list. More generally, recursive computations on data structures respect so
often the logical neighborhood, that standard high-order functions (e.g. primitive
recursion) can be automatically defined from the data structure organization
(think about catamorphisms and others polytypic functions on inductive types
[MFP91]).

These considerations lead to the idea of path: in a sequential computation,
elements of the data structure are visited one after the other. We assume that
if element e′ is visited just after element e in a data structure s, then e′ must
be a neighbor of e. The move from e to e′ is called a shift and the succession of
visited elements makes a path in s. The idea of sequential path can be extended
to include parallel modes of computations: multi-dimensional paths must be used
instead of one-dimensional paths [GJ92].

Paths and Computations. At this point we can summarize our presentation:
we assume that a computation induces a path in a space defined by the neigh-
borhood relationship between the elements of a data structure. At each shift,
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some elementary computation is done. Each topological operation used to build
a path can then be turned into a new control structure that composes program
fragments.

This schema is presented in an imperative setting but can be easily rephrased
into the declarative programming paradigm by just specifying the linking of com-
putational actions with path specifications. When a path specification matches
an actual path in a data structure, then the corresponding action is triggered.
It is very natural, especially in our topological framework, to require that the
results of the computational action be local : the corresponding data structure
transformation is restricted to the value of the the elements involved in the path
and eventually to the organization of the path elements and their neighborhood
relationships. Such transformation is qualified as local.

This declarative schema induces a rule-oriented style of programming: a rule
defines a local transformation by specifying the path to be matched and the
corresponding action. A program run consists in the transformation of a whole
data structure by the simultaneous application of local transformations to non-
intersecting paths. Obviously, such global transformation can then be iterated.

Organization of the paper. In section 2 we introduce the mgs programming lan-
guage. mgs is used as a vehicle to experiment our topological ideas. We start
by the definition of several types of topological collections. The notions under-
lying the selection of a path and path substitution are then sketched. Section 3
illustrates the previous constructions with two examples taken from the domain
of molecular computing and cellular automata. All examples given are real mgs
programs running on top of one or the other of the two available interpreters.
In the last section, we review some related works and some perspectives opened
by this research.

2 The MGS Programming Language

The topological approach sketched in section 1 is investigated through an ex-
perimental declarative programming language called mgs. mgs is aimed at the
representation and manipulation of local transformations of entities structured
by abstract topologies [GM01c,GM02]. A set of entities organized by an abstract
topology is called a topological collection. Topological means here that each col-
lection type defines a neighborhood relation specifying both the notion of locality
and the notion of sub-collection. A sub-collection B of a collection A is a subset
of elements of A defined by some path and inheriting its organization from A.
The global transformation of a topological collection C consists in the parallel
application of a set of local transformations. A local transformation is specified
by a rewriting rule r that specifies the change of a sub-collection. The application
of a a rewrite rule r = β ⇒ f(β, ...) to a collection A:

1. selects a sub-collection B of A whose elements match the path pattern β,
2. computes a new collection C as a function f of B and its neighbors,
3. and specifies the insertion of C in place of B into A.
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mgs embeds the idea of topological collections and their transformations into
the framework of a simple dynamically typed functional language. Collections are
just new kinds of values and transformations are functions acting on collections
and defined by a specific syntax using rules. Functions and transformations are
first-class values and can be passed as arguments or returned as the result of an
application. mgs is an applicative programming language: operators acting on
values combine values to give new values, they do not act by side-effect. In our
context, dynamically typed means that there is no static type checking and that
type errors are detected at run-time during evaluation. Although dynamically
typed, the set of values has a rich type structure used in the definition of pattern-
matching, rule and transformations.

2.1 Collection Types

There are several predefined collection types in mgs, and also several means
to construct new collection types. The collection types can range in mgs from
totally unstructured with sets and multisets to more structured with sequences
and GBFs [GMS95,Mic96,GM01a] (other topologies are currently under devel-
opment and include Voronöı partitions and abstract simplicial complexes). This
paper focuses on two families of collection types: monoidal collection and GBF.

For any collection type T, the corresponding empty collection is written ():T.
The name of a type is also a predicate used to test if a value has this type: T(v)
returns true only if v has type T. Each collection type can be subtyped:

collection U = T;;

introduces a new collection type U, which is a subtype of T. These two types
share the same topology but a value of type U can be distinguished from a value
of type T by the predicate U. Elements in a collection T can be of any type,
including collections, thus achieving complex objects in the sense of [BNTW95].

Monoidal Collections. Set, multiset (or bag) and sequences are members of the
monoidal collection family. As a matter of fact, a sequence (resp. a multiset)
(resp. a set) of values taken in V can be seen as an element of the free monoid
V ∗ (resp. the commutative monoid) (resp. the idempotent and commutative
monoid). The join operation in V ∗ is written by a comma “,” and induces the
neighborhood of each element: let E be a monoidal collection, then elements x
and y in E are neighbors iff E = u,x,y,v for some u and v. This definition
induces the following topology:

– for sets (type set), each element in the set is neighbor of any other element
(because the commutativity, the term describing a set can be reordered fol-
lowing any order);

– for multiset (type bag), each element is also neighbor of any other (however,
the elements are not required to be distinct as in a set);

– for sequence (type seq), the topology is the expected one: an element not at
one end has a neighbor at its right.
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The comma operator is overloaded in mgs and can be used to build any monoidal
collection (the type of the arguments disambiguate the collection built). So, the
expression 1, 1+1, 2+1, ():set builds the set with the three elements 1, 2 and
3, while the expression 1, 1+1, 2+1, ():seq makes a sequence s with the same
three elements. The comma operator is overloaded such that if x and y are
not monoidal collections, then x,y builds a sequence of two elements. So, the
expression 1, 1+1, 2+1 evaluates to the sequence s too.

Group-Based Data Field. Group-based data fields (GBF in short) are used to
define organizations with uniform neighborhood. A GBF is an extension of the
notion of array, where the elements are indexed by the elements of a group,
called the shape of the GBF [GMS95,GM01a]. For example:

gbf Grid2 = < north, east >

defines a gbf collection type called Grid2, corresponding to the Von Neuman
neighborhood in a classical array (a cell above, below, left or right – not diagonal).
The two names north and east refer to the directions that can be followed to
reach the neighbors of an element. These directions are the generators of the
underlying group structure. The right hand side (r.h.s.) of the GBF definition
gives a finite presentation of the group structure. The list of the generators can
be completed by giving equations that constraint the displacements in the shape:

gbf Hexagon = < east, north, northeast; east + north = northeast >

defines an hexagonal lattice that tiles the plane, see. figure 1. Each cell has six
neighbors (following the three generators and their inverses). The equation east
+ north = northeast specifies that a move following northeast is the same
has a move following the east direction followed by a move following the north
direction.

A GBF value of type T is a partial function that associates a value to some
group elements (the group elements are the positions of collection and the the
empty GBF is the everywhere undefined function). The topology of T is easily
visualized as the Cayley graph of the presentation of T: each vertex in the Cayley
graph is an element of the group and vertices x and y are linked if there is a
generator g in the presentation such that x+ g = y.

A presentation starting with < and ending with > introduces an Abelian
organization: they are implicitly completed with the equations specifying the
commutation of the generators g + g’ = g’ + g. Currently only free and Abelian
groups are allowed: free groups with n generators correspond to n-ary trees and
Abelian GBF corresponds to twisted and circular grids (the free Abelian group
with n generators generalizes n-dimensional arrays).

2.2 Matching a Path

Path patterns are used in the left hand side (l.h.s) of a rule to match a sub-
collection to be substituted. We give only a fragment of the grammar of the
patterns:
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Pat ::= x | <undef> | p , p′ | p |g> p′ | p * | p/exp | p as x

where p, p′ are patterns, g is a GBF generator, x ranges over the pattern variables
and exp is an expression evaluating to a boolean value.

Informally, a path pattern can be flattened into a sequence of basic filters
and repetition specifying a sequence of positions with their associated values.
The order of the matched elements can be forgotten to see the result of the
matching as a sub-collection. A pattern variable x matches exactly one element
(somewhere in the collection) and the identifier x can be used in the rest of the
rule to denote the value of the matched element. More generally, the naming
of the value of a sub-path is achieved using the construction as. The constant
<undef> is used to match an element with an undefined value (i.e., a position
with no value). The pattern p,p′ stands for a path beginning like p and ending
like p′ (i.e., the last element in path p must be a neighbor of the first element
in path p′). For example, x,y matches two connected elements (i.e., y must be
a neighbor of x). The neighborhood relationship depends of the collection kind
and is decomposed in several sub-relations in the case of a GBF. The comma
operator is then refined in the construction p |g> p′: the first element of p′ is the
g-neighbor of the last element in path p. The pattern p* matches a (possibly
empty) repetition p, . . . , p of path p. Finally, p/exp matches the path p only
if exp evaluates to true. For example

(
s/seq(s)

)
+ as S

/
size(S) == 5

selects a sub-collection S of size 5, each element of S being a sequence. If this
pattern is used against a set, S is a subset, if this pattern is used against a
sequence, S is a sub-sequence (that is, an interval of contiguous elements), etc.

2.3 Path Substitution and Transformations

There are several features to control the application of a rule: rules may have
priority or a probability of application, they may be guarded and depend on the
value of local variables, they “consume” their arguments or not, . . . , see [GM01b]
for more details.

Substitutions of Sub-collections. A rule β ⇒ c can be seen as a rule for substitut-
ing a path or a sub-collection (recall that a path can be seen as a sub-collection
by simply forgetting the order of the elements in the path). For example the rule

(x / x<3)+ as S ⇒ 3,4,5,():set

applied to the set 1,2,3,4,():set returns the set 3,4,5,():set because S
matches the subset 1,2,():set and is replaced by the set 3,4,5,():set. The
final result is computed as (3,4,():set) ∪ (3,4,5,():set).
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Substitutions of Paths. Because the matched sub-collection is also a path, that
is a sequence of elements, the seq type has a special role when appearing in the
r.h.s. of a rule. If the r.h.s. evaluates to a sequence, and if this sequence has the
same length as the matched path, then the first element of the sequence is used
to replace the first element of the matched path, and so on. This convention
is coherent with the sub-collection substitution point of view and simplifies the
building of the r.h.s.

For example, suppose that in a GBF of type Grid2, we want to model the
random walk of a particle x. Then, two neighboring elements, one being x the
other undefined, must exchange their values. This is achieved with only one
simple rule

x, <undef> ⇒ <undef>, x

without the need to mention the precise neighborhood relationships between the
two elements.

Newtonian and Leibnizian Collections. We have mentioned above that the result
of replacing a sub-set by a set is computed using set union. More generally, the
insertion of a collection C in place of a sub-collection B depends on the “borders”
of the involved collections. For example, in a sequence, the sub-collection B
defines in general two borders which are used to glue the ends of collection C.
The gluing strategy may admit several variations. The programmer can select
the appropriate behavior using the rule’s attributes.

We discuss here only the flattening/nesting behavior linked with the Leib-
nizian/Newtonian kind of the involved collection. Consider the rule:

x ⇒ x, x

Intuitively, it defines the substitution of one element by two copies of it. However
the evaluation of the r.h.s. gives a couple and then, there are two possibilities
to replace x: one may replace the element matched by x by one element which
is a couple, or, one may “merge” the couple in place of x preserving the neigh-
borhood of x. For example, if this rule is used on the sequence 1,2,3, the first
interpretation gives the result (1,1), (2,2), (3,3) (a sequence of sequences of
integers) and the second interpretation returns 1,1,2,2,3,3 (a flat sequence of
integers).

The two possibilities, exemplified here for a sequence, hold for any monoidal
collection. For a GBF, e.g. Grid2, this rule has no meaning, because we cannot
insert arbitrary positions between two others without changing the topology of
Grid2. The set of positions of a GBF exists independently of the values involved
in the collection. GBF are Newtonian space: the positions exist a priori and can
be occupied or left empty by the values. In the opposite, monoidal collections
have a Leibnizian character in the sense that their topology exist only as a
relation between the actual values. A consequence is that there is no position
with an undefined value in a Leibnizian collection.
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Transformations. A transformation R is a set of rules:

trans R = { . . . rule ; . . . }
For example, the transformation trans Mf = { x ⇒ f(x); } defines a func-
tion Mf similar to the map(f) operator. The expression Mf(c) denotes the appli-
cation of one transformation step to the collection c and a transformation step
consists in the parallel application of the rules (modulo the rule application’s
features). Thus Mf(c) computes a new collection where each element e of col-
lection c is replaced with f(e). Transformations may have parameters, which
enables, e.g., the writing of a generic map: the transformation trans M[fct] = {
x ⇒ fct(x); } requires an additional argument when applied. The arguments
between brackets are passed to the transformation using a name as in [GAK94].
So, expression M[fct=\x.x+1](c) returns a collection where each element ofc
is increased by one. This transformation is polytypic in the sense that it can be
applied to any collection type. A transformation step can be easily iterated:

T[iter=n](c) denotes the application of n transformation steps
T[iter=fixpoint](c) application of T until a fixpoint is reached
T[iter=fixrule](c) the fixpoint is detected when no rule applies

3 Examples

Because the lack of space, we present here only two simple examples. However,
more examples can be found in [GM01b,GM01c,GGMP02] including the tok-
enization of a sequence of letters, the Eratosthene’s sieve, primitive recursion
operators on sequences and sets, the computation of the convex hull of a set of
points, the maximal segment sum and some other optimization problems, the
computation of the disjunctive normal form of a logical formula, direct coding
of Lindenmayer systems and Paun systems, Turing-like diffusion-reaction pro-
cesses, the simulation of a spatially distributed biochemical interaction networks,
examples in population dynamics, paradigmatic examples in the field of artificial
chemistry and cellular automata, etc.

3.1 Restriction Enzymes

This example shows the ability to nest different topologies to achieve the model-
ing of a biological structure. We want to represent the action of a set of restriction
enzymes on the DNA. The DNA structure is simplified as a sequence of letters
A, C, T and G. The DNA strings are collected in a multiset. Thus we have to
manipulate a multiset of sequences. The following declarations

collection DNA = seq;;
collection TUBE = bag;;

introduce a subtype called DNA of seq and a subtype of multisets called TUBE.
A restriction enzyme is represented as a rule that splits the DNA strings; for

instance a rule like:
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EcoRI = x+ as X,
(cut+ as CUT / CUT = "G","A","A","T","T","C",():DNA),
y+ as Y

⇒ (X,"G") :: ("A","A","T","T","C",Y) :: ():TUBE ;

corresponds to the EcoRI restriction enzyme with recognition sequence GˆAATTC
(the point of cleavage is marked with ˆ). The x+ pattern filters the part of the
DNA string before the recognition sequence and the result is named X (the +
operator denotes repetition of neighbors). Identically, Y names the part of the
string after the recognition sequence. The r.h.s. of the rule constructs a TUBE
containing the two resulting DNA subsequences (the :: operator indicates the
“consing” of an element with a sequence).

We need an additional rule Void for specifying that a DNA string without
a recognition sequence must be inserted wrapped in a TUBE. The two rules are
collected into one transformation:

trans Restriction = {
EcoRI = . . . ;
Void = x+ as X ⇒ X :: ():TUBE ;

}
In this way, the result of applying the transformation Restriction on a DNA string
is systematically a sequence with only one element which is a TUBE. Note that
the rule Void is applied only when the rule EcoRI cannot be applied.

The transformation Restriction can then be applied to the DNA strings
floating in a TUBE using the simple transformation:

trans React = { dna ⇒ hd(Restriction(dna)) }
The operator hd gives the head of the result of the transformation Restriction,
i.e. a TUBE containing one or two DNA strings. These elements are then merged
with the content of the enclosing TUBE. The transformation can be iterated until
a fixpoint is reached :

React[fixpoint]((
("C","C","C","G","A","A","T","T","C","A","A",():DNA),
("T","T","G","A","A","T","T","C","G","G","G",():DNA),
():TUBE ));;

returns the tube ("A","A","T","T","C","A","A",():DNA), ("T","T","G",():DNA),

("C","C","C","G",():DNA), ("A","A","T","T","C","G","G","G",():DNA), ():TUBE.

3.2 The Eden Model

We start with a simple model of growth sometimes called the Eden model (specif-
ically, a type B Eden model [YPQ58]). The model has been used since the 1960’s
as a model for such things as tumor growth and growth of cities. In this model,
a 2D space is partitioned in empty or occupied cells (we use the value true for
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Fig. 1. Eden’s model on a grid and on an hexagonal mesh (initial state, and states after
the 3 and the 7 time steps). Exactly the same transformation is used for both cases.
These shapes correspond to a Cayley graph of Grid2 and Hexagon whit the following
conventions: a vertex is represented as a face and two neighbors in the Cayley graphs
share an edge in this representation. An empty cell has an undefined value. Only a part
of the infinite domain is figured.

an occupied cell and left undefined the unoccupied cells). We start with only one
occupied cell. At each step, occupied cells with an empty neighbor are selected,
and the corresponding empty cell is made occupied.

The Eden’s aggregation process is simply described as the following trans-
formation:

trans Eden = { x,<undef> / x ⇒ x,true ; }
We assume that the boolean value true is used to represent an occupied cell,
other cells are simply left undefined. Then the previous rule can be read: an
occupied element x and an undefined neighbor are transformed into two occupied
elements. The transformation Eden defines a function that can then be applied
to compute the evolution of some initial state. One of the advantages of the mgs
approach, is that this transformation can apply indifferently on grid or hexagonal
lattices, or any other collection kind.

It is interesting to compare transformations on GBFs with the genuine cellu-
lar automata (CA) formalism. There are several differences. The notion of GBF
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extends the usual square grid of CA to more general Cayley graphs. The value of
a cell can be arbitrary complex (even another GBF) and is not restricted to take
a value in a finite set. Moreover, the pattern in a rule may match an arbitrary
domain and not only one cell as it is usually the case for CA. For example the
transformation:

gbf G2 = <X, Y >;;
trans Turn = { a|X> b |Y-X> c |-X-Y> d |X-Y> e ⇒ a,e,b,c,d; }

specify the 90◦-turn of a cross in GBF G2 (see illustration 2). The pattern frag-
ment b |Y-X> c specifies that c is at the north-west of element b if we take the
X dimension as the east direction and the Y dimension as the north direction.

a
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b d
e
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1
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2
3
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0 1
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Fig. 2. First and second iteration of transformation Turn on the GBF to the left (only
defined values are pictured). In contrast with cellular automata, the evolution of a
multi-cell domain can be easily specified by a single rule.

4 Related and Future Work

This topological approach formalizing the notion of collection is part of a long
term research effort [GMS95] developed for instance in [Gia00] where the fo-
cus is on the substructure and in [GM01a] where a general tool for uniform
neighborhood definition is developed.

Related Works. Seeing a computation as a path in some abstract space is hardly
new: the representation of the execution of a concurrent program as a trajectory
in the Cartesian product of the sequential processes dates back to the sixties(in
this representation, semaphore operations create topological obstructions and
one can study the topology of theses obstructions to decide if a deadlock may
occur). However, note that the considered space is based on the elementary
computations, not on the involved data structure.

In the same line, the methods for building domains in denotational semantics
have clearly topological roots, but they involve the topology of the set of values,
not the topology of a value.
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Another example of topological inspiration is the approach taken in [FM97],
that rephrased in our perspective, uses a regular language to model the displace-
ments resulting from following pointers in C data structures.

There exists strong links between GBF and cellular automata, especially
considering the work of Z. Róka which has studied CA on Cayley graphs [Rók94].
However, our own works focus on the construction of Cayley graphs as the shape
of a data structure and we develop an operator algebra and rewriting notions
on this new data type. This is not in the line of Z. Róka which focuses on
synchronization problems and establishes complexity results in the framework
of CA.

Obviously, Lindenmayer systems [Lin68] correspond to transformations on
sequences, and basic Paun systems [Pau00] can be emulated using transforma-
tions on multisets.

Formalizations and Implementations. A unifying theoretical framework can be
developed [GM01b,GM02], based on the notion of chain complex developed in al-
gebraic combinatorial topology. However, we do not claim that we have achieved
a useful theoretical framework encompassing the cited paradigm. We advocate
that few (topological) notions and a single syntax can be consistently used to
allow the merging of these formalisms for programming purposes.

Currently, two versions of an mgs interpreter exist: one written in OCAML (a
dialect of ML) and one written in C++. There are some slight differences between
the two versions. For instance, the OCAML version is more complete with respect
to the functional part of the language. These interpreters are freely available
(see url http://www.lami.univ-evry.fr/mgs).

Perspectives. The perspectives opened by this preliminary work are numerous.
We want to develop several complementary approaches to defines new topologi-
cal collection types. One approach to extend the GBF applicability is to consider
monoids instead of groups, especially automatic monoids which exhibits good al-
gorithmic properties. Another direction is to handle general combinatorial spatial
structures like simplicial complexes or G-maps [Lie91].

At the language level, the study of the topological collections concepts must
continue with a finer study of transformation kinds. Several kinds of restriction
can be put on the transformations, leading to various kind of pattern languages
and rules. The complexity of matching such patterns has to be investigated.
The efficient compilation of a mgs program is a long-term research. We have
considered in this paper only one-dimensional paths, but a general n-dimensional
notion of path exists and can be used to generalize the substitution mechanisms
of mgs.

From the applications point of view, we are targeted by the simulation of
developmental processes in biology [GGMP02]. Another motivating application
is the case of a spatially distributed biochemical interaction networks, for which
some extension of rewriting as been advocated, see [FMP00].

http://www.lami.univ-evry.fr/mgs
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Abstract. This paper is part of the Blob Computing Project, a project
focusing on the development of an original model of parallelism. The
model includes a language and parallel machine that is an asynchronous
network of automata. The machine is to handle the placement prob-
lem. To accomplish this, it is necessary to represent data structure in
a distributed “hardware-free” manner. Our solution is to encode a data
structure as a system of color blobs, sharing relationships, and to ensure
that these relationships are preserved during the evolution.

1 Introduction

This paper describes one step realized within a long-term project called the
Blob Computing Project. The presented blob concept is central to this project.
We believe that the blob concept is sufficiently simple and general to interest
a wider community outside the scope of the blob computing project. However,
to understand blob, it is necessary to provide a short summarization of the
project itself. At this stage, we cannot offer proof or simulation demonstrating
the ideas of the project, we can only offer proof concerning the specific step made.
However, we believe the ideas of the project are clear and appealing enough to
motivate a long-term effort.

The Blob Computing Project aim to develop a new model of parallelism
encompassing: a language; cellular encoding that codes the development of a
graph of cells [4]; and a machine -the blob machine- with a state that represents
such a graph and instructions that are able to develop it.

1.1 The Language

Cellular encoding codes the development of a graph of cells, starting from a
single ancestor cell applying cell division instructions. Each cell has a copy of
the code and reads instructions at a specific location using a reading head. Apart
from dividing, cells can also exchange signals and perform computation on these
signals, using a Finite State Machine; finite memory is crucial. For example,
a cell can simulate a simplified neuron, thus a cellular code can develop and
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simulate an ANN (Artificial Neural Network). Cellular encoding was designed
in 1991 for use in genetic evolution of ANN. The goal was to automatically
discover architecture with regularity matching the problem at hand. This was
demonstrated on several difficult problems [4].

Cells can also merge, therefore the size of the cell graph can increase and
decrease, depending on the requirements for memory and parallelism. Using this
feature, a compiler has been designed for compilation from Pascal to cellular
code [5]. It keeps the size of the code constant up to a small factor. This shows
that cellular encoding is as expressive as Pascal for specifying general purpose
computation problems. It is of particular interest given the fact that each cell
has a finite memory (a few registers). There is no arbitrary large memory as in
the traditional von Neumann model. As soon as an array or whatever large data
structure is needed, we just divide cells to create extra memory and memory is
thus not inert.

1.2 The Machine

This is the focus of our current research. A preliminary outline can be found in
[6]. To obtain a parallel machine, we must solve the mapping problem: which
processors will simulate which cell of the cell graph. The mapping must minimize
communications by placing neighboring cells on nearby processors. The mapping
is the central problem of parallelism, it is NP-hard and thus is addressed using
heuristics [1]. We got our idea for the machine by looking at how nature solves
this problem. Nature is able to store a few billion neurons and their 100 000
billion connections into the 20 cm3 of our skull, that is certainly a quite as-
tonishing placement achievement. How does it work? During cell development,
the movement of cells is influenced by chemical gradient, electrostatic force that
may be genetically programmed. However, behind this, if we go to the hardware
mechanism, the first basic law that determines cell position is the everpresent
law of physics: pressure and elastic membrane force exerted between cells. A
machine trying to reproduce this placement principle can be summarized in the
following four ideas.

• The machine is a fine-grain simulation of a physical model, like the one used
for weather predictions or fluid dynamics. Fine-grain means its structure can
be as elementary as a cellular automaton.
• Each vertex cell and each edge of the cell graph is attributed hardware support
consisting of a connected component of the automata network, as if it were a
physical object being simulated as such.
• This support is allowed to change through time, with as much freedom as
possible, as if the physical object was moving through the space of the network
(hardware-free representation).
• This freedom is exploited to optimize the placement of the soft graph on the
hard network, continuously, during the development of the soft graph for a cell.
For example, communicating cells must be placed nearby. This optimization
can be handled by the machine itself simulating laws of pressure and elasticity.



The Blob: A Basic Topological Concept 153

1.3 The Contribution to the Machine

In this paper we solve the problem of obtaining a “hardware-free” representation
of data structures that can move through a network of automata. We illustrate
this with two examples: simple graphs and hierarchical multisets. The data struc-
ture of a cell graph used in cellular encoding is a combination of those two and
has been fully addressed in our research report [7].

The difficulty of the problem is that only local interaction is allowed between
automata of the network, while a global property needs to be preserved to ensure
that the representation movement does not alter the representation itself. Au-
tomata have only a few states (three states in the graph example) and they all
execute the same rules. Furthermore, since our objective is a truly scalable ma-
chine, we drop two constraints, classical in the community of cellular automata
modeling of physical models.

• We do not impose synchronicity, thus eliminating the need for a global clock.
The only requirement we put on execution order is that two neighboring au-
tomata cannot make a transition simultaneously (local mutual exclusion).
• We do not impose regularity in the interconnection patterns, such as a two-
dimensional grid. This greatly simplifies multichip implementation. In fact, we
accept an arbitrary topology and this can potentially exploit new non-VLSI
manufacturing technologies.

Starting from this kind of barebones context, our first concern is to devise
rules that will establish deterministic invariants on this disorderly substrate. The
blob rule presented will precisely serve this purpose by dividing the network into
regions called blobs. While their hardware support moves through the network,
blobs persist through time and share topological relationships, able to represent
the data structure associated to the developing graph of cells used in cellular
encoding [4]. Of course, this is only one step of the simulation. We also need
to obtain a hardware-free and distributed representation of each cell’s internal
code, register and finite state machinery, plus a mechanism to divide blobs into
model cell division. The report [6] sketches a proposed solution.

The machine we use can be classified as a distributed system. Usually, such
machines implement specific coordination algorithms, such as voting, synchroniz-
ing, spanning tree and coloring. Our quite specific goal is to build an algorithm
that allows efficient general purpose computation to occur. This achievement,
which at first glance may seem totally unrealistic, is in fact a goal that natu-
rally goes along with the idea of developing a graph of cells. Once experience
with programming in cellular encoding has been gained, at some point, one re-
alizes that this way of programming is indeed as powerful as a general purpose
programming language, the Pascal compiler we previously mentioned proves it.

1.4 The Contribution of the Paper

The simplicity of the blob concept allows us to formulate this contribution be-
yond the context of the blob machine for a larger community of researchers
studying networks of automata. We distinguish three orientations.
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• In mathematics, the networks of automata are seen as discretized versions of
continuous differential equations [9].
• From a purely computational viewpoint, emphasis is on solving a specific
problem, efficiently using synchronous pipe-lined, systolic style models [2,8].
• In experimental physics, the networks are used to model a physical phe-
nomenon [10,11].

We believe that the blob concept adds to these three complementary approaches
for the same object.

Mathematics. We introduced a class of non-deterministic evolution rules
for networks of automata. Viewing states as colors, we focused on the evolution
of color blobs under specific rules called blob rules. We first described the blob
concept as a predicate based on topological properties. We have considered two
other types of predicates to preserve adjacency between two blobs and encapsu-
lation of blobs. We introduced blob rules as evolution rules satisfying the first
predicate locally. We present a combination of blob rules satisfying the adja-
cency and encapsulation predicate locally. For the three predicates, we proved
that local satisfaction implies global satisfaction.

Computation. Blobs can be used to represent a data structure, in a dis-
tributed “hardware-free” manner, over a fixed hard network provided with an
arbitrary architecture. We give two examples. Adjacency allows representation
of a given “soft graph” over the hard network and encapsulation allows repre-
sentation of hierarchical multiset structures.

Physics. Hardware freedom means that blobs can move through the network
while preserving the relationships coding the represented object. This freedom
of movement can then be exploited to optimize the shape and the placement of
the blobs. We will need, for example, to minimize the diameter of blobs, since
any communications cost diameters. Also, blobs will need to be enlarged before
division. The natural way to manage blob shape is to discretize physical law.

This work is also relevant to the community working with complex systems
consisting of elementary agents interacting using simple local rules. Emergent
computation [3] is the obtention of a global behavior. It is what we obtain in this
paper.

2 Non-deterministic Rule for Network of Automata

2.1 Non-deterministic Evolution

The architecture of a network of automata A is a non-oriented graph (VA, EA).
We will consider an arbitrary architecture.

We define the nearest neighborhood K(a) of an automaton a as the sub-graph
of (VA, EA) obtained by taking a, all the automata connected to a by one edge
at most and all the edges between those automata. A centered neighborhood
H(a) is a couple (K(a), a) where the center a is recorded and noted center(H).
N(a) will denote the set of nodes of K(a).

A configuration of A is a labeling of the nodes by a finite set of states Σ
called colors. We will denote by l(a, t) ∈ Σ the color of the automaton a at the
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time t. A context of A is a labeled centered neighborhood. We will denote HA,Σ
the set of contexts on A labeled by Σ. In fact, we will consider the infinite set
HΣ of all the possible contexts for any possible architecture A.

A non-deterministic evolution rule is an application R : HΣ −→ P(Σ) \ {∅}.
It is thus defined independently of a particular architecture. An evolution is a
sequence of configurations c0, c1, ..., ct. A rule R is used to constrain the possible
evolution in the following way. Any automata a that changes its color between
time t and t+1, must check that the new color is included in the colors allowed
by the rule: R(H(a, t)), where H(a, t) is simply the context associated to a at
time t.

We will consider evolution where only one node can change its color at each
time step. This correspond to the dynamic called chaotic dynamic by F. Robert
[9], where at each time step a unique node is randomly selected and its state is
modified. The chaotic dynamic implies one node transition per time step and
thus simplifies the proofs. However, all results of this paper are also valid for
a parallel asynchronous update of the nodes, provided that two neighboring
nodes do not make a transition simultaneously (local mutual exclusion). This
claim arises from the fact that our evolution rule uses only labels of immediate
neighbors. In such a case, it is straightforward to simulate an evolution satisfying
local mutual exclusion with a longer sequential evolution. We just have to modify
the automata of a given stage in sequence.

For the remainder of this paper, we consider a fixed interval T of time steps,
starting at t = 0, which can be finite or infinite. An evolution will then be a
coloring l : VA × T −→ Σ constrained by a given rule R. We will study rules
that ensure an organization of VA × T into color blobs.

2.2 Method of Progressive Refinement

The rules are devised by the intersection of families of atomic rules, where each
of them is associated to a specific property that should be preserved. In this way,
the intersection of all of these atomic rules preserves all the various properties
that have to be maintained from the initial configuration. For this purpose, we
define a partial order on non-deterministic evolution rules by:

R ≤ R′ if and only if R(H) ⊂ R′(H), for every H ∈ HΣ .
In such a case, R is called a sub-rule of R′. Let Id be the rule that leaves the
color unchanged. A rule R is called conservative if it contains Id as a sub-rule.
We will consider conservative rules. The intersection R∧R′ of two conservative
rules R and R′ is always defined by:

(R∧R′)(H) = R(H) ∩R′(H), for every H ∈ HΣ .
In the case of R ≤ R′, the properties provided by R′ are transferred to R, since
the evolution complying with R can also comply with R′. In this way, the partial
order allows us to transfer properties from a rule to its sub-rules.

A simple way to build a complex rule is to progressively obtain it from
intersecting successive atomic rules adding the desired list of properties.
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3 Blob Structure

3.1 Definition

The blob concept tries to formalize a concept of “greasy indelible patches of
color” moving in the space delimited by the network. Blobs are defined as topo-
logical objects of an evolution, i.e. a coloring l : VA × T −→ Σ.

Let E be a set of colors, an E-blob represents a maximal set of automata on
a network whose colors stay in E at each time of the evolution, which persists
through time.

Definition 1. Let l : VA × T −→ Σ be a coloring and E be a subset of Σ. An
E-blob is a subset B of VA × T such that each projection Bt = VA × {t} ∩ B
satisfies the following four conditions:

i) the sub-graph induced by Bt on (VA, EA) is non-empty and connected,
ii) for every (a, t) ∈ Bt, l(a, t) ∈ E,
iii) Bt is maximal with respect to i) and ii),
iv) Bt ⊂ N(Bt+1) and Bt+1 ⊂ N(Bt),

where N(Bt) denotes the cover
⋃

a∈Bt

N(a) of Bt.

The assertion iv) means that in one time step the only automata admissible
for a change of color are the automata next to the border of the blob.
The previous consideration presents a blob as connected components of VA×T .
Indeed, E-blobs are connected components of VA×T endowed with the product
topology:

(a, t) is a neighbor of (a′, t′) if a is a neighbor of a′ and |t− t′| ≤ 1.

In the sequel, we will assume that VA × T is always equipped with this
topology and will call E-component, a maximal connected component in VA×T
with the automata colored in E.

3.2 Continuing Blobs: From Local to Global

We are interested in evolution, i.e. colored VA × T , where the colors define a
set of blobs as well as relationships between the blobs: set relationships such
as inclusion, intersection or union and topological relationships as separation
or adjacency. In order to attain this goal, we follow a systematic method. Let
V ⊂ VA and [t0, t1] ⊂ T .
i) Express the targeted goal as a predicate P(V × [t0, t1]) applied to V = VA

and [t0, t1] = T .
ii) Consider the biggest rule noted RP that preserves the predicate locally on

N(a)× [t, t+ 1].
iii) Prove that P is then true globally on VA × T .
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Thus the key remark is that it is enough to check the predicate locally, that is,
check the predicate on the subsets N(a, t)× [t, t+ 1] of VA × T . As will be seen
later, this scheme will not always be necessary, in that particular set properties
can be demonstrated directly.

The rule RP defined in ii) exists because the set SP of rules preserving P
locally verifies:

– it is non empty, it contains the identity Id,
– if R,R′ ∈ SP then R∨R′ ∈ SP.

Thus we can take RP =
∨

R∈SP

R, where R∨R′ is defined as R∧R′ in Sect.2.2.

Our first predicate will implement blob. Theorem 1 proves the passage from
local to global for this predicate. We will then use two other predicates to imple-
ment adjacency and encapsulation. These two next predicates can be expressed
using the blob predicate, thus the proof of the passage from local to global for
these two predicates appear just as a corollary of theorem 1.

Definition 2. Let l be a labeling of VA × T , V ⊂ VA, [t0, t1] ⊂ T and E be a
set of colors. The predicate Blob(E)(V × [t0, t1]) is defined by:

all the E-components of V × [t0, t1] are E-blobs.

We note that the rule RBlob(E) is conservative.
In order to prove that RBlob(E) preserves the predicate globally, we present

a characterization of RBlob(E). Let H be a context, we consider the graph G
obtained from H by deleting the center. We define CE(H) as the number of
E-component of G. We will prove that RBlob(E) depends only on this number.

We define the non-deterministic rule Rcyl(E) which trivially checks the pred-
icate locally, and thus define E-cylinders in VA × T with the base constituted
by the connected components colored by E at time t = 0. Formally, Rcyl(E) is
characterized by Rcyl(E)(H) = E if center(H) ∈ E and Rcyl(E)(H) = Σ \ E
otherwise.

Lemma 1. (Characterization) The rule RBlob(E) is defined by:

RBlob(E)(H) =

{
Σ if CE(H) = 1,
Rcyl(E)(H) otherwise.

Proof. We consider an evolution of A such that the predicate Blob(E) is true
locally. Thus, for every (a, t) ∈ VA × T , the E-component of N(a, t) × [t, t+ 1]
are E-blobs, and in particular the number of these component at the time t
is maintained at time t + 1. Let CE(a, t) := CE(H(a, t)), the evolution of the
color of a depends on CE(a, t). In the case of CE(a, t) = 1, the coloring of a
is not constrained and RBlob(E)(H(a, t) ⊂ Σ. In the case of CE(a, t) = 0, there
is no E-component in H(a, t) except possibly (a, t), (a, t) is then contained in
an E-cylinder and RBlob(E)(H(a, t)) = Rcyl(E)(H(a, t)). Finally, if CE(a, t) > 1,
coloring cannot be applied to a since the number of E-connected component
cannot otherwise be maintained.
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Conversely, we consider an evolution of A complying with an evolution rule
with the previous definition. Then for every (a, t) ∈ VA × T , the E-connected
components of N(a) × {t} are maintained, thus so are E-blobs. It follows that
Blob(E) is true locally. ��

Theorem 1. (Continuance) An evolution complying with RBlob(E) checks the
predicate Blob(E) globally on VA × T .
Proof. To pass from local to global, it suffices to prove that each E-connected
component of VA×T , for the product topology, is an E-blob. This is true if each
E-connected component in VA×{t} is contained in an E-blob. This result is the
outcome of the following lemma. ��

Lemma 2. Let an evolution of A complying with RBlob(E). Then, for each E-
component Bt in VA×{t}, there exists a unique E-component Bt+1 in VA×{t+1}
such that:

i) Bt+1 ⊂ N(Bt),
ii) Bt ∩Bt+1 �= ∅.
Proof. Let Bt be a E-component at time t, let us prove that there exists an E-
component Bt+1 at the time t+ 1 verifying i) and ii). Let N(Bt) =

⋃
a′∈Bt

N(a′)

and a ∈ N(Bt) be the automaton at which the rule is applied at the time t. We
distinguish two case, either a ∈ N(Bt) \Bt or a ∈ Bt.

If a /∈ Bt, then l(a, t) is not in E. Then there are two cases: either l(a, t+ 1)
is not in E and we choose Bt+1 = Bt, or l(a, t + 1) ∈ E. In this last case, in
accordance with lemma 1, CE(a, t) = 1, therefore the nearest neighborhood of a
without a at time t formed by automata with their color in E, denoted H∗

E(a, t)
is connected. In addition we have, (H(a, t) \ {a}) ∩Bt �= ∅ since a ∈ N(Bt) and
consequently, as Bt is an E-connected component, we have H∗

E(a, t)∩Bt �= ∅. By
connectivity, we then deduce thatH∗

E(a, t) ⊂ Bt, and we choose Bt+1 = Bt∪{a}.
If a ∈ Bt, then l(a, t) ∈ E. Either l(a, t+ 1) ∈ E, and we choose Bt+1 = Bt,

or l(a, t+ 1) is not in E then we choose Bt+1 = Bt \ {a}.
In all this cases, Bt+1 is E-connected.

The uniqueness results immediately from the connectivity and the construc-
tion of Bt+1. The rule RBlob(E) is symmetric, that is we can formally reverse
the evolution, consequently the continuance property may also be expressed by
inverting the role of t and t+ 1. It follows that under hypothesis of lemma 2 we
also have Bt ⊂ N(Bt+1). ��

3.3 Set Relationships

In this subsection we study conditions on sets of colors defining blobs, under
which set relationships can be established between blobs. The proofs of results
can be found in the research report [7]. All the proofs are focused on the con-
tinuance theorem allowing the change from local to global. So, an initial set of
relationships between blobs at time t = 0 can be transferred through time.
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Recall that blobs refer to subsets of VA × T , so all set operations can be
applied to them, such as B ⊆ B′, B ∪ B′ or B ∩ B′, are defined as subset of
VA × T .
Proposition 1. Let E and E′ be subsets of Σ such that E ⊂ E′ and an evolution
of A complying with RBlob(E) ∧ RBlob(E′). If B is an E-blob and B′ an E′-blob
such that B0 is a subset of B′

0, then B is a sub-blob of B′.

Proposition 2. Let Ei, i ∈ I, be a family of subset of Σ, and an evolution of A
complying with

∧
i∈I
RBlob(Ei). If for every i ∈ I, Bi is an Ei-blob, for all E-blob

B the following assertions hold:

i) (union) If E =
⋃
i∈I
Ei and B0 ⊆

⋃
i∈I
Bi0 then B =

⋃
i∈I
Bi.

ii) (intersection) If E =
⋂
i∈I
Ei and

⋂
i∈I
Bi0 ⊆ B0 then

⋂
i∈I
Bi ⊆ B.

3.4 Topological Properties

The topological predicates adjacency and hole can also be defined using the
product topology on VA × T .

Predicate adjacent. Let E and E′ be subsets of Σ. We consider B an E-blob
and B′ an E′-blob and denote d(B,B′) the distance between B and B′. For
V ⊂ VA and [t0, t1] ⊂ T the predicate adjacent(E,E′)(V × [t0, t1]) is true if the
following conditions are satisfied:
- Blob(E) and Blob(E′) are true,
- for any E-blob B and E′-blob B′, either d(B,B′) ≥ 1 or for all t ∈ [t0, t1],
d(Bt, B′

t) = 0.

Proposition 3. adjacent(E,E′) = Blob(E ∪ E′) ∧ Blob(E) ∧ Blob(E′).

By application of theorem 1, the predicate is verified globally with rule
RBlob(E∪E′) ∧ RBlob(E) ∧ RBlob(E′). In particular, if B0 and B′

0 are adjacent in
VA × {0}, then every pair Bt and B′

t remain adjacent.

Predicate hole. For encapsulation of blobs, we will use a predicate called
hole. Let E be a subset of Σ. For V ⊂ VA and [t0, t1] ⊂ T the predicate
holeE(V × [t0, t1]) is true if the following conditions are satisfied:
- Blob(E) is true,
- for any E-blob B, the connected components of (V × [t0, t1]) \B are colorless
blobs, that is subsets of V × [t0, t1] that satisfy properties i), iii) and iv) of the
definition 1.

Proposition 4. holeE = Blob(Σ \ E) ∧ Blob(E).

By application of theorem 1, the predicate holeE is verified globally with rule
RBlob(Σ\E)∧RBlob(E). In particular, if B is an E-blob and B0 separates VA×{0}
in two disjoint connected components then B separates A×T in two disjoint con-
nected components called interior and exterior and can be used as a membrane.
Any other blob outside (resp. inside) B will remain outside (resp. inside).
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4 Data Structure as Network of Blobs

Using graph of blobs on top of a network of automata allows representation of
various data structures. Complex representations combine elementary represen-
tations such as graphs or sets. In order to illustrate the method of representing
data structure, we consider two basic examples of data structures: graphs and hi-
erarchical multisets. We choose these two, because they are used in [7] to achieve
a complete representation of the cell graph used in cellular encoding.

A representation is given by the following data:

(1) Σ a set of colors,
(2) Pred ⊂ P(Σ) a set of sets of colors, in relation to predicates to maintain,
(3) Lab a set of constraints on the initial configuration on the network of au-

tomata.

We then guarantee that the non-deterministic rule defined by the intersection:
R =

∧
E∈Pred

RBlob(E) will preserve the representation.

4.1 Finite Graph

Graphs can be represented by first-order relational structures, and their property
can be written as blob relations. The rule Rgraph which implements the minimal
data structure of graph, is defined by the following data:

(1) ΣRgraph = {space, edg, vert},
(2) PredRgraph = {{edg}, {vert}, {edg, vert}},
(3) LabRgraph : each {edg}-blob is adjacent to exactly two distinct {vert}-blobs.
Consider a network of automata A whose initial configuration complies with
LabRgraph and whose evolution complies with:

Rgraph = RBlob({edg}) ∧RBlob({vert}) ∧RBlob({edg}∪{vert}).

Then the network of blobs on the top of A represents a graph G defined by:

– The set of vertices VG is constituted by the set of {vert}-blobs,
– The set of edges EG is the set of pairs (Bi, Bj) such that there exists a
{edg}-blob adjacent to a {vert}-blob Bi and to a {vert}-blob Bj .

If the evolution of A is constrained by RBlob({edg}∪{vert}), proposition 3 ensures
that the predicate adjacent({edg},{vert}) is true through the evolution. Therefore
the configuration LabRgraph is maintained and the network represents the same
graph through time.

4.2 Hierarchical Multiset

The second elementary data structure that we present in this paper is hierarchi-
cal multisets span by a finite set, see Fig.1.b. The set Hier(1..k) of hierarchical
multisets on {1, 2, ..., k} is defined by induction as follows:
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Fig. 1. Data structures graph and hierarchical multiset

– multisets on {1, 2, ..., k} are elements of Hier(1..k),
– if H1, ..., Hl ∈ Hier(1..k), a multiset on H1, ..., Hl is an element of Hier(1..k).

In this implementation blobs are used to define the sets and elements of the
hierarchical multiset. We introduce a particular blob • to define a partial order
on the blob network. The rule Rset, which implements this data structure, is
defined by the following data :

(1) ΣRset = {space, set, elm1, ..., elmk},
(2) PredRset = {{set}, {space}, {space, elm1, ..., elmk}},
(3) LabRset : (a) there exists a single {set}-blob, denoted • , such that the

complement VA\ • is connected,
(b) each other {set}-blob splits the network in two connected components,
one containing the blob • , called exterior, and the other not, called interior.

Let < the order on blobs defined by X < Y if X is in the interior of Y . The
hierarchical multisetM represented by the network of blobs is defined by:
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– The sets ofM are {set}-blobs and {elmi}-blobs,
– Let X and Y be two sets ofM, X ∈ Y if X precedes Y for the order < and
i ∈ X if {elmi} precedes X for <.

If the evolution of A is constrained by: Rset = RBlob({set}) ∧ RBlob({space}) ∧
RBlob({space, elm1,..., elmk}), proposition 4 asserts that the initial configuration
LabRset is maintained by the rule Rset. The hierarchical multiset represented is
globally invariant through time.

5 Future Directions

In summary, the blob is an initial basic topological concept introduced here. It
is one step towards the design of the blob machine, outlined in [6] of the Blob
Computing Project. We plan to use it in a wider context by labeling both edges
and nodes, and using P -blobs instead of E-blob, where P is a locally computable
predicate. This is indeed a generalization; E-blobs are also P -blobs, where P
checks if the label of the node being rewritten is in E. This generalization leads
to a much simplified representation of Membrane-Filament Data Structure.

The major problem remaining to be solved is in finding a local rule to opti-
mize the shape of the blobs. Rules managing the shape will act by computing
a probability distribution on the set of transitions allowed by the blob rules.
They will discretize simplified models of physical laws, such as for pressure and
elasticity. For example, a balloon has a spherical shape due to pressure; this is
precisely the shape that minimizes the diameter of a given volume. Elastic force
will keep blobs close to one another that need to be adjacent. In fact, the shape
rule forms the essence of the blob machine because it constitutes a systematic
method for resolving the mapping problem at the hardware level. Optimizing
the shape of a blob, and where it should be located, would be the equivalent
of solving the mapping problem: which hardware resource should be devoted to
each task of a given program.

Acknowledgements. The authors thank Jean Sallantin and Philippe Reitz
who encouraged us to find the elementary primitive of cellular encoding, that is
the blob.
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9. F. Robert. Les systèmes dynamiques discrets, In Collection Mathematiques et Ap-
plications de la SMAI, Springer-Verlag, vol 19, 1-300, (1995).

10. T. Toffoli and N. Margolus. Cellular Automata Machines: A new environment for
modeling, MIT Press, Cambridge MA, (1987).

11. S. Wolfram. Cellular Automata and Complexity, Addison Wesley, Reading, Mas-
sachusetts, (1994).



Embedding a Logically Universal Model and a
Self-Reproducing Model into

Number-Conserving Cellular Automata

Katsunobu Imai1, Kenji Fujita2, Chuzo Iwamoto1, and Kenichi Morita1

1 Graduate School of Engineering, Hiroshima University, Higashi-Hiroshima, Japan,
{imai,iwamoto,morita}@iec.hiroshima-u.ac.jp

2 Anritsu Corp., Tokyo, Japan,
Fujita.Kenji@hh.anritsu.co.jp

Abstract. A number-conserving cellular automaton (NCCA) is a cel-
lular automaton (CA) such that all states of cells are represented by
integers and the total number of its configuration is conserved through-
out its computing process. It can be thought as a kind of modelization of
the physical conservation law of mass or energy. Although NCCAs with
simple rules are studied widely, it is quite difficult to design NCCAs
with complex transition rules. We show a condition for two-dimensional
von Neumann neighbor NCCAs with special symmetric rules and we
construct a logically universal NCCA and a self-reproducing NCCA by
employing this condition.

1 Introduction

A number-conserving cellular automaton (NCCA) is a cellular automaton such
that all states of cells are represented by integers and the total number of its
configuration is conserved throughout its computing process. It can be thought
as a kind of modelization of the physical conservation law of mass or energy. So
NCCAs are used for modeling physical phenomena, for example, for modeling
fluid dynamics [4] and highway traffic flow [10].

Boccara et al. [1] studied number conservation of one-dimensional CAs on
circular configurations based on a general theorem on additive conserved quanti-
ties by Hattori et al. [5]. Durand et al. [3] studied the two-dimensional case and
the relation between several boundary conditions. Although their theorems are
useful for deciding given CAs are number-conserving or not, it is quite difficult
to design NCCAs with complex transition rules.

Another approach for designing a kind of NCCAs are developed by Morita
et al. [9]. They use a framework of Partitioned CA (PCA) [8] and this approach
is a natural extension of the notion of bit-conservation in BBMCA [7]. They
construct a one-dimensional number-conserving (and reversible) PCA that sim-
ulates reversible two-counter machine. In the two-dimensional case, Washio [12]
shows that a self-reproducing CA can be embedded into a number-conserving
(and reversible) PCA. Although in a number-conserving PCA, the total number

C.S. Calude et al. (Eds.): UMC 2002, LNCS 2509, pp. 164–175, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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of its configuration is conserved throughout its computing process, each cell has
multiple parts and it cannot be regarded as a usual type of CA.

So in this paper, we show a number-conserving condition for two-dimensional
von Neumann neighbor CAs with a special symmetric rule, and employing this
condition, we construct a logically universal NCCA by embedding a Wireworld
[2] like model. We also construct a self-reproducing NCCA by embedding a
Langton’s self-reproducing Loop [6].

2 Two-Dimensional Cellular Automata and Their
Number-Conserving Conditions

Definition 1. A deterministic two-dimensional von Neumann neighbor cellular
automaton is a system defined by

A = (Z2, Q, f, q),

where Z is the set of all integers, Q is a non-empty finite set of internal states
of each cell, f : Q5 → Q is a mapping called a local function and q ∈ Q is a
quiescent state that satisfies f(q, q, q, q, q) = q.

A configuration over Q is a mapping α : Z2 → Q and the set of all configu-
rations over Q is denoted by Conf(Q), i.e., Conf(Q) = {α|α : Z2 → Q}. In this
paper, we only consider CAs with finite configurations, i.e., the number of cells
which states are not quiescent is finite.

The function F : Conf(Q) → Conf(Q) defined as follows is called the global
function of A.

∀(x, y) ∈ Z2,

F (α)(x, y) = f(α(x, y), α(x, y + 1), α(x+ 1, y), α(x, y − 1), α(x− 1, y)).

Let Q = N[l,m] ≡ {l, l+ 1, . . . ,m− 1,m}, (l,m ∈ Z, l ≤ m), q = k ∈ N[l,m]. A
is said to be number-conserving when it satisfies the following condition for all
finite configurations α.

∑
(x,y)∈Z2

{F (α)(x, y)− α(x, y)} = 0 (1)

Next we define some symmetry conditions.

Definition 2. CA A is said to be rotation-symmetric if its local function f
satisfies the following condition.

∀c, u, r, d, l ∈ Q, f(c, u, r, d, l) = f(c, r, d, l, u).

A is said to be ±45-degree reflection-symmetric if its local function f satisfies
the following condition.

∀c, u, r, d, l ∈ Q, f(c, u, r, d, l) = f(c, l, d, r, u) = f(c, r, u, l, d).
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A is said to be permutation-symmetric if A is rotation-symmetric and its
local function also satisfies the following condition.

∀c, u, r, d, l ∈ Q,
f(c, u, r, d, l) = f(c, u, r, l, d) = f(c, u, d, r, l) = f(c, u, d, l, r)

= f(c, u, l, d, r) = f(c, u, l, r, d).

We show a necessary and sufficient condition for a two-dimensional von Neu-
mann NCCA with ±45-degree reflection-symmetric rules.

Theorem 1. A deterministic two-dimensional ±45-degree reflection-sym-
metric von Neumann neighbor CA A = (Z2, Q, f, q) is number-conserving iff
f satisfies

∃g : Q2 → Q, ∀c, u, r, d, l ∈ Q,
f(c, u, r, d, l) = c+ g(c, u) + g(c, r) + g(c, d) + g(c, l),

g(c, u) = −g(u, c).

Proof. Let’s consider the configuration of Fig. 1. Blank cells are all quiescent
(k). Only shadowed thirteen cells change their states and the next condition is
necessary from (1).

∀(c, u, r, d, l) ∈ Q5, c+ u+ r + d+ l + 8k
= f(c, u, r, d, l) + f(u, k, k, c, k) + f(r, k, k, k, c) + f(d, c, k, k, k) + f(l, k, c, k, k)
+ f(k, k, k, r, u) + f(k, r, k, k, d) + f(k, l, d, k, k) + f(k, k, u, l, k)
+ f(k, k, k, u, k) + f(k, k, k, k, r) + f(k, d, k, k, k) + f(k, k, l, k, k) (2)

Fig. 1. A configuration for the proof of Theorem 1.

Subtracting (2) from (2)|c = k yields the following.

k + f(c, u, r, d, l) = c+ f(k, u, r, d, l)
+ {f(u, k, k, k, k)− f(u, k, k, c, k)}+ {f(r, k, k, k, k)− f(r, k, k, k, c)}
+ {f(d, k, k, k, k)− f(d, c, k, k, k)}+ {f(l, k, k, k, k)− f(l, k, c, k, k)}. (3)
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Next, let’s consider the special case of Fig. 1, i.e., the case c = d = l = k.
In this case, only eight cells change their states and using ±45-degree reflection-
symmetric property, we obtain

u+ r + 6k = f(u, k, k, k, k) + f(r, k, k, k, k) + 2f(k, k, k, r, u)
+2f(k, k, k, u, k) + 2f(k, k, k, k, r). (4)

In the same way, we also obtain the following equations.

r + d+ 6k = f(r, k, k, k, k) + f(d, k, k, k, k) + 2f(k, r, k, k, d)
+2f(k, k, k, k, r) + 2f(k, d, k, k, k), (5)

d+ l + 6k = f(d, k, k, k, k) + f(l, k, k, k, k) + 2f(k, l, d, k, k)
+2f(k, d, k, k, k) + 2f(k, k, l, k, k), (6)

l + u+ 6k = f(l, k, k, k, k) + f(u, k, k, k, k) + 2f(k, k, u, l, k)
+2f(k, k, l, k, k) + 2f(k, k, k, u, k). (7)

Summing up (2)|c = k, (4), (5), (6), and (7), we obtain

f(k, u, r, d, l) = f(k, k, k, u, k)+f(k, k, k, k, r)+f(k, d, k, k, k)+f(k, k, l, k, k)−3k.

Replacing this term in (3), we obtain

f(c, u, r, d, l) = c + {f(u, k, k, k, k) + f(k, k, k, u, k)− f(u, k, k, c, k)− k}
+ {f(r, k, k, k, k) + f(k, k, k, k, r)− f(r, k, k, k, c)− k}
+ {f(d, k, k, k, k) + f(k, d, k, k, k)− f(d, c, k, k, k)− k}
+ {f(l, k, k, k, k) + f(k, k, l, k, k)− f(l, k, c, k, k)− k}.

Although f is a five-ary function, the second (third, fourth and fifth, re-
spectively) term of the right hand side only depends on two neighbors and it
can be regarded as a two-ary function fU (c, u) (fR(c, r), fD(c, d) and fL(c, l),
respectively).

On the other hand, ±45-degree reflection symmetry implies that for any
a, b ∈ Q,

f(b, a, k, k, k) = f(b, k, a, k, k) = f(b, k, k, a, k) = f(b, k, k, k, a)

hence also

f(k, a, k, k, k) = f(b, k, a, k, k) = f(b, k, k, a, k) = f(b, k, k, k, a).

By these conditions, fU (a, b), fR(a, b), fD(a, b), and fL(a, b) are known to be an
equal function, i.e.,

g(a, b) ≡ fU (a, b) = fR(a, b) = fD(a, b) = fL(a, b) =
f(b, k, k, k, k) + f(k, k, k, b, k)− f(b, k, k, a, k)− k. (8)
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Thus

f(c, u, r, d, l) = c+ g(c, u) + g(c, r) + g(c, d) + g(c, l) (9)

is necessary.
Next, by considering the special case, c = b, u = r = d = l = k, in Fig. 1 and

the ±45-degree symmetry, we obtain

4k + b = f(b, k, k, k, k) + 4f(k, b, k, k, k). (10)

By (10) and (8), g(a, b) can be represented as follows.

g(a, b) = 3k + b− 3f(k, b, k, k, k)− f(b, a, k, k, k).

On the other hand, by (10) and (9)|(c = b, u = a, r = d = l = k), we obtain

f(b, a, k, k, k) = b+ g(b, a) + 3g(b, k)
= b+ g(b, a) + 3{k − f(k, b, k, k, k)}.

Thus

g(b, a) = −3k − b+ 3f(k, b, k, k, k) + f(b, a, k, k, k) = −g(a, b).
Conversely,∑

x,y

(F (α)(x, y)− α(x, y))

=
∑
x,y

{g(α(x, y), α(x, y + 1)) + g(α(x, y), α(x+ 1, y))

+ g(α(x, y), α(x, y − 1)) + g(α(x, y), α(x− 1, y))}.
Because g(α(x, y), α(x, y + 1)) = −g(α(x, y + 1), α(x, y)) and g(α(x, y), α(x +
1, y)) = −g(α(x + 1, y), α(x, y)), all terms in the summation are canceled to
0. �


By Theorem 1, to construct NCCA, it is sufficient to design a two-ary function
g (say flow function) in (2). We have the following proposition.

Proposition 1. A deterministic 2-dimensional±45-degree reflection-symmetric
von Neumann neighbor NCCA A defined in Theorem 1 is permutation-
symmetric.

Proof.

f(c, u, r, d, l) = c+ g(c, u) + g(c, r) + g(c, d) + g(c, l),
f(c, u, r, l, d) = c+ g(c, u) + g(c, r) + g(c, l) + g(c, d),

thus f(c, u, r, d, l) = f(c, u, r, l, d) and all the other conditions can be proved in
the same way. �


Although the permutation-symmetric condition should be a strong constraint
and an NCCA with a single flow function seems to have little ability, we show
two examples which realize logical universality and self-reproducing ability in
the next section.
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3 Examples of NCCA

3.1 A Logically Universal NCCA

The Wireworld model [2] is a logically universal CA, i.e., you can embed any
logic circuits into the space as a configuration and its transition process can
simulates the circuit. In this section, we show that such Wireworld like model
can be embedded into NCCA with a flow function. The original Wireworld model
is a Moore neighbor CA, and we employ a modified model with von Neumann
neighbor by Tojima [11].

ANC19 = (Z2,N[0,19], fNC19, 0). The flow function f of fNC19 has the fol-
lowing values and satisfies f(a, b) = −f(b, a) for all a, b ∈ N[0,19]. Values not
defined by these conditions are 0.

f(1, 10) = 1, f(3, 8) = 3, f(3, 12) = 3, f(3, 13) = 3,
f(3, 15) = 1, f(4, 11) = 2, f(6, 7) = 1, f(6, 10) = 1,
f(6, 11) = 4, f(6, 12) = 1, f(8, 7) = 1, f(8, 10) = 1,
f(8, 11) = 1, f(8, 13) = 1, f(8, 18) = 1, f(8, 19) = 1,
f(9, 7) = 3, f(9, 10) = 1, f(9, 12) = 1, f(9, 15) = 1,
f(9, 19) = 1, f(11, 10) = 1, f(16, 10) = 1, f(17, 10) = 1.

Tojima’s model has configurations of a signal and wires. Wires are allowed to
have branches (side roads) and cross points. A branching point and a cross point
have functions depicted in Fig. 2 and combining these functions, it is possible to
realize AND, OR, NOT gates and signal crossing elements [11].

erased
erased

erased

erased 

(at th
e terminal)

wire
signal

• Branching points

• Cross points

in

in in in in

in

in out

out

out

out

out

out

outinin

in in

Fig. 2. Functions of a branching point and a cross point.
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A wire is a connected cells of width 1 whose state is 9 and it can have turning
points and a signal is encoded by two cells whose states are 8 and 10 (Fig. 3).
A signal flows along a wire with speed 1, and at the end of the wire (i.e., the
signal faced to a three quiescent cells), the signal is terminated. Only two values
of the flow function (f(8, 10) = 1 and f(9, 10) = 1) realize the signal.

9 9 8 10 9 9
9 9 9 9 9 9

99 9 8 10 9

f (8, 10) 1=

0

f(9, 10) 1=− −
f(8, 10) 1=− −

t=0 t=1

99 9 9 8 10

t=2

Fig. 3. A configuration of a wire and a signal.

9 9 9
9
9
9

17 9 9 9 9 9 6
9
9
9

9
9

9
9 6 9 9

Fig. 4. A configuration of a branching point and a cross point.

89 10 9
9

10
8
9

17 9 9 9 9 99 8 10
10
8
9
9

17 9 9 9 9 99 9 8
8
9
9
9

19 9 9 9 9

99 9 9
9
9
9
9

16 10 9 9 9 99 9 9
9
9
9
9

17 8 10 9 9

t=0 t=1 t=2

t=3 t=4

Fig. 5. An example of a branch (the case of two input signals and one output signal).
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Fig. 4 shows a branching point and a cross point. A branching cell has the
state 17 and a cross point has two neighboring cells whose states are 6. Fig. 5
shows an example of the case of two-input signals.

A branch point can be regarded as an AND gate. Configurations of an OR
gate, a NOT gate, and a crossing element are shown in Fig. 6, Fig. 7, and Fig. 8
respectively.

x

x OR y

y

Fig. 6. A configuration of an OR gate.

xx

Fig. 7. A configuration of a NOT gate.
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x

y

x

y

Fig. 8. A configuration of a crossing element.

3.2 A Self-Reproducing NCCA

The next example is an embedding of the Langton’s self-reproducing Loop [6].
The Langton’s Loop is an 8-state von Neumann neighbor CA and an initial
mother Loop self-reproduce herself (Fig 9).

Fig. 9. The Langton’s self-reproducing Loop.

We constructed a CA ANCSR which embeds Langton’s Loop.
ANCSR = (Z2,N[0,395], fNCSR, 235).
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The flow function f ′ of fNCSR has the following values and satisfies f(a, b) =
−f(b, a) for all a, b ∈ N[0,395]. Values not defined by these conditions are 0.

f ′(0, 207) = −60, f ′(151, 195) = −10, f ′(185, 205) = 10, f ′(200, 288) = 35,
f ′(0, 215) = 20, f ′(151, 289) = 54, f ′(189, 199) = −40, f ′(200, 289) = 35,
f ′(0, 267) = 40, f ′(154, 235) = 161, f ′(190, 210) = 18, f ′(202, 208) = 37,
f ′(0, 355) = 80, f ′(154, 345) = 30, f ′(191, 196) = −17, f ′(202, 285) = 37,
f ′(13, 275) = 172, f ′(158, 200) = 37, f ′(191, 198) = 9, f ′(202, 315) = −47,
f ′(40, 267) = 275, f ′(158, 267) = 37, f ′(192, 195) = −1, f ′(203, 207) = −8,
f ′(64, 195) = 35, f ′(158, 275) = 37, f ′(193, 195) = −6, f ′(203, 345) = −1,
f ′(64, 235) = 35, f ′(160, 195) = −12, f ′(193, 197) = −28, f ′(203, 355) = −40,
f ′(64, 355) = 120, f ′(160, 289) = 35, f ′(193, 315) = 76, f ′(208, 214) = −55,
f ′(74, 235) = 27, f ′(163, 200) = 32, f ′(195, 201) = −44, f ′(209, 375) = 30,
f ′(74, 345) = 15, f ′(163, 267) = 32, f ′(195, 202) = 11, f ′(214, 285) = 55,
f ′(139, 211) = −24, f ′(163, 275) = 32, f ′(195, 205) = 10, f ′(214, 315) = −74,
f ′(139, 315) = 120, f ′(170, 208) = −27, f ′(195, 209) = 44, f ′(219, 235) = 35,
f ′(141, 206) = 3, f ′(170, 285) = −27, f ′(195, 254) = 10, f ′(254, 275) = −50,
f ′(141, 235) = 171, f ′(170, 315) = 121, f ′(195, 267) = 59, f ′(267, 355) = 302,
f ′(141, 355) = 40, f ′(171, 144) = −171, f ′(197, 205) = 10, f ′(275, 288) = 40,
f ′(143, 189) = −9, f ′(173, 200) = 22, f ′(198, 254) = −3, f ′(275, 289) = 35,
f ′(143, 213) = 10, f ′(180, 205) = 10, f ′(198, 345) = 16, f ′(275, 315) = 40,
f ′(143, 235) = 171, f ′(181, 275) = −40, f ′(198, 355) = −40, f ′(275, 355) = 40,
f ′(143, 355) = 40, f ′(183, 235) = 16, f ′(199, 213) = 40, f ′(275, 395) = 40,
f ′(144, 235) = 171, f ′(184, 275) = −40, f ′(199, 219) = 36, f ′(285, 315) = 30,
f ′(144, 355) = 40, f ′(184, 285) = −30, f ′(199, 275) = −40, f ′(285, 345) = 30,
f ′(149, 200) = 46, f ′(185, 190) = 10, f ′(200, 253) = 57, f ′(285, 375) = 30,
f ′(151, 185) = −10.

Fig. 10 is a initial mother Loop of ANCSR. Blank cell has a state 235. Fig. 11
is a configuration at t = 154.

Fig. 10. An initial configuration of ANCSR.
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Several examples of transition processes of ANC19 and ANCSR can be seen as
QuickTime movies at the following WWW site.

http://www.iec.hiroshima-u.ac.jp/projects/ncca/pm45/

Fig. 11. A configuration of ANCSR at t = 154.

4 Conclusion

In this paper, we show a necessary and sufficient condition for a two-dimensional
von Neumann neighbor NCCA with a special symmetric rule and, employing
the condition, we construct a logically universal NCCA and a self-reproducing
NCCA.

It might be possible to reduce their number of states. It might also be possible
to find a logically universal NCCA under stronger constraints, for example, a
flow function f(x, y) is only depends on the difference of x and y, and so on.

Acknowledgements. The authors thank Ferdinand Peper, Jia Lee, and
Susumu Adachi at Communication Research Laboratory for their useful com-
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Abstract. In this paper a variant of P systems with external output
designed to compute functions on natural numbers is presented. These
P systems are stable under composition and iteration of functions. We
prove that every diophantine set can be generated by such P systems;
then, the universality of this model can be deduced from the theorem by
Matiyasevich, Robinson, Davis and Putnam in which they establish that
every recursively enumerable set is a diophantine set.

1 Introduction

In 1998 G. Păun initiated a new branch of the field of Natural Computing by
introducing a new model of molecular computation, based on the structure and
functioning of the living cell: transition P systems (see [3]). The framework
within which computation are performed in this model is the membrane struc-
ture, which recreates the cell-like one. Multisets of symbol-objects are processed
along the computations, making them to evolve and distributing them among
the membranes. The result of a halting computation is the number of objects
collected in a specified output membrane.

Since the introduction of this model of computation many variants of it have
been proposed. One of them, presented in [5] by G. Păun, G. Rozenberg and
A. Salomaa, is the model of transition P systems with external output. In this
model, the result of a halting computation is not collected in a fixed membrane
of the membrane structure, but in the external environment associated with it.
In this way, the output of a computation can be thought as a set of strings,
instead of as a natural number, as occurred in the basic model.

P systems are usually considered as devices which generate numbers. Ne-
vertheless, besides generating devices, they can also be thought as recognizing
devices and as computing devices. These kind of P systems have been studied
in [6].

In this paper we work with computing P systems, but instead of the basic
transition ones we consider those with external output. Thanks to the special
functioning of these apparatus, we have been able to define, in a comfortable
manner, several operations between computing P systems with external output;
more specifically, we have defined composition and iteration, what have allowed
us to prove the universality of these devices through the generation of all the
diophantine sets.

C.S. Calude et al. (Eds.): UMC 2002, LNCS 2509, pp. 176–190, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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2 Multisets. Membrane Structures. Evolution Rules

A multiset over a set, A, is an application m : A→ IN. A multiset is said to be
empty (resp. finite) if its support, supp(m) = {a ∈ A : m(a) > 0}, is empty (resp.
finite). If m is a finite multiset over A, we will denote it m = {{a1, . . . , ak}},
where the elements ai are possibly repeated. We write M(A) for the set of all
the multisets over A.

The set of membrane structures, MS, is defined by recursion as follows:
1. [ ] ∈MS; 2. If µ1, . . . , µn ∈MS, then [µ1 . . . µn] ∈MS.

A membrane structure, µ, can also be seen as a rooted tree,
(
V (µ), E(µ)

)
.

Then, the nodes of this tree are called membranes, the root node the skin mem-
brane and the leaves elementary membranes of the membrane structure. The
degree of a membrane structure is the number of membranes in it.

The concepts of depth of a membrane structure and depth of its membranes
are easily defined from those of a tree and its nodes. We will also need the
notion of level of a membrane within a membrane structure, which is defined as
the difference between the depth of the second and the depth of the first.

The membrane structure with external environment associated with a mem-
brane structure, µ, is µE = [

E
µ]

E
. If we consider the latter as a rooted tree, the

root node is called the external environment of µ.
Given an alphabet, Γ , we associate with every membrane of a membrane

structure a finite multiset of elements of Γ , which are called the objects of the
membrane.

We also associate with every one of these membranes a finite set of evolution
rules. A evolution rule over Γ is a pair (u, v), usually written u→ v, where u is
a string over Γ and v = v′ or v = v′δ, where v′ is a string over

Γ × ({here, out} ∪ {inl : l ∈ V (µ)})
The idea behind a rule is that the objects in u “evolve” into the objects in v′,
moving or not to another membrane and possibly dissolving the original one.

3 Computing P Systems with External Output

We are now prepared to introduce our new model of computation.

Definition 3.1. A computing P system with external output of order (m,n) and
degree p is a tuple

Π =
(
Σ,Λ, Γ,#, µ

Π
, ι,M1, . . . ,Mp, (R1, ρ1), . . . , (Rp, ρp)

)
where

– Σ is an ordered alphabet of size m, the input alphabet.
– Λ is an ordered alphabet of size n, the output alphabet.
– Γ is an alphabet such that Σ ∪ Λ ⊂ Γ , the working alphabet.
– # is a distinguished element in Γ \ (Σ ∪ Λ), the halting element.
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– µ
Π

is a membrane structure of degree p, whose membranes we suppose labeled
from 1 to p.

– The input membrane of Π is labeled by ι ∈ {1, . . . , p}.
– Mi is a multiset over Γ \Σ associated with the membrane labeled by i, for

every i = 1, . . . , p.
– Ri is a finite set of evolution rules over Γ associated with the membrane

labeled by i, and ρi is a strict partial order over it, for every i = 1, . . . , p.

To formalize the semantics of this model we define first what a configuration
of a P system is, from what follows the notion of computation.
Definition 3.2. Let Π be a computing P system with external output.

– A configuration of Π is a pair (µE ,M), where µ is a membrane structure
such that V (µ) ⊆ V (µ

Π
) and has the same root than µ

Π
, and M is an

application from V (µE) into M(Γ ). For every node nd ∈ V (µE) we denote
Mnd = M(nd).

– Suppose that Π is of order (m,n) and Σ = (a1, . . . , am). Then, any m-tuple
of natural numbers can be codified by a multiset over Σ and given as input to
the P system. Thus, the initial configuration of Π for a tuple (k1, . . . , km) ∈
INm is the pair (µE ,M), where µ = µ

Π
, ME = ∅, Mι =Mι∪{{ak11 . . . akm

m }}
and Mi =Mi, for every i �= ι.

We can pass, in a non-deterministic manner, from one configuration of Π
to another by applying to its multisets the evolution rules associated with their
corresponding membranes. This is done as follows: given a rule u → v of a
membrane i, the objects in u are removed from Mi; then, for every (ob, out) ∈ v
an object ob is put into the multiset associated with the parent membrane (or
the external environment if i is the skin membrane); for every (ob, here) ∈ v
an object ob is added to Mi; for every (ob, inj) ∈ v an object ob is added to
Mj (if j is not a children membrane of i, the rule cannot be applied). Finally,
if δ ∈ v, then the membrane i is dissolved, that is, it is removed from the
membrane structure (the objects associated with this membranes are collected
by the parent membrane, and the rules are lost. The skin membrane cannot
dissolve). Moreover, the priority relation among the rules forbids the application
of a rule if another one of higher priority is applied.

Given two configurations, C and C ′, of Π, we say that C ′ is obtained from
C in one transition step, and we write C ⇒ C ′, if we can pass from the first to
the second by using the evolutions rules appearing in the membrane structure of
C in a parallel and maximal way, and for all the membranes at the same time.
Definition 3.3. Given a computing P system with external output of order
(m,n), Π, a computation of Π with input (k1, . . . , km) ∈ INm is a sequence,
possibly infinite, of configurations of Π, C0 ⇒ C1 ⇒ . . .⇒ Cq, q ≥ 0, such that

– C0 is the initial configuration of Π for (k1, . . . , km).
– Each Ci is obtained from the previous configuration by one transition step.

We say that a computation, C, is a halting computation of Π, if q ∈ IN and there
is no rule applicable to the objects present in its last configuration.
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Then, the output of a halting computation and of a computing P system
with external output can be defined in a natural way.
Definition 3.4. Let Π be a computing P system with external output of order
(m,n) and suppose that Λ = (b1, . . . , bn). Let C be a halting computation of
Π with input (k1, . . . , km) ∈ INm and (µE ,M) its last configuration. Then, the
output of that computation is given by

Output(C) = (ME(b1), . . . ,ME(bn)
)
.

Definition 3.5. Let Π be a computing P system with external output of order
(m,n). The output of Π with input (k1, . . . , km) ∈ INm is given by

Output(Π; k1, . . . , km) = {Output(C) : C is a halting computation of Π
with input (k1, . . . , km)}.

The idea behind P systems with external output is that we cannot know
what is happening inside the membrane structure, but we can only collect the
information thrown from it to the external environment. In accordance with it,
it seems natural that the halting computations of these P systems report to the
outside when they have reached their final configurations.

Furthermore, the idea behind computing P systems is to use them as com-
puting models of functions between natural numbers. These considerations lead
us to the following notions:
Definition 3.6. A computing P system with external output of order (m,n), Π,
is said to be valid when the following is verified:

– If C is a halting computation of Π, then a rule of the form u → v(#, out)
must have been applied in the skin membrane of µ

Π
, and only in the last step

of the computation.
– If C is not a halting computation of Π, then no rule of the previous form is

applied in the skin membrane in any step of the computation.
– For every (k1, . . . , km) ∈ INm and for every two halting computations, C1

and C2, of Π with input (k1, . . . , km), Output(C1) = Output(C2).
Definition 3.7. A computing P system with external output of order (m,n), Π,
computes a partial function, f : INm− → INn, if

– Π is a valid P system.
– For every (k1, . . . , km) ∈ INm
• f is defined over (k1, . . . , km) if and only if there exists a halting com-

putation of Π with input (k1, . . . , km).
• If C is a halting computation of Π with input (k1, . . . , km), then
Output(C) = f(k1, . . . , km).

We denote CEPm,np (α, β, γ), where m,n ∈ IN, p ≥ 1, α ∈ {Pri, nPri},
β ∈ {Coo,Cat, nCoo} and γ ∈ {δ, nδ}, the family of functions computed by
computing P systems with external output of order (m,n), of degree at most p,
and with or without priority, with cooperation, only catalysts or without coop-
eration (see [3]), and with or without dissolution, respectively. The union, for all
p ≥ 1, of the families of one of these types is denoted CEPm,n(α, β, γ).
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4 Composition of Computing P Systems with External
Output

We introduce now the operation of composition between computing P systems
with external output.

Definition 4.1. Let f : INm− → INn and g1 : INr− → INs1 , . . . , gt : INr− →
INst such that s1+· · ·+st = m. Then, the composition of f with g1 to gt, denoted
C(f ; g1, . . . , gt), is a partial function from INr to INn defined as follows

C(f ; g1, . . . , gt)(k1, . . . , kr) = f(g1(k1, . . . , kr), . . . , gt(k1, . . . , kr))

Theorem 4.2. Let f ∈ CEPm,n(α, β, γ), g1 ∈ CEP r,s1(α, β, γ), . . . , gt ∈
CEP r,st(α, β, γ), with α ∈ {Pri, nPri}, β ∈ {Coo,Cat, nCoo} and γ ∈ {δ, nδ}.
Then, C(f ; g1, . . . , gt) ∈ CEP r,n(Pri, Coo, γ).

Proof. Let

Πf =
(
Σf , Λf , Γf ,#f , µΠf

, ιf ,Mf
1 , . . . ,Mf

pf
, (Rf1 , ρ

f
1 ), . . . , (R

f
pf
, ρfpf

)
)

Πg1 =
(
Σg1 , Λg1 , Γg1 ,#g1 , µΠg1

, ιg1 ,Mg1
1 , . . . ,Mg1

pg1
, (Rg11 , ρg11 ), . . . , (Rg1pg1

, ρg1pg1
)
)

...

Πgt =
(
Σgt , Λgt , Γgt ,#gt , µΠgt

, ιgt ,Mgt

1 , . . . ,Mgt
pgt

, (Rgt

1 , ρgt

1 ), . . . , (R
gt
pgt

, ρgt
pgt

)
)

be computing P systems with external output that compute, respectively, the
function f and the functions g1 to gt.

By means of a renaming of the elements of the alphabets (and, therefore,
also of the rules), we can suppose that

– Σg1 = · · · = Σgt = (a1, . . . , ar).
– Λg1 = (b1, . . . , bs1), . . . , Λgt

= (bs1+···+st−1+1, . . . , bm).
– Σf = (c1, . . . , cm).
– Λf = (d1, . . . , dn).

–
(
Λg1 ∪ · · · ∪ Λgt

)
∩ Γf = ∅.

– #gi �= #gj , for every i �= j.

Let us consider the computing P system with external output

Π =
(
Σ,Λ, Γ,#, µ

Π
, ι,M1, . . . ,Mp, (R1, ρ1), . . . , (Rp, ρp)

)

given by

– Σ = (e1, . . . , er). (We suppose that Σ ∩⋃ti=1 Γgi
= ∅).

– There exist distinguished elements ⊕,�,� ∈ Γ \ (Γf ∪
⋃t
i=1 Γgi).

– Λ = (d1, . . . , dn).
– # �= #gi

, for every i = 1, . . . , t, and # �= #f .
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– µ
Π
= [1µΠg1

. . . µ
Πgt

µ
Πf
]1 , where the membranes from µ

Πg1
, . . . , µ

Πgt
, µ

Πf

have been adequately renamed (and therefore, also the rules of the corres-
ponding P systems have been adapted). We denote σg1 , . . . , σgt

, σf the skin
membranes of the latter. Also, we consider that ιg1 , . . . , ιgt

, ιf reflect the new
labeling of the input membranes of Πg1 , . . . , Πgt , Πf , respectively.

– ι = 1.
– p = pg1 + · · ·+ pgt + pf + 1.
– M1 = {{#,�}}. The remaining multisets are all empty.
– The evolution rules are the following:
• Evolution rules for membrane 1:

ei → (ei, inσg1
) . . . (ei, inσgt

) (i = 1, . . . , r)

� → (�, inσg1
) . . . (�, inσgt

)

#g1 . . .#gt
#→ (�, inσf

) > #→ # > bi → (bi, inσf
) (i = 1, . . . ,m)

di → (di, out) (i = 1, . . . , n)

#f → (#, out)

• For every function fun = g1, . . . , gt, f and for every membrane j of
µ

Πfun
, the following rules are included:

� → ⊕(�, inj1) . . . (�, injk)
�u ⊕ →Mfun

j > ⊕ → ⊕�
evolution rules associated with the membrane in Πfun

where j1 to jk are the children membranes of membrane j and u is its
level within µ

Πfun
. Moreover, if j is ιfun, then the rule ⊕ → ⊕� has

higher priority than the original rules of Πfun for this membrane.
• Let fun be as above and let j1, . . . , jq be the membrane path from σfun
to ιfun. Then, for k = 1, . . . , q − 1 the following rules are included in
membrane jk:

ei → (ei, injk+1) (i = 1, . . . , r) for fun = g1, . . . , gt

bi → (bi, injk+1) (i = 1, . . . ,m) for fun = f

Also, the following rules are included in membrane jq = ιfun.

ei → ai (i = 1, . . . , r) for fun = g1, . . . , gt

bi → ci (i = 1, . . . ,m) for fun = f

The P system constructed in this way, denoted C(Πf ;Πg1 , . . . , Πgt), is a valid
computing P system with external output which computes the composition of f
with g1 to gt. Furthermore, it preserves the use or not of dissolution from the P
systems which compute the functions.

Indeed, the system works as follows:
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– Phase 1: Computation of the functions g1 to gt over the input data
To perform this stage, we need to carry out two operations: the first one
consists of taking the input arguments from membrane 1, which recall is the
input membrane of Π, to all the input membranes of the P systems Πg1 to
Πgt

. This is easily done by displacing the objects representing the arguments
through all the necessary membranes.
The second operation is a little bit more complicated: in order for a specific
P system Πgj

to compute correctly the value of the function gj over the
input data, we need that all the membranes of this P system start to apply
their original rules at the same time (that is, we have to synchronize locally
the membranes of each Πgj

). We achieve this by using counters for every
one of these membranes. First, we use the object � to activate the counters,
represented by objects ⊕, in all the membranes. These latter objects use
objects� to count and, when a certain quantity is reached, the corresponding
membrane is allowed to use the rules of Πgj . Because of the way we have
implemented this, these quantities turn out to be the levels of the membranes
in the structure µ

Πgj
.

It is also important that when the P system Πgj starts to compute the value,
the objects representing the input data have reached its input membrane.
However, as we perform the two operations above simultaneously, we get it
for free.
Finally, we have to wait until all the values from Πg1 to Πgt have been
computed, before allowing the P system Πf to be used (that is, there must
be a global synchronization in the skin of Π).
Let us see with greater detail the rules involved in this phase:

1. At the first step of a computation of Π with input (k1, . . . , kr), we have
in membrane 1 the multiset {{ek11 , . . . , ekr

r ,#,�}} and the other mem-
branes are empty. Therefore, only the rules which send the objects ei
and the object � into the skins of µ

Πg1
to µ

Πgt
and the rule #→ # in

membrane 1 can be applied.
2. Now, membrane 1 waits for the values of g1 to gt over (k1, . . . , kr) by

means of the rule #→ #. With regard to membrane structures µ
Πg1

to
µ

Πgt
, the rule � → ⊕(�, inj1) . . . (�, injk) makes the object � to spread

to all their membranes, because when it reaches a particular membrane,
it is immediately transformed into a counter object ⊕ and also sent to
the children membranes. Thus, from a step of the computation to the
next one, � reaches the membranes one depth greater. Meanwhile, the
rule ⊕ → ⊕� makes the object ⊕ to generate objects �. A close look
to the situation created shows that the activating object � have reached
all the membranes exactly when the counter objects ⊕ have generated
in each membrane a number of objects � equal to their levels in µ

Πfun

(fun = g1, . . . , gt). At that moment, the rule �u⊕ →Mfun
j introduces

in membrane j the objects associated with it in Πfun, and this is done
for all the membranes of each Πfun at the same time. From now on, the
values of g1 to gt over (k1, . . . , kr) are computed exactly in the same way
than the P systems Πg1 to Πgt

would do it.
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3. Simultaneously, the objects ei cover the path from the skin membrane
of each µ

Πgj
to the input membrane of Πgj , by means of the rules ei →

(ei, injk+1), and are changed there into the corresponding objects ai, by
means of the rules ei → ai. Note that the objects ei and the object �
reach the input membrane at the same time. So, when Πgj

starts its
original functioning, as stated above, the input data is in its place.

– Phase 2: Computation of the function f
Phase 1 ends when membrane 1 has collected at least one object of each #g1

to #gt
. It is then when the values computed have to be sent as input data

to the P system Πf . To synchronize the end of phase 1 with the beginning
of phase 2, membrane 1 apply once and again the rule #→ # until the rule
#g1 . . .#gt#→ (�, inσf

) can be used.
This latter rule sends an object � into the skin of µ

Πf
, in order to initiate

its membranes’ counters so that they start to apply their original rules at
the same time (local synchronization within Πf ). This is done just as before.
Also, in the next step of the computation the objects bi, which represent the
values obtained in phase 1, are put into the skin of µ

Πf
and, subsequently,

moved, by means of the rules bi → (bi, injk+1), through all the membranes
from this one to the input membrane of Πf . Next, the rules bi → ci change
them into the corresponding input objects of Πf .
It is easy to see that, although there is a gap of one step of computation
between when � gets into a membrane and when the bis do so, this is not
at all a problem.
Now, the value of the function f over the arguments represented by the
objects ci is computed, and along this computation objects di representing
the result are thrown out of µ

Πf
. These objects are collected in membrane

1, and immediately expelled from µ
Π
. The calculation finishes when some

objects #f are collected in membrane 1 and they are expelled from µ
Π
as

objects #.
��

5 Iteration of Computing P Systems with External
Output

We introduce now the operation of iterating a computing P system with external
output.

Definition 5.1. Let f : INm− → INm. Then, the iteration function of f , denoted
It(f), is a partial function from INm+1 to INm defined as follows:

It(f)(x, 0) = x

It(f)(x, n+ 1) = It(f)(f(x), n)

Theorem 5.2. Let f ∈ CEPm,m(α, β, nδ), with α ∈ {Pri, nPri} and β ∈
{Coo,Cat, nCoo}. Then It(f) ∈ CEPm+1,m(Pri, Coo, nδ).
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Proof. Let

Πf =
(
Σf , Λf , Γf ,#f , µΠf

, ιf ,Mf
1 , . . . ,Mf

pf
, (Rf1 , ρ

f
1 ), . . . , (R

f
pf
, ρfpf

)
)

be a computing P system with external output such that computes f .
By means of a renaming of the elements of the alphabets (and, therefore,

also of the rules), we can suppose that

– Σf = (a1, . . . , am).
– Λf = (b1, . . . , bm).

Let us consider the computing P system with external output

Π =
(
Σ,Λ, Γ,#, µ

Π
, ι,M1, . . . ,Mp, (R1, ρ1), . . . , (Rp, ρp))

verifying the following

– Σ = (c1, . . . , cm+1), and is such that Σ ∩ Γf = ∅.
– There exist distinguished elements ⊕,�,�,⊗,� ∈ Γ \ Γf .
– Λ = (c1, . . . , cm).
– # �= #f .
– µ

Π
= [1µΠf

]1 , where the membranes from µ
Πf

have been adequately re-
named (and therefore, also the rules of Πf have been adapted). We denote
σf the skin membrane of the latter. Also, we consider that ιf reflects the
new labeling of the input membrane of Πf .

– ι = 1.
– p = pf + 1.
– M1 = {{#}}. The remaining membranes are all empty.
– The evolution rules are the following:
• Evolution rules for membrane 1:

#cm+1 → (�, inσf
) > #ci → #(ci, out) (i = 1, . . . ,m) >

> #→ (#, out) > #f#f → #f > #f → (�, inσf
) >

> ⊗ubi → ⊗uci (i = 1, . . . ,m) > ⊗u → # >

> ci → (ci, inσf
) (i = 1, . . . ,m)

where u is the degree of µ
Πf
.

• For every membrane j distinct from membrane 1 the following rules are
included:

� → ⊕(�, inj1) . . . (�, injk)
�u ⊕ →Mf

j > ⊕ → ⊕�
evolution rules associated with the membrane in Πf

� → ⊗(�, inj1) . . . (�, injk)
ob⊗ → ⊗ (ob ∈ Γf ) > ⊗ → (⊗, out)

where j1 to jk are the children membranes of membrane j and u is its
level within µ

Πf
. Moreover, if j is ιf , then the rule ⊕ → ⊕� has higher

priority than the original rules of this membrane in Πf .
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• Let j1, . . . , jq be the membrane path from σf to ιf . Then, for k =
1, . . . , q − 1, the following rules are included in membrane jk:

ci → (ci, injk+1) (i = 1, . . . ,m)

Also, the following rules are included in membrane jq:

ci → ai (i = 1, . . . ,m)

The P system constructed in this way, denoted by It(Πf ), is a valid comput-
ing P system with external output which computes the iteration of f .

Indeed, the system works as follows:
The number of iterations of f to make is given by the (m + 1)th argument

provided to It(f). What we do then is to reduce this argument by one and,
next, carry out a two phases process: first, computing one iteration of f ; second
“reseting” the P system Πf to its initial state. We repeat this process until the
(m+ 1)th argument gets to zero.

The test to decide if one iteration has to be done is performed in membrane
1 looking how many objects cm+1, which represents the (m + 1)th argument,
there are. If such an object is present, the rule #cm+1 → (�, inσf

) (followed by
the rules ci → (ci, inσf

)) is applied, starting the calculation of a new iteration
of f , which is done in two phases.

– Phase 1: Computing one iteration of f
This phase starts when an object � gets into the skin of µ

Πf
. This object

initiate counters in the membranes of µ
Πf
, in the same way than we did for

the composition, in order to assure that they start to apply their original
rules at the same time (local synchronization within Πf ). Also, with a gap
of one step of computation that does not matter, the input data, represented
by objects ci, is taken from the skin of µ

Πf
to the input membrane of Πf .

Although through the execution of this phase the result of the iteration is
being sent out into membrane 1, they do not activate any rule in it.

– Phase 2: Reseting the P system Πf

Phase 1 ends when some objects #f get into membrane 1. Before we could
compute another iteration of f , we need to erase all the objects left in the
membranes of µ

Πf
. This is what we do in this stage, which start by reducing

the objects #f in membrane 1 to only one. Then the rule #f → (�, inσf
)

in membrane 1 introduce an object � into the skin of µ
Πf
.

This object spreads to all the membranes just as � do in the previous phase,
and leave one object ⊗ in each of them. This latter objects act as erasers,
removing all the objects from the membranes by means of the rules ob⊗ → ⊗.
When a membrane has been emptied, the object ⊗ is expelled from it.
Therefore, this phase finishes when membrane 1 collects as many objects ⊗
as the degree of µ

Πf
. Only then the rules ⊗ubi → ⊗uci can be applied, which

transform the result of the iteration of f into input data for Π. Finally, the
rule ⊗u → # is applied to start the process again.
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When no object cm+1 is present in membrane 1, no more iteration has to be done.
What is left is to send the objects c1 to cm of this membrane to the external
environment, followed by the object #.

Note that during the evaluation of the test, no rule can be applied in another
membrane other than membrane 1, because they are empty. ��

6 Diophantine Sets

We introduce in this section the notion of diophantine set, which will help us to
prove the universality of the model of computing P system with external output.

Definition 6.1. A set of natural tuples, A ⊆ INm, is a diophantine set if there
exists a polynomial P (a,x) ∈ ZZ[a,x] such that

A = {a ∈ INm : ∃x ∈ INn(P (a,x) = 0
)}

The following property is relatively easy to prove.

Proposition 6.2. Every diophantine set is a recursively enumerable set.

The main result about diophantine sets was obtained by Y. Matiyasevich
from works by J. Robinson, M. Davis and H. Putnam, providing a negative
solution for Hilbert’s Tenth Problem.

Theorem 6.3 (MRDP [1]). Every recursively enumerable set is a diophantine
set.

7 Generation of Diophantine Sets

First we need to introduce the concept of generation of a set by a P system.

Definition 7.1. Let Π be a computing P system with external output of order
(m,n).

– A set A ⊆ INm is said to be partially generated by Π if this P system computes
its partial characteristic function; that is, the function

C∗
A(k1, . . . , km) =

{
1, if (k1, . . . , km) ∈ A

undefined, otherwise

– A set A ⊆ INm is said to be totally generated by Π if this P system computes
its characteristic function.

The main result of this paper is the following.

Theorem 7.2. Every diophantine set is partially generated by a computing P
system with external output.

Before beginning with the proof, let us consider the following computing P
systems with external output:
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– P systems ΠId
n , with n ≥ 1:

Σ = Λ = (a1, . . . , an), µ
ΠId

n
= [1 ]1 , ι = 1, M1 = {{#}}

R1 = {#→ (#, out)} ∪ {ai → (ai, out) : i = 1, . . . , n}, ρ1 = ∅
These P systems compute the identity functions, Idn : INn → INn, defined
as Idn(k1, . . . , kn) = (k1, . . . , kn).

– P systems Πproj
n,j , with n ≥ 1 and 1 ≤ j ≤ n:

Σ = (a1, . . . , an), Λ = (aj), µ
Π

proj
n,j

= [1 ]1 , ι = 1, M1 = {{#}}
R1 = {#→ (#, out), aj → (aj , out)}, ρ1 = ∅

These P systems compute the projection functions, Πn
j : INn → IN, defined

as Πn
j (k1, . . . , kn) = kj .

– P systems Πconst
n,c , with n ≥ 1 and c ∈ IN:

Σ = (a1, . . . , an), Λ = (b), µ
Πconst

n,c
= [1 ]1 , ι = 1, M1 = {{bc,#}}

R1 = {#→ (#, out), b→ (b, out)}, ρ1 = ∅
These P systems compute the constant functions, Cnc : INn → IN, defined as
Cnc (k1, . . . , kn) = c.

– P systems Πsum′
2 , Πprod′

2 and Πexpt′
2 :

The first of these P systems is given by

Σ = Λ = (a1, a2), µ
Πsum′

2
= [1 ]1 , ι = 1, M1 = {{#}}

R1 = {#→ (#, out), a1 → (a1, out), a2 → (a1, out)(a2, out)}, ρ1 = ∅
This P system computes the function +′ : IN2 → IN2, defined as +′(k1, k2) =
(k1 + k2, k2).
The iteration of the P system Πsum′

2 is a P system which computes the
function It(+′) : IN3 → IN2 given by It(+′)(k1, k2, k3) = (k1 + k2k3, k2).
Then, the P system Πprod′

2 = C(It(Πsum′
2 );Πconst

2,0 , Πproj
2,2 , Πproj

2,1 ) computes
the function ∗′ : IN2 → IN2, defined as ∗′(k1, k2) = (k1k2, k2).
The iteration of the P system Πprod′

2 is a P system which computes the
function It(∗′) : IN3 → IN2 given by It(∗′)(k1, k2, k3) = (k1kk32 , k2). Then,
the P system Πexpt′

2 = C(It(Πprod′
2 );Πconst

2,1 , ΠId
2 ) computes the function

expt′ : IN2 → IN2, defined as expt′(k1, k2) = (kk21 , k1).
– P systems Πsum

n , Πprod
n and Πexpt

2 :
We defined these P systems by recursion over n ≥ 2.
(n = 2)

Πsum
2 = C(Πproj

2,1 ;Πsum′
2 )

Πprod
2 = C(Πproj

2,1 ;Πprod′
2 )

Πexpt
2 = C(Πproj

2,1 ;Πexpt′
2 )
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(n > 2)

Πsum
n = C(Πsum

n−1 ;C(Π
sum
2 ;Πproj

n,1 , Πproj
n,2 ), Πproj

n,3 , . . . , Πproj
n,n )

Πprod
n = C(Πprod

n−1 ;C(Π
prod
2 ;Πproj

n,1 , Πproj
n,2 ), Πproj

n,3 , . . . , Πproj
n,n )

They compute, respectively, the n-ary sum function, the n-ary product func-
tion and the exponential function.

– P system Πdif
2 :

Σ = (a1, a2), Λ = (b+, b−), µ
Π

dif
2

= [1 ]1 , ι = 1, M1 = {{#}}
(R1, ρ1) ≡ {a1a2 → λ >

(
#→ (#, out), a1 → (b+, out), a2 → (b−, out)

)}
This P system computes the function dif : IN2 → IN2 defined as
dif(k1, k2) = (max(k1 − k2, 0), |min(k1 − k2, 0)|).

Proof (of theorem 7.2). Given a polynomial P (a,x) ∈ ZZ[a,x], we construct
a computing P system with external output which partially generates the dio-
phantine set determined by this polynomial, in several steps:

1. Computing a monomial:
Let us denote Πexpti

j,k = C(Πexpt
2 ;Πproj

j,k , Πconst
j,i ), which computes the func-

tion exptj,ki : INj → IN given by exptj,ki (a1, . . . , aj) = aik.
Let m(a,x) = c ai11 . . . aimm xj11 . . . xjnn , with c > 0, be a monomial of P (a,x).
Then, the following computing P system with external output

Πmon
c,i1,...,im,j1,...,jn = C(Πprod

m+n+1;Π
const
m+n,c, Π

expti1
m+n,1, . . . , Π

exptim
m+n,m,

Π
exptj1
m+n,m+1, . . . , Π

exptjn
m+n,m+n)

computes m(a,x), considered as a function from INm+n to IN.
2. Computing the polynomial:

Suppose that

P (a,x) =
r1∑
k=1

cka
ik1
1 · · · ai

k
m
m x

jk
1
1 · · ·xj

k
n
n −

r1+r2∑
k=r1+1

cka
ik1
1 · · · ai

k
m
m x

jk
1
1 · · ·xj

k
n
n

with ck > 0 for every k = 1, . . . , r1 + r2. Then, the following computing P
system with external output

Πpol
P (a,x) = C

(
Πdif
2 ;Πpol+

P (a,x), Π
pol−
P (a,x)

)

where

Πpol+
P (a,x) = C

(
Πsum
r1 ;Πmon

c1,i1,j1 , . . . , Πmon
cr1 ,i

r1 ,jr1

)
Πpol−
P (a,x) = C

(
Πsum
r2 ;Πmon

cr1+1,ir1+1,jr1+1 , . . . , Πmon
cr1+r2 ,i

r1+r2 ,jr1+r2

)

computes P (a,x), considered as a function from INm+n to IN.
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3. Computing the diophantine set:
Considering that Σpol

P (a,x) = (d1, . . . , dm, e1, . . . , en) and ΛpolP (a,x) = (b+, b−),
let us define the computing P system with external output

Π = (Σ,Λ, Γ,#, µ
Π
, ι,M1, . . . ,Mp, (R1, ρ1), . . . , (Rp, ρp))

as follows:
– Σ = (d1, . . . , dm).
– Λ = (b).
– There exist distinct objects #′,#1, . . . ,#n ∈ Γ \ {#,#pol

P (a,x)}.
– µ

Π
= [1 [2 ]2 . . . [n+1 ]n+1µΠpol

P (a,x)
]1 , where the membranes from µΠpol

P (a,x)

have been adequately renamed (and therefore, also the rules of Πpol
P (a,x)

have been adapted). We denote σpol the skin membrane of the latter.
– ι = 1.
– p = ppolP (a,x) + n+ 1.
– M1 = {{#}},M2 = {{#1}}, . . . ,Mn+1 = {{#n}}. All the remaining
multisets are the empty one.

– Evolution rules:
• Rules for membrane 1:

• Rules for membrane i, 2 ≤ i ≤ n+ 1:

#i−1 → (#i−1, out)

#i−1 → #i−1(ei−1, out)

• The rules for the remaining membranes are the same than inΠpol
P (a,x).

Then Π is a valid computing P system with external output which com-
putes the partial characteristic function of the diophantine set represented
by P (a,x).
Indeed, the P system works as follows:
a) First, a tuple x is nondeterministically generated from membranes 2 to

n+ 1 into membrane 1.
b) Second, the input objects di and the objects ei which represent the pre-

vious tuple in membrane 1 are sent into the skin membrane of µΠpol
P (a,x)

and the computation of P over the input a and the tuple x starts.
c) Finally, if a non-zero result is obtained, then the computation enters an

infinite loop: the rule b+ → b+ or the rule b− → b− is applied once and
again. If a zero result is obtained, then these rules cannot be applied,
and an object b and an object # are sent out of the membrane structure.

��
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8 Conclusions

We have studied in this paper the computing P systems with external output.
This is a variant of the model of computation introduced in [5], which in turn
is a variant of the basic model of transition P system introduced by G. Păun in
[3]. The idea behind this new model is to be able to compute functions without
worrying about the content of the membrane structure used to do it, but only
considering the objects collected in its external environment.

We have defined two operations between computing P systems with external
output: composition and iteration. These operations have allowed us to prove the
universality of this model, by means of the MRDP theorem about diophantine
sets.
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Abstract. In this paper, we investigate the relation between an exper-
imental condition and computational (reaction) efficiency of a simple
model in DNA computing. A DNA computing algorithm needs many
chemical and enzyme reactions in its solution process. An experimental
condition for DNA computing is generally based on a molecular biology
protocol. However, the purpose of an experiment is different in DNA
computing and molecular biology. Therefore, we verified the relation be-
tween an experimental condition, reaction time, and reaction efficiency
specifically from the viewpoint of DNA computing.

1 Introduction

Since Adleman’s experiment in 1994, some DNA computing experiments for
solving various problems have been presented [1]. To solve many experimental
procedures were needed, such as kination reaction, ligation reaction, hybridiza-
tion (annealing), polymerase chain reaction (PCR), and gel electrophoresis, etc.
These experimental procedures were mostly developed in molecular biology;
therefore experimental conditions in DNA computing have generally been based
on molecular biology protocols.

However, in molecular biology and DNA computing, the purpose of an ex-
periment is generally different. DNA computing requires greater accuracy and
speed compared with molecular biology. An experimental condition in molecular
biology is optimized as an end in itself, therefore it seems that such experimental
conditions might not be suitable for DNA computing.

In this paper, we focus on the relationship between an experimental condition
and a reaction efficiency in a common experimental protocol based on molecular
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biology. We select the construction of DNA paths in a simple line graph as the
experimental sample. This experimental procedure involves a kination reaction,
hybridization and a ligation reaction.

2 Motivation

In order to analyze the relation between the experimental conditions and the
computational (reaction) efficiency of DNA computing, we used a very simple
model, i.e., a process to construct DNA paths in a directed graph, based on
the Adleman-Lipton model [2]. The construction of DNA path in the mixture
that contains some oligonucleotides needs a lot of chemical reactions such as
kination, hybridization, and ligation. In Fig. 1, the typical experimental proce-
dure to construct DNA paths for a very simple line graph is shown. To visualize
the constructed DNA paths, PCR and gel electrophoresis would also have to be
performed. Therefore, the computational results are derived from many experi-
mental factors in a complicated process.

Fig. 1. Experimental procedure of the construction of DNA paths for a simple line
graph. This procedure is composed of three steps. First, the mixing and kination process
in which the DNA oligomer that constitute the simple line graph were mixed and the 5’
end was phosphorylated. Next, the hybridization process in which DNA oligomers were
annealed by general cooling after denaturing. Last, the ligation process that bridges
the nicks in the generated DNA paths.
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In this paper, we focus on the ligation reaction as a means to reduce the
total computational time in DNA computing, i.e., we analyze the relation be-
tween ligation time and efficiency. Aoi et al. reported an analysis of the ligation
process from the viewpoint of DNA computing; however, they investigated liga-
tion errors for cases where there were some mismatches in the sequences [3]. We
investigate ligation efficiency itself in this paper. In order to isolate only the in-
fluence of the ligation process, some reaction parameters in the kination reaction
and hybridization are fixed. Moreover, by using SYBR Gold (Molecular Probes,
Inc.) staining, the PCR reaction can be omitted. Therefore, we can investigate
the ligation efficiency by simply measuring the concentration of the constructed
DNA paths. To reducing the total computational time, it would be helpful to
know the relation between the reaction time and efficiency.

3 Materials and Methods

3.1 Experiments for Simple Line Graph

We applied a simple line graph with two or three vertices, as shown in Fig. 2, in
order to confirm the reaction efficiency of each step in Fig. 1.

Fig. 2. Simple line graph with (A) two vertices and one edge or (B) three vertices and
two edges. Each DNA sequence is described in Table 1.

3.2 DNA Sequences and Paths

DNA sequences of vertices and edges (DNA vertices and edges) were designed
by using simulated annealing method, which is the encoding method based on
the binding degree between a pair of DNA oligonucleotides [4]. The obtained
sequence designs are shown in Table 1. DNA sequences were synthesized by
Hokkaido System Science Co. (Hokkaido, Japan). Two sets of oligonucleotides
were used as simple line graphs, and are shown in Table 2.

3.3 Standard Protocol

STEP 1: Mixing and Kination of DNA vertices and edges. DNA paths were
generated in the hybridization process. We mixed DNA vertices and edges in one
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Table 1. Designed sequences of DNA oligomers for simple line graphs.

Name Sequences (5’ → 3’)
O0 TAGCCTAGAGCACGAATACC
O1 CGTCTATGGACCGTTCAAGA
O2 AGCCTATCCATAACCATGCC
O01 TCCATAGACGGGTATTCGTG
O12 TGGATAGGCTTCTTGAACGG

Table 2. DNA oligomer sets for simple line graphs.

DNA set 1 DNA set 2
two vertices three vertices

O0 O0

O1 O1

O01 O2

O01

O12

tube. The 5’ end of the DNA vertices and edges was phosphorylated by using
5 units of T4 Polynucleotide Kinase (Takara Co., Japan) in 100µl of reaction
mixture containing Kinase Buffer provided by the supplier (Takara) and 1 mM
ATP (Reaction A in Fig. 1). The kination reaction was performed at 37◦C for
one hour.

STEP 2: Generation of DNA paths. The reaction mixture was heated to
94◦C for denaturing and gradually cooled to make annealed oligonucleotide. The
thermal schedule for denaturing and annealing was 94◦C for 3 min and gradual
cooling to 16◦C (-0.02◦C/sec). After this process, DNA paths were generated
from DNA vertices and edges.

STEP 3: Ligation nicks of DNA paths. In order to bridge the nicks of the
DNA paths, 175 units of T4 DNA Ligase (Takara) and 0.5 mM ATP and 10 mM
DTT were added to the mixture. The ligation reaction was performed at 16◦C
overnight (about 20 hours).

STEP 4: Quantification of generated DNA paths. We performed 5% poly-
acrylamide gel electrophoresis (PAGE). A 5% PAGE enables separation of DNA
paths according to their length. DNA paths subjected to 5% PAGE were visual-
ized by SYBR Gold (Molecular Probes, Inc.) staining. We captured the image of
the gel with the imaging system, Molecular Imager FX (BIO-RAD Co., USA),
and quantified the intensity of the DNA bands by using the image analyzing
software, Quantity One (BIO-RAD Co.).
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3.4 Ligation Test

In the standard protocol, ligation time is overnight (about 20 hours). This lig-
ation time was changed to 5, 30, 60, 300, 1,200, 3,600, 10,800 and 72,000 sec.
DNA sets, 1 and 2 were used (Table 2).

4 Results

We confirmed the construction of DNA paths using DNA set 1 (two vertices) by
5% PAGE, shown in Fig. 3(A). 40 bp bands were complete DNA paths and 20 bp
bands were of DNA oligomer which had not constructed DNA paths. Fig. 3(B)
shows the efficiency of the ligation reaction in the construction of DNA paths
using DNA set 1 (two vertices). About 60% of the DNA oligomer was used for
constructing complete DNA paths at 5 sec. At 20 min, about 80% of the DNA
oligomer had been used. At 20 hours, about 90% of the DNA oligomer had been
used and about 10% of the DNA oligomer remained without constructing DNA
paths.

DNA path construction using DNA set 2 (three vertices) was also confirmed,
as shown in Fig. 4(A). Some 60 bp bands were complete DNA paths. 50 bp and
40 bp bands were incomplete DNA paths lacking one or two DNA oligomers,
and 20 bp bands were of DNA oligomer which had not constructed DNA paths.

Figure 4 shows the efficiency of the ligation reaction in the construction of
DNA paths using DNA set 2 (three vertices). The rate of constructing complete
DNA paths is lower than that of the two vertices simple line graph. The final
rate of constructing complete DNA paths was about 60% at 20 hours. From
these results, it can be seen that the more DNA vertices and edges, the lower
the construction rate of complete DNA paths.

5 Discussion

Since the experimental result from 1 min to 60 min kination time was almost the
same, it seems that 60 min kination in the standard protocol is longer than the
time which needs for enough phosphorylating (data not shown). The kination
process is preparation of the ligation reaction. This process can be omitted by
using the 5’ end phosphorylated DNA oligomers, and the total time for the
construction of DNA paths can thus be shortened.

Ligation time in the standard protocol is about 20 hours. The efficiency of
the ligation reaction was about 90% at 20 hours in Fig. 3. The main reasons for
this efficiency may be (i) existence of non-phosphorylated DNA oligomer caused
by incomplete kination process, (ii) lowering of enzyme activity of T4 DNA
ligase, and (iii) mishybridization in the hybridization process. Reason (i) can
be verified by using the 5’ end phosphorylated DNA oligomers. In the reaction
mixture, enzyme activity of T4 DNA ligase was excessive (over 106 fold), so it
was hard to believe that this efficiency was caused by (ii). In Fig. 4, the ratio of
the efficiency of constructing complete DNA paths was lower than that of Fig. 3.
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Fig. 3. (A) Confirmation of the formation of DNA paths from DNA set 1 with 5%
PAGE captured by Molecular Imager FX. Lane M, DNA size marker (100 bp ladder);
Ligation times were as follows, lane 0: 0 min, lane 1: 5 sec, lane 2: 30 sec, lane 3: 1
min, lane 4: 5 min, lane 5: 20 min, lane 6: 3 hour, lane 7: 20 hour. (B) Quantification
of generated DNA paths from DNA set 1. Open circle denotes the ratio of 40 bp DNA
band that contains complete DNA path. Close circle denotes the ratio of 20 bp DNA
band that contains DNA oligomer.

The differences between these two conditions lay in the number of ligation points
(nicks) needed for constructing complete DNA paths. Whenever the number of
ligation points needed for constructing completely DNA paths increases, the
efficiency of the construction of complete DNA paths decreases exponentially.
In the case of Fig. 4(B), three ligation points need ligasing for construction of
a complete DNA path (Fig. 2(B)). So, it is expected that the ratio of complete
DNA paths in Fig. 4(B) should be equal to the ratio of complete DNA paths in
Fig. 3(B) cubed. This expectation was almost exactly from the results of Fig.
3 and 4. These results suggest the following. As a DNA path becomes large, it
becomes more difficult to make a perfect DNA path. Although the possibility of
(iii) was also taken into consideration, there is still much that is unknown about
hybridization process.

We are investigating hybridization process at present. So far we have tested
various cooling schedule parameters from −0.02◦C/sec to −2.00◦C/sec. Anneal-
ing times have also been varied from about 70 min (−0.02◦C/sec) to about 4
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Fig. 4. (A) Confirmation of the formation of DNA paths from DNA set 2 (Table 2)
with 5% PAGE captured by Molecular Imager FX. Lane M, DNA size marker (100 bp
ladder); Ligation times were as follows, lane 0: 0 min, lane 1: 5 sec, lane 2: 30 sec, lane
3: 1 min, lane 4: 5 min, lane 5: 20 min, lane 6: 1 hour, lane 7: 3 hour, lane 8: 20 hours.
(B) Quantification of generated DNA paths from DNA set 2. Open circle denotes the
ratio of 60 bp DNA band that contains complete DNA paths. Close circle denotes the
ratio of the other DNA bands (20, 40 and 50 bp) that contains DNA oligomer and
incomplete DNA paths.

min (−2.00◦C/sec). If a hard cooling schedule can anneal complementary DNA
path without mishybridization, total reaction time can be further shortened. The
hybridization process seemed to be influenced by the cooling schedule and DNA
concentration according to our unpublished experimental data. If optimization
of experimental conditions progresses, it will be possible to perform that DNA
computing efficiently with a shorter reaction time.
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Abstract. In the game called Prisoner’s Dilemma, none of two prison-
ers, as players, is permitted to exchange information with the other and
has to make his decision without knowing the decision of the opponent.
Prisoners tell their jailer as their arbitrator their decisions and the jailer
gives each of the prisoners an appropriate payoff according to the pay-
off function (the payoff table). That is, a certain communication between
the two prisoners is performed at the moment the payoff is given to them
by the jailer. Motivated by such a view of Prisoner’s Dilemma game and
many other games, we study communication and information carriers in
quantum games. We also show that, quite surprisingly, communications
in special quantum games can be used to solve problems that cannot be
solved by using communications in classical games.

1 Introduction

Game theory is a field in which a process of decision making is analyzed. The
game called “Prisoner’s Dilemma” [4] can be used to discuss interesting points
and difficulties of such analyses. In the standard game theory, equilibria of games
are of a central interest. However, this will not be our case. We will look at quan-
tum games from the new point of view and we will discuss special communication
and computation aspects of games, not equilibria. In the Prisoner’s Dilemma,
two prisoner, Alice and Bob, are prohibited to communicate with each other,
and forced to decide whether they will cooperate (C) or defect (D). After they
tell their jailer, as their arbitrator, their decision, he gives a payoff to each of
them, based on Table 1. In Table 1, each row stands for a decision of Alice and
each column for a decision of Bob. The left side of each cell is the payoff of Alice
and the right side is the payoff of Bob.

For example, if Alice decides C and gains the payoff 3, the Alice knows
that the decision of Bob was C by Table 1. That is, the payoff given by the
jailer contains an information, which determines one of two possibilities, about
opponent’s decision. We can also think Table 1 instead of Table 1 as a payoff
table. In this case, an information which the payoff given by the jailer determines
one of four possibilities. Later we will see a payoff table like Table 1 in a quantum
game.
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Table 1. 2 × 2 and 4 × 4 payoff tables

C D
C 3 3 0 5
D 5 0 1 1

C1 C2 D1 D2

C1 3 3 1 1 0 5 5 0
C2 1 1 3 3 5 0 0 5
D1 5 0 0 5 1 1 3 3
D2 0 5 5 0 3 3 1 1

In this paper, we first focus on such an aspect of quantum games, and we
discuss information exchanged in it as well as its information carriers. In quan-
tum games, there is the special carrier which does not exist in classical games,
and it becomes possible to exchange two-bit information in them due to it. Fur-
thermore, later we discuss computations that are possible in quantum games,
but not in classical games, through communication and measurement.

2 Communication by Quantum Games

Let us start with a detailed analysis of the communication aspects of the quan-
tized Prisoner’s Dilemma game. In our approach, we quantize the decisions in
the original Prisoner’s Dilemma as follows:

C −→ |0〉, D −→ |1〉.

That is, each prisoner has his private qubit and applies a unitary transformation
to this. Their jailer gives a payoff to each of them based on a measured result of
each qubit (Table 2).

Table 2. Payoff by measurement result

|0〉 |1〉
|0〉 3 3 0 5
|1〉 5 0 1 1

Therefore, unitary transformations are strategies for prisoners and the key
roles will be played by Pauli matrices.

2.1 Pauli Matrices

Any unitary matrix U of order 2 can be represented as (see [3])

U = eiγ
(
eiα 0
0 e−iα

)(
cos θ i sin θ
i sin θ cos θ

)(
eiβ 0
0 e−iβ

)
.
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If γ = 0, U can be represented by the identity matrix I and Pauli matrices

σx =
(
0 1
1 0

)
σy =

(
0 −i
i 0

)
σz =

(
1 0
0 −1

)

as follows:

U = cosφ cos θ · I + sinφ cos θ · iσz + cosψ sin θ · iσx + sinψ sin θ · iσy.
In the following we make use of the fact that Pauli matrices have the following
properties:

σj
2 = I if j ∈ {x, y, z}, σkσl = −σlσk = iσm

if (k, l,m) is a cyclic permutation of (x, y, z).

2.2 Strategies

In our approach, strategies of prisonersU (unitary transformations) are restricted
to be products of the operators I, σx, σ′

y (= iσy), and σz, and can be represented
as follows:

U = σz
jσx

k. (2.1)

That is, each prisoner has to choose a j and a k. For example, if j = 1 and k = 1,
U is σy

′. In this game, matrices J and J∗, the operators which their jailer can
only use, are

J =
1√
2
(I ⊗ I + iσx ⊗ σx) , J∗ =

1√
2
(I ⊗ I − iσx ⊗ σx) .

The strategy of Alice, UA, and the strategy of Bob, UB , are then represented as

UA = σz
jAσx

kA , UB = σz
jBσx

kB .

The initial state ϕin and the final state ϕfin [1,2] which is the state on which
measurements are performed are the following ones:

ϕin = J |00〉 = 1√
2
|00〉+ i√

2
|11〉, ϕfin = J∗ (UA ⊗UB)J |00〉.

In such a setting, we get

J∗ (UA ⊗UB)J

= σz
jAσx

kA ⊗ σz
jBσx

kB
(
δf(jA,jB),0I ⊗ I + iδf(jA,jB),1σx ⊗ σx

)
where

f (jA, jB) = (jA + jB) mod 2 and δm,n =
{
0 if m �= n
1 if m = n

.
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Therefore, the final state of the game can be represented as

ϕfin = σz
jAσx

kA ⊗ σz
jBσx

kB
(
δf(jA,jB),0|00〉+ iδf(jA,jB),1|11〉

)
. (2.2)

We can determine the payoff which is given to each prisoner on the basis of his
strategy from formula (2.2) and Table 2 and it is given in Table 3. Moreover,
we can see from formula (2.1) that each strategy can be distinguished by j and
k. Therefore, each strategy is represented by a pair (j, k) in Table 3. Let Alice
decide 00. In such a case, Alice gains the payoff 5 and knows that the decision
of Bob was 11, by Table 3. In this case, information which is exchanged between
them through their jailer is represented as 2 bits, to determine one of the four
possibilities.

Table 3. Payoff by strategies

jk 00 10 01 11
00 3 3 1 1 0 5 5 0
10 1 1 3 3 5 0 0 5
01 5 0 0 5 1 1 3 3
11 0 5 5 0 3 3 1 1

2.3 Communiction Aspects of Games

A game can have a communication aspect. Indeed, in Prisoner’s Dilemma game,
there is a communication of two bits of information by two local one-qubit oper-
ations while in a classical game, there is a communication of one bit by one-bit
operations. This is similar to superdense coding [3] and indicates that quantum
communication has more computational ability than the classical one.

In our quantum game, each unitary matrix σz
jσx

k, a strategy which prison-
ers can use, can be seen as

I : |0〉 −→ |0〉 |1〉 −→ |1〉 if j = 0 and k = 0, (2.3)
σx : |0〉 −→ |1〉 |1〉 −→ |0〉 if j = 0 and k = 1, (2.4)
σz : |0〉 −→ |0〉 |1〉 −→ −|1〉 if j = 1 and k = 0, (2.5)
σ′
y : |0〉 −→ −|1〉 |1〉 −→ |0〉 if j = 1 and k = 1. (2.6)

That is,

σz
jσx

k : |0〉 −→ (−1)jk |k〉, |1〉 −→ (−1)jk |k〉.

It can be said that σz
jσx

k changes not only the value of a qubit, but also its
phase (amplitude). If there would be a way to distinguish the phase, a qubit
could contain infinite amounts of information. But we cannot distinguish phases
by the measurements. For example, in the case of the state

ϕ = a|0〉 (|a|2 = 1
)
,
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there are infinitely many complex numbers such that |a|2 = 1, but we cannot
distinguish them by measurement. Therefore, phase difference is of no impor-
tance for measurement and one qubit contains only one bit information that
can be distinguished by measurement. However, in our quantum game, two-bit
communication can be done by two local one-qubit operations. This means that
the phase difference is distinguished somehow.

The initial state ϕin in our quatum game is

ϕin = J |00〉 = 1√
2
|00〉+ i√

2
|11〉.

That is, an entangled state [3] is created by the operator J . Observe that one of
the properties of the tensor product, for vectors x, y and constants a, b, is

(ax)⊗ (by) = ab (x⊗ y) . (2.7)

formula (2.7) can be seen as the phase interaction that happens between two
different qubits. That is, after each prisoner applies a unitary transformation to
his qubit, the phases of two different qubits interact. Due to such a view, we can
say that in formula (2.2), f (jA, jB) is determined by this interaction. In other
words, δf(jA,jB),0 or δf(jA,jB),1 represent interferences caused by J∗.

In our Prisoner’s Dilemma game, an entangled state, in which each qubit is
correlated with other one, is created by the operator J , the phase interaction
between qubits is caused by unitary transformations of prisoners, and the in-
terference is due to the operator J∗. Therefore, by such a process, the phase
differences in formulas (2.3)�(2.6) are distinguished.

For example, let Alice decide to perform strategy σz (jk = 10) and let Bob
decide to perform strategy σ′

y (jk = 11). Since the entangled state ϕin created
by J is

ϕin = J |00〉 = 1√
2
|00〉+ i√

2
|11〉,

after Alice and Bob apply their unitary transformations to their qubits, the
following phase interaction between qubits takes place

(UA ⊗UB)ϕin =
1√
2
|0〉 ⊗ (−|1〉) + i√

2
(−|1〉)⊗ |0〉

= − 1√
2
|01〉 − i√

2
|10〉.

Finally, due to the interference caused by J∗, we get

ϕfin = J∗
(
− 1√

2
|01〉 − i√

2
|10〉

)

= −1
2
· 2 · |01〉+ i

2
· 0 · |10〉

= −|01〉.
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Therefore, in this case, the state |01〉 is measured by the jailer and Alice gains
the payoff 0 and Bob gains the payoff 5 respectively, according to Table 2. From
the payoff, Alice knows that Bob has changed his qubit as follows, |0〉 −→ −|1〉
and |1〉 −→ |0〉, and Bob knows that Alice has changed her qubit as follows,
|0〉 −→ |0〉 and |1〉 −→ −|1〉. Therefore, it can be said that the payoff the jailer
returns to each prisoner includes the phase information of each qubit and this
way it becomes possible to distinguish a phase difference in a quantum game.

3 Computation by Quantum Games

A communication that is meaningless in a classical game can be meaningful in
a quantum game. We show that the following problem can be solved by playing
a quantum game n times.
Problem: There areM prisoners. Let the prisoner Pi have a number bi ∈ {0, 1}
and n be any integer. Determine the remainder of the sum of bi’s divided by 2n

under the following conditions:
– No prisoner can communicate with other prisoners.
– A prisoner can send only his qubit to the jailer.
– Each prisoner knows the total number of prisoners.
– The jailer cannot measure the qubits sent from the prisoners.

That is, the jailer cannot know measured results of any qubits and each
prisoner can know only a measured result of his qubit.

In this case, the operators and the states, J ,J∗,ϕin,ϕfin are defined as
follows:

J =
1√
2

M⊗
j=1

I +
i√
2

M⊗
j=1

σx, J∗ =
1√
2

M⊗
j=1

I − i√
2

M⊗
j=1

σx,

ϕin = J

M⊗
j=1

|0〉 = 1√
2

M⊗
j=1

|0〉+ i√
2

M⊗
j=1

|1〉, ϕfin = J∗


 M⊗
j=1

Uj (t)


J

M⊗
j=1

|0〉.

Let us now assume that a unitary transformation Uj (t), which jth prisoner can
apply to his qubit, is the following one:

Uj (t) =
(

1 0
0 exp

(−i 2π
2tM

rjt−1

)
) (

1 0
0 exp

(
i 2π2t bj

)
)

=




1 0

0 exp
(
i 2π2t

(
bj − r

j
t−1
M

))



where bj is a number which the jth prisoner has, t is an iteration time. Later we
prove that rjt−1 is the remainder of 2t−1 of the sum of numbers prisoners have,
that is updated every iteration by a recursive formula (3.1), and its initial value
rj0 is 0. Therefore,

Uj (t) : |0〉 −→ |0〉 |1〉 −→ exp

(
i
2π
2t

(
bj −

rjt−1

M

))
|1〉.



Communication and Computation by Quantum Games 205

The final state ϕfin is therefore

ϕfin = J∗


 M⊗
j=1

Uj (t)


J

M⊗
j=1

|0〉

=
1
2

[
1 + exp

(
iπ

∑M
j=1 bj − rjt−1

2t−1

)]
M⊗
j=1

|0〉

− i

2

[
1− exp

(
iπ

∑M
j=1 bj − rjt−1

2t−1

)]
M⊗
j=1

|1〉

=
1 + (−1)R(t)

2

M⊗
j=1

|0〉 − i1− (−1)R(t)
2

M⊗
j=1

|1〉,

where

Rj (t) =

∑M
j=1 bj − rjt−1

2t−1 .

Let us now introduce a function ft defined as follows:

ft (b1, b2, . . . , bn) =


 M∑
j=1

bj quotient 2t−1


 mod 2.

Let us assume that before starting (t+ 1)th game iteration (t ≥ 1), each
prisoner Pj updates r

j
t−1 to rjt by a unitary transformation,

rjt := rjt−1 + qjt · 2t−1
(
rj0 = 0

)
(3.1)

where qjt is the result of the measurement of the qubit of Pj after tth game
iteration which he can measure.

Proposition: rjt is the remainder of 2t of the sum of numbers prisoners have,
for t ≥ 0.

Proof If t = 0, it is clear that the proposition holds.
If t = k (≥ 1), then

Rj (k) =

∑M
j=1 bj − rjk−1

2k−1 .

Let us next suppose that the proposition holds for t = k − 1 and we can
represent in such a case, R (k) as follows:

Rj (k) =
M∑
j=1

bj quotient 2k−1. (3.2)
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Therefore, it holds

fk (b1, b2, . . . , bn) = Rj (k) mod 2. (3.3)

After a kth game iteration, the final state is

ϕfin = δfk(b1,...,bn),0

M⊗
j=1

|0〉 − iδfk(b1,...,bn),1

M⊗
j=1

|1〉.

The prisoner Pj can therefore determine whether fk (b1, . . . , bn) is 0 or 1, by
measuring his qubit. Since it holds

M∑
j=1

bj = B · 2k + b · 2k−1 + rjk−1 = (B · 2 + b) · 2k−1 + rjk−1,

we get from formula (3.2),

Rj (k) = B · 2 + b.

Using the relation from formula (3.3), we have

fk (b1, b2, . . . , bn) = (B · 2 + b) mod 2 = b mod 2.

Each prisoner Pj knows whether b, in the above formula is 0 or 1 by measur-
ing his qubit. Therefore, when he updates rjk−1 to rjk according to formula
(3.1), rjk becomes the remainder of 2k of the sum of numbers of prisoners.
This way we have shown that the proposition holds for t ≥ 0. ✷

On the basis of the above proposition, we can say that a computation problem
can be solved by iterating a quantum game several times. That is, it can be
meaningful in a quantum game that each party measures his qubit after each
game iteration, which looks meaningless in the classical case.

4 Conclusion

There are two carriers in the quantum game. One of these is a measured re-
sult of a qubit, 0 or 1. If there would not be any other information carrier, one
qubit could contain only one-bit information. However in our quantum game,
two-bit information is exchanged between prisoners. This implies that there is
another information carrier, which is the phase of each qubit. However, the phase
difference cannot be distinguished by the simple measurement. Therefore, a cer-
tain device is necessary to do this and it is a series of unitary transformations,
J∗ (UA ⊗UB)J in section 2, or J∗

(⊗M
j=1 Uj (t)

)
J in section 3.

In quantum games, the phase is one carrier of information and plays an
important role in processing information. How we should use a series of unitary
transformations as a device to extract information from the carrier, it is the
most important to extract information from a qubit, and devising the series is
equivalent to designing a quantum algorithm.
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Abstract. In this paper, we continue the study of tissue P systems (tP
systems) recently introduced by C. MartinVide et.al in [5]. We consider
here only tP systems working in the minimal mode. All the results in
this paper are solutions to some of the open problems listed in [5] with
respect to tP systems working in the minimal mode. We obtain two
characterizations of recursively enumerable languages: tP systems having
2 cells and 3 states as well as tP systems having 4 cells and 2 states
generate PsRE. We also show that 2 cells and 2 states are sufficient for
generating E0L languages, whereas 3 cells and 2 states are sufficient for
generating ET0L languages.

1 Introduction

The P systems are computing models inspired from the structure and the func-
tioning of the living cells [1,6]. A P system consists of a membrane structure
which is a three dimensional structure of vesicles, all of them placed in a main
vesicle, delimited by a skin membrane. In the compartments defined by these
membranes (vesicles), there are placed multisets of objects. The multisets of
objects can be interpreted as chemical compounds swimming in the regions de-
limited by the membranes. There are evolution rules governing the modification
of these objects in each membrane; the objects can also pass through the mem-
branes or leave the system. In each time unit, all objects in a compartment
which can evolve by the rules associated with that compartment have to evolve.
In this way, we get transitions from a configuration to the next one. A sequence
of transitions constitutes a computation; with each computation, we associate a
result, the number of objects sent out of the system during the computation.

Thus, a P system is a computing device which abstracts from a single cell
structure and functioning. But in most cases, since cells live together and are
associated with tissues and organs, inter-cellular communication becomes an
essential feature. This communication is done through the protein channels es-
tablished among the membranes of the neighboring cells [4]. This has been the
main motivation for the introduction of tP systems [5].
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tP systems are also motivated from the way neurons cooperate. A neuron
has a body containing a nucleus; their membranes are prolonged by two classes
of fibres: the dendrites which form a filamentary bush around the body of the
neuron, and the axon, a unique, long filament which ends in a filamentous bush.
Each of the filaments from the end of the axon is terminated with a small bulb.

Neurons process impulses in the complex net established by synapses. A
synapse is a contact between an endbulb of a neuron and the dendrites of another
neuron. The transmission of impulses from one neuron to another one is done
in the following way: A neuron will be fired only if it gets sufficient excitation
through its dendrites. After firing a neuron and having it excited, there is a
small interval of time necessary to synthesize the impulse to be transmitted to
the neighboring neurons through the axon; also there is a small interval of time
necessary for the impulse to reach the endbulbs of the axon. The inputs to a
neuron can also be from various sensory areas, like the eyes, the skin and the
muscles, in addition to the impulses they get from other neurons. The neuron
synthesizes an impulse which is transmitted to the neurons to which it is related
by synapses; the synthesis of an impulse and its transmission to adjacent neurons
are done according to certain states of the neuron.

These observations have been made use of while defining a tP system [5]. A tP
system consists of several cells, related by protein channels. The term synapses
is used for referring to these channels. Each cell has a state from a given finite
set of states and can process multisets of objects represented by symbols from
a given alphabet. The standard rules are of the form sM → s′M ′ where s, s′

are states and M,M ′ are multisets of symbols. Some of the elements are marked
with an indication “go” and this means they have to leave the cell immediately
and pass to the cells to which we have direct links through synapses. This com-
munication can be done in a replicative manner or non-replicative manner. In
this paper, we use only the minimal way of applying rules sM → s′M ′: we can
apply such a rule only to one occurrence of M . As in usual P systems, we start
from an initial configuration, and allow the system to proceed until reaching a
halting configuration, where no further rule can be applied. A particular cell is
designated as the output cell, and in its rules sM → s′M ′, the indication “out” is
allowed; the symbols marked with “out” are sent out of the system, contributing
to the result of the computation.

2 Mathematical Prerequisites

Let N denote the set of natural numbers. A multiset over a set X is a mapping
M : X −→ N ∪ {∞}. For a ∈ X,M(a) is called the multiplicity of a in the
multiset M . The support of M is the set supp(M) = {a ∈ X | M(a) > 0}. We
can write a multiset M of finite support, supp(M) = {a1, . . . , an} in the form
{(a1,M(a1)), . . . , (an,M(an))}. We can also represent this multiset by the string
w(M) = a

M(a1)
1 . . . a

M(an)
n , as well as by any permutation of w(M).

For two multisets M1,M2 over the same set X we say that M1 is included
in M2, and we write M1 ⊆ M2 if M1(a) ≤ M2(a) for all a ∈ X. The union of
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M1,M2 is the multiset M1 ∪M2 defined by (M1 ∪M2)(a) = M1(a) +M2(a). We
define here the difference M2−M1 of two multisets only if M1 ⊆M2 and this is
the multiset defined by (M2 −M1)(a) = M2(a)−M1(a).

An alphabet is a finite nonempty set of symbols. For an alphabet V , we
denote by V ∗ the set of all strings of symbols in V . The empty string is denoted
by λ. The length of a string x ∈ V ∗ (the number of symbol occurrences in x)is
denoted by |x|. The number of occurrences of a given symbol a ∈ V in a string
x is denoted by |x|a. If V = {a1, a2, . . . , ak}, then the Parikh mapping of V is
ΨV : V ∗ −→ Nk, defined by ΨV (w) = (|w|a1 , |w|a2 , . . . , |w|ak

). If L is a language,
then its Parikh set is defined by PsL = {ΨV (w) | w ∈ L}.

3 Language Theory Prerequisites

In the proof from the next section, we need the notion of a matrix grammar
with appearance checking. Such a grammar is a construct G = (N,T, S,M,F ),
where N,T are disjoint alphabets, S ∈ N , M is a finite set of sequences of the
form (A1 → x1, . . . , An → xn), n ≥ 1, of context-free rules over N ∪ T with
Ai ∈ N,xi ∈ (N ∪ T )∗, and F is a set of occurrences of rules in M . We say
that N is the non terminal alphabet, T is the terminal alphabet, S is the axiom,
while the elements of M are called matrices.

For w, z ∈ (N∪T )∗, we write w =⇒ z if there is a matrix (A1 → x1, . . . , An →
xn) in M and strings wi ∈ (N ∪T )∗, 1 ≤ i ≤ n+ 1, such that w = w1, z = wn+1,
and, for all 1 ≤ i ≤ n, either (1) wi = w′

iAiw
′′
i , for some w′

i, w
′′
i ∈ (N ∪ T )∗, or

(2) wi = wi+1, Ai does not appear in wi, and the rule Ai → xi appears in F .
The rules of a matrix are applied in order, possibly skipping the rules in F if
they cannot be applied - one says that these rules are applied in the appearance
checking mode.

The language generated by G is L(G) = {w ∈ T ∗ | S =⇒∗ w}. The family of
languages of this form is denoted by MATac . When we use only grammars with
F = ∅, the generated family is denoted by MAT .

We denote by CF ,CS ,RE the families of context-free, context-sensitive and
recursively enumerable languages respectively. It is known that CF ⊂ MAT ⊂
MATac = RE, all inclusions being proper.

A matrix grammar G = (N,T, S,M,F ) is said to be in the binary normal
form, if N = N1 ∪N2 ∪ {S,#}, with these three sets mutually disjoint, and the
matrices in M are in one of the following forms:

1. (S → XA), with X ∈ N1, A ∈ N2
2. (X → Y,A→ x), with X,Y ∈ N1, A ∈ N2, x ∈ (N2 ∪ T )∗

3. (X → Y,A→ #), with X,Y ∈ N1, A ∈ N2
4. (X → λ,A→ x), with X ∈ N1, A ∈ N2 and x ∈ T ∗

Moreover, there is only one matrix of type one and F consists exactly of all rules
A→ # appearing in matrices of type 3; # is called a trap symbol, because once
introduced, it is never removed. A matrix of type 4 is used only once, in the last
step of a derivation.
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According to Lemma 1.3.7 in [2], for every matrix grammar, there is an
equivalent matrix grammar in binary normal form. For an arbitrary matrix
grammar G = (N,T, S,M,F ), let us denote by ac(G) the cardinality of the
set {A ∈ N | A → α ∈ F}. In [3], it was proved that each recursively enumer-
able language can be generated by a matrix grammar G such that ac(G) ≤ 2.
We say that this is the strong binary normal from for matrix grammars.

Now we pass on to defining some basic types of L systems. Basically, a
E0L system is a context-free pure grammar with parallel derivations : G =
(V, T, ω,R), where V is an alphabet, T ⊆ V is the terminal alphabet, ω ∈ V ∗

(axiom), and R is a finite set of rules of the form a → v with a ∈ V, v ∈ V ∗,
such that for each a ∈ V there is at least one rule a→ v in R (we say R is com-
plete). For w1, w2 ∈ V ∗ we write w1 =⇒ w2 if w1 = a1 . . . an, w2 = v1 . . . vn for
ai → vi ∈ R, 1 ≤ i ≤ n. The generated language is L(G) = {x ∈ T ∗ | ω =⇒∗ x}.
The family of languages generated by E0L systems is denoted by E0L. A tabled
E0L system, abbreviated ET0L, is a system G = (V, T, ω,R1, . . . , Rn), such that
each triple (V, T, ω,Ri) is an E0L system; each Ri is called a table, 1 ≤ i ≤ n.
The generated language is defined by

L(G) = {x ∈ T ∗ | ω =⇒Rj1
w1 =⇒Rj2

w2 . . . =⇒Rjm
wm = x,

where m ≥ 0, 1 ≤ ji ≤ n, 1 ≤ i ≤ m}.
(Each derivation step is performed by rules of the same table. ) The family of
languages generated by a ET0L system is denoted by ET0L.

It is known that CF ⊂ E0L ⊂ ET0L ⊂ CS . Moreover, E0L is incomparable
with MAT .

In the sequel we will make use of the following normal form for ET0L
systems. Each language L ∈ ET0L can be generated by an ET0L system
G = (V, T, w,R1, R2) having only two tables. Moreover, from the proof of The-
orem V.1.3 in [7], we see that any derivation with respect to G starts by several
steps of R1, then R2 is used exactly once, and the process is iterated; the deriva-
tion ends by using R2.

4 Tissue P Systems

In this section, we introduce the definition of tP systems, as given in [5].
A tissue P system of degree m ≥ 1 (the degree of a system is the number of cells
in the system) is a construct

Π = (O, σ1, . . . , σm, syn, iout),

where

1. O is a finite non-empty alphabet;
2. syn ⊆ {1, 2, . . . ,m} × {1, 2, . . . ,m} (synapses among cells); if (i, j) ∈ syn,

then j is a successor of i and i is an ancestor of j;
3. iout ∈ {1, 2, . . . ,m} indicates the output cell;
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4. σ1, . . . , σm are cells, of the form

σi = (Qi, si,0, wi,0, Pi), 1 ≤ i ≤ m,

where:
(a) Qi is a finite set of states;
(b) si,0 ∈ Qi is the initial state;
(c) wi,0 ∈ O∗ is the initial multiset of objects;
(d) Pi is a finite set of rules of the form sw → s′xygozout, where s, s′ ∈ Qi,

w, x ∈ O∗, ygo ∈ (O×{go})∗ and zout ∈ (O×{out})∗, with the restriction
that zout = λ for all i ∈ {1, 2, . . . ,m} different from iout.

A tP system as above is said to be cooperative if it contains at least a rule
sw → s′x, such that |w| > 1, and non-cooperative in the opposite case.

Let Ogo = {(a, go) | a ∈ O}, Oout = {(a, out) | a ∈ O}, and Otot = O ∪Ogo ∪
Oout. For s, s′ ∈ Qi, x ∈ O∗, y ∈ O∗

tot, sx =⇒min s
′y iff sw → s′w′ ∈ Pi, w ⊆ x,

and y = (x−w)∪w′. In the min mode, only one occurrence of the multiset from
the left hand side of a rule is processed and replaced by the multiset from the
righthand of the rule. The multiset w′ from a rule sw → s′w′ contains symbols
from O, but also symbols of the form (a, go), (a, out). Such symbols will be sent
to the cells related by synapses to the cell σi where the rule sw → s′w′ is applied,
according to the three modes:

– repl: each symbol a, for (a, go) appearing in w′ is sent to each of the cells σj
such that (i, j) ∈ syn;

– one: all symbols a appearing in w′ in the form (a, go) are sent to one of the
cells σj such that (i, j) ∈ syn, nondeterministically chosen.

– spread: the symbols a appearing in w′ in the form (a, go) are nondetermin-
istically distributed among the cells σj such that (i, j) ∈ syn.

Any m−tuple of the form (s1w1, . . . , smwm) with si ∈ Qi and wi ∈ O∗ is called
a configuration of Π; thus, (s1,0w1,0, . . . , sm,0wm,0) is the initial configuration of
Π. Using the rules from the sets Pi, we can define transitions among the config-
urations of the system. During any transition, some cells can do nothing: if no
rule is applicable to the available multiset of objects in the current state, then
the cell waits until new objects are sent to it from other cells. Each transition
lasts one time unit, and the work of the net is synchronized, the same clock
marks the time for all cells. A sequence of transitions among the configurations
of a tP system is called a computation of Π. A computation which ends in a
configuration where no rule in no cell can be used, is called a halting computa-
tion. Assume that the tP systems sends out through the cell σiout , the multiset
z. Then the vector ΨO(z), representing the multiplicities of objects from z is said
to be computed by Π.

We denote by Nmin,β(Π), β ∈ {repl, one, spread}, the set of all vectors of
natural numbers generated by a tP system Π, in the mode (min, β). The fam-
ily of all sets Nmin,β(Π), generated by all non-cooperative tP systems with
atmost m ≥ 1 cells, each of them using at most r ≥ 1 states, is denoted by
NtPm,r(nCoo,min, β), β ∈ {repl, one, spread}.
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Note: We do not use rules of the form s → s′ or s → s′w, which are
unrealistic from the biological point of view.

5 The Power of Tissue P Systems

In this section, we will discuss a few results regarding the generative
power of tP systems that are working in the minimal mode. In all the
proofs below, we shall use the short form sa → s′(x, go)(y, out) for a rule
sa → s′(x1, go)(x2, go), . . . , (xn, go)(y1, out)(y2, out) . . . (ym, out), where x =
x1x2 . . . xn and y = y1y2 . . . ym. First, we recall some results from [5]:

Lemma 1. 1. For all tP systems Π where each cell has atmost one successor,
we have Nmin,repl(Π) = Nmin,one(Π) = Nmin,spread(Π).

2. NtPm,r(nCoo,min, one) = NtPm,r(nCoo,min, spread),∀ m, r ≥ 1.

In [5], one proves that PsRE = NtP2,5(nCoo,min, β), β ∈ {one, spread, repl}
and one asks whether or not these results can be improved. Here, we answer this
question in the affirmative.

Theorem 1. PsRE = NtP2,3(nCoo,min, β), β ∈ {one, spread, repl}.
Proof. We prove only the inclusion ⊆, the opposite one can be obtained as
a consequence of the Turing-Church thesis. Because of the equality PsRE =
PsMATac, we start with a matrix grammar G = (N,T, S,M,F ) in strong binary
normal form. So, there are only two symbols A(1), A(2) ∈ N2 used in appearance
checking rules. Assume we have k matrices in M .

We construct the tP system Π = (O, σ1, σ2, (1, 2), (2, 1), 1), with the alphabet

O = N1 ∪N2 ∪ {Y0, E,H,Z} ∪ {Xi,j , Xi,0 | X ∈ N1, 1 ≤ i ≤ k, 0 ≤ j ≤ k}
∪ {Ai,j , i | A ∈ N2, 1 ≤ i ≤ k, 0 ≤ j ≤ k},

and the following cells (the axiom multiset consists of symbols X,A correspond-
ing to the initial matrix (S → XA) of the grammar G. XA is placed in σ1 if
A �= A(2); otherwise, X is placed in σ1 and A is placed in σ2. Without loss of
generality, assume that for the given grammar G, the initial matrix (S → XA)
is such that A �= A(2).

σ1 = ({s, s′, s1}, {s}, {XA},
{sX → s′(Xi,i, go), s′A→ s(Ai,i, go) | mi : (X → Y,A→ x) ∈M, 1 ≤ i ≤ k}
∪ {sX → s(Y2, go) | mi : (X → Y,A(2) → #) ∈M, 1 ≤ i ≤ k}
∪ {sX → s1Y (H, go) | mi : (X → Y,A(1) → #) ∈M, 1 ≤ i ≤ k}
∪ {s1A(1) → sZ, sZ → sZ, s1H → s} ∪ {sY0 → sY | Y ∈ N1}
∪ {sXi,0 → s′Y0 | mi : (X → Y,A→ x) ∈M, 1 ≤ i ≤ k}
∪ {s′Ai,1 → sz(y, out)(w(2), go) | mi : (X → Y orX → λ,A→ xy) ∈M,

1 ≤ i ≤ k, y ∈ T ∗, z ∈ (N2\A(2))∗, w(2) ∈ (A(2))∗, and x is obtained by

catenating symbols of z, w(2) in some order}
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∪ {sXi,0 → s′ | mi : (X → λ,A→ x) ∈M, 1 ≤ i ≤ k}
∪ {si→ sAi,1 | mi : (X → Y,A→ x) ∈M, 1 ≤ i ≤ k}
∪ {sAi,1 → sZ, sE → s(E, go)}

σ2 = {{s, s′, s2}, {s}, λ,
∪ {sXi,j → s′Xi,j−1, s

′Ai,k → sAi,k−1 | X ∈ N1, A ∈ N2, j > 1, k > 2}
∪ {s′Ai,2 → s(i, go), sXi,1 → s(Xi,0, go) | A ∈ N2, X ∈ N1}
∪ {sAi,j → sZ | 1 ≤ i, j ≤ k,A ∈ N2} ∪ {s2A(2) → s2Z}
∪ {sY2 → s2Y (E, go) | Y ∈ N1} ∪ {sY → s(Y, go) | Y ∈ N1}
∪ {sZ → sZ, s2Z → s2Z, s2E → s, sH → s(H, go)}

Assume that we apply the rules sX → s′(Xi,i, go) and s′A → s(Aj,j , go) in
cell 1. The symbols Xi,i and Aj,j are sent to cell 2, where under the control
of states s, s′, one alternately decreases by one the second components of the
subscripts. During this time, the first cell has no symbols to be processed and
remains inactive. The computation continues in this way till one of the symbols
from cell 2 reaches a subscript with the second component being equal to 2. We
have three cases:

Case 1: If i < j, then in the second cell, we use the rule sAi,j → sZ and the
computation never ends.

Case 2: If i > j, then the rule s′Ai,2 → s(i, go) will be applied in cell 2
before Xi,2 is obtained. In this case, in the next step, rules si → sAi,1 and
sXi,j → s′Xi,j−1, j > 2 will be applied in cells 1 and 2. In the next step, there
are no rules to be applied in cell 2 and the computation loops in cell 1 by the
rule sAi,1 → sZ.

Case 3: If i = j, then the rules s′Ai,2 → s(i, go), sXi,1 → s(Xi,0, go) are
applied in order in cell 2. In cell 1 the rule si → sAi,1 is applied when the
rule sXi,1 → s(Xi,0, go) is applied in cell 2. In the next step, we have both
symbols Ai,1 and Xi,0 in cell 1. Now, the rules sXi,0 → s′Y0 and s′Ai,1 →
sz(y, out)(w(2), go) should be applied in order in cell 1 to get the correct result.
If the rule sAi,1 → sZ is used before sXi,0 → s′Y0, the computation will loop.
Note that the rule s′Ai,1 → sz(y, out)(w(2), go) sends to cell 2 symbols of N2

which are of the form A(2).
In this way, we correctly simulate the matrices of G without appearance

checking rules.
Assume now that we start in cell 1 by using a rule sX → s(Y2, go). The

symbols A(2) if any, will be present only in cell 2. In cell 2, we apply rules
sY2 → s2Y (E, go) and s2A

(2) → s2Z if A(2) is present. If A(2) is not present
in cell 2, then cell 2 waits for the E to return back from cell 1. Then the rule
s2E → s is applied.

If we start in cell 1 by applying a rule sX → s1Y (H, go) and if the correspond-
ing symbol A(1) is present in cell 1, the computation loops. Otherwise, cell 1 waits
for H to return from cell 2 and applies the rule s1H → s. In this way, one cor-
rectly simulates an appearance checking rule. Consequently, all derivations in G
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can be simulated in Π and conversely, all halting computations in Π correspond
to terminal derivations in G. One can easily see that ΨT (L(G)) = Nmin,β(Π),
for all β ∈ {one, spread, repl}.

Theorem 2. PsRE = NtP4,2(nCoo,min, β), β ∈ {one, spread}.
Proof. As above, we start from a matrix grammar G = (N,T, S,M,F ) in
the strong binary normal form having k matrices. For i = 1, 2 let A(i) denote
the symbols of N2 which appear in matrices of type 3. Let N ′

2 = N2\(A(1)∪A(2)).

Fig. 1. The tP system from the proof of Theorem 2

The axiom multiset consists of symbols X,A corresponding to the initial
matrix (S → XA) of the grammar G. XA is placed in σ2 if A �= A(i). If A �= A(1),
X is placed in σ2 and A is placed in σ3. Otherwise, X is placed in σ2 and A is
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placed in σ4. Assume that for the given grammar G, the initial matrix (S → XA)
is such that A �= A(i), so that we have XA in σ2.

We construct the tP system

Π = (O, σ1, σ2, σ3, σ4, (1, 2), (2, 1), (2, 3), (3, 2), (2, 4), (4, 2), 2),

with the alphabet

O = N1 ∪N2 ∪ {E,H,Z} ∪ {Xi,j , Xi,0 | X ∈ N1, 1 ≤ i ≤ k, 0 ≤ j ≤ k}
∪ {Ai,j | A ∈ N2, 1 ≤ i ≤ k, 0 ≤ j ≤ k},

and cells as in Figure 1.
Since we have the axiom XA in cell 2, the symbol A corresponds to a type 2

or 4 matrix. The simulation of type 2 and 4 matrices are similar to Theorem 1.
To simulate appearance checking rules, we apply rules sX → s(Yj , go) in cell

2. For the computation to proceed correctly, Y1 has to be sent to cell 3 and Y2
has to be sent to cell 4. In cell 3, the rule sY1 → s1Y (E, go) is applied. If any
A(1) is present, the rule s1A

(1) → s1Z is applied and the computation loops.
Otherwise, the rules s1E → s, sY → s(Y, go) are applied and the computation
continues in cell 2.

Consequently, all derivations in G can be simulated in Π and conversely, all
halting computations in Π correspond to terminal derivations in G. One can
easily see that ΨT (L(G)) = Nmin,β(Π), for all β ∈ {one, spread, repl}.
Theorem 3. PsE0L ⊆ NtP2,2(nCoo,min, β), β ∈ {one, spread, repl}.
Proof. Let G = (V, T, w,R) be an E0L system. We construct the tP system
Π = (V ∪ {E,F,K,L,N,Z}, σ1, σ2, (1, 2), (2, 1), 2), and cells as in Figure 2.

By using the rule sa → s(x, go)(N, go) in cell 1 associated with a → x ∈ R,
we simulate a derivation step in G; when all symbols are rewritten, we can use
the rule sa → s′(x, go)(E, go), otherwise, the trap symbol Z is introduced and
the computation will never stop.

Fig. 2. The tP system from the proof of Theorem 3

While applying sa → s(x, go)(N, go) in cell 1, the rule sN → s should be
applied in cell 2; otherwise, the rule sa→ sZ will be applied and the computation
will loop. Similarly, during the last step in cell 1, the symbol E is introduced
and the rule sE → s′ is applied in cell 2. Once the state s′ is introduced in
cell 2, the symbols a ∈ V can either be sent out or sent back to cell 1 for
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further computations. For this purpose, the rules s′a → s′F (a, out) or s′a →
s′(a, go)(L, go) are applied in cell 2. The rule s′a → s(a, go)(K, go) is applied
when all symbols a ∈ V are sent back to cell 1; otherwise, the trap symbol Z
is introduced and the computation never stops. For the simulation to proceed
correctly, either the rules s′a→ s′(a, go)(L, go), s′a→ s(a, go)(K, go) should be
applied to the symbols a ∈ V in cell 2, or the rule s′a → s′(a, out)F should
be applied. If one uses both the rules s′a → s′(a, go)(L, go), s′a → s′(a, out)F
to a set of symbols a ∈ V , then the computation will loop. (If rules s′a →
s′(a, go)(L, go), s′a→ s′(a, out)F alone are applied, the looping takes place due
to the rule s′a → s′Z in cell 1; if all three rules s′a → s′(a, go)(L, go), s′a →
s(a, go)(K, go), s′a→ s′(a, out)F are applied, then the looping takes place due to
the rule sF → sZ in cell 2. ) Thus, we have the equality ψT (L(G)) = Nmin,β(Π),
for all β ∈ {repl, one, spread}.

Corollary 1. NtP2,2(nCoo,min, β)− PsMAT �= ∅, β ∈ {one, spread, repl}.

Theorem 4. PsET0L ⊆ NtP3,2(nCoo,min, β), β ∈ {one, spread}.
Proof.

Fig. 3. The tP system from the proof of Theorem 4

Let G = (V, T, w,R1, R2) be an ET0L system in the normal form. We con-
struct the tP system Π = (O, σ1, σ2, σ3, (1, 3), (3, 1), (2, 3), (3, 2), 3) with the
alphabet
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O = V ∪ {a1, a2 | a ∈ V } ∪ {Ai, Bi, Ci, Di, Ei, Li,Mi, Ni, F, Z | i = 1, 2},
and the cells as in Figure 3 (h1, h2 are the morphisms which replace each a ∈ V
by a1, a2 respectively)

In the initial configuration, we have the string h1(w) in cell 1, where w is the
axiom. In cells 1 and 2, we simulate the actions of tables 1 and 2 respectively.
By using rules of the form siai → si(xi, go)(Ni, go) in cells i, i = 1, 2, associated
with a → x ∈ Ri, we simulate a derivation step in table i; when all symbols
are rewritten, we can use the rule siai → s′

i(xi, go)(Ei, go), otherwise, the trap
symbol Z is introduced and the computation will never stop. Corresponding to
the above rules in cells i, i = 1, 2, rules sNi → s and sEi → sAi(Ai, go) must
be applied in cell 3; otherwise, the rule sai → sZ will be applied, leading to an
endless computation. The symbol Ai must be sent to cell i, i = 1, 2 if table i is
the most recently table; otherwise, the computation never halts.

Assume that Ai goes to cell i. In cell i, the rule s′
iAi → si is applied. Now, the

cells i, j are in states si, sj respectively. If table 1 was the last table simulated,
the symbol A1 will be present in cell 3. The rule sA1 → s(Bi, go)Bj can now be
applied. The symbol Bi must be sent to the cell i, to avoid endless computation.
The symbol Bi decides the next table to be simulated. If the above rule is applied,
then table j is simulated next, otherwise, table i is simulated. In cell i, the rule
siBi → s′

i is applied, blocking the simulation of table i. The computation is
continued in cell 3 by applying sBj → s′(Cj , go). The symbol Cj if sent to cell
i loops the computation; so Cj is sent to cell j where the rule sjCj → s′

jDj is
applied.

In the next few steps, rules s′
jDj → s′

jDj and s′a1 → s′(aj , go) must be
applied in cells j and 3. Corresponding to the last symbol a1 ∈ h1(V ) in cell 3,
the rules s′

jDj → s′
jDj and s′a1 → s(aj , go)Lj must be applied in cells j and

3, and in the next step, rules s′
jDj → s′

j and sLj → sMj(Mj , go) should be
applied. Otherwise, the computation will never halt since the rule s′

jaj → s′
jZ

will be applied in cell j.
Note here that while applying rules s′a1 → s′(aj , go) in cell 3, if the subscript

j of the symbol aj is not kept constant in all steps, i.e., if one applies rules s′a1 →
s′(a1, go) and s′b1 → s′(b2, go) in two different steps, then the computation never
halts. The subscripts of the symbols a ∈ V in s′a1 → s′(aj , go) must be j if the
rule sA1 → s(Bi, go)Bj has been applied in an earlier step. Also, the symbols
aj must be sent to exactly one cell j; otherwise, the computation will loop. So,
to obtain a correct result, the subscripts of the symbols must be a fixed number
say, j in accordance to the rule sA1 → s(Bi, go)Bj and, they must be sent only
to cell j.

The symbol Mj restores the state of cell j to sj and then, the simulation
of table j can be started. To restore the state of cell i to si, the rules sMj →
s(Mi, go) and s′

iMi → si are applied in cells 3 and i. This, way a computation
can be iterated.

The computation can be stopped only after simulating table 2. The two
choices that are left after simulating table 2 once are: (1) Simulate table 1 or
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(2) Stop the computation. To stop the computation and send out all symbols,
the rule s′a2 → s′(a, out)F is applied to all a ∈ T . If some symbols a ∈ V \T
remain, the computation will never halt. ( If in cell 3, the rules s′a2 → s′(a, out)F
and s′a2 → s′(a1, go) are the only ones used with respect to state s′, then the
computation loops in cell 1; if rules s′a2 → s′(a, out)F, s′a2 → s′(a1, go) and
s′a2 → s(a1, go)L1 are applied, then the computation loops in cell 3 due to
the rule sF → sZ. So, to avoid endless computation, either the rules s′a2 →
s′(a1, go), s′a2 → s(a1, go)L1 alone must be applied to symbols a2 in cell 3 or,
the rule s′a2 → s′(a, out)F alone must be applied to all the a2 when a ∈ T . )

This shows that ET0L is contained in the family NtP3,2(nCoo,min, β), β ∈
{one, spread}.

6 Conclusion

We have investigated the power of tissue P systems working in the minimal
mode using a small number of (≤ 4) cells. We have solved the open problems
listed in [5] with respect to tP systems working in the minimal mode. We do
not know whether the results given in this paper are optimal; but we conjecture
that a characterization of RE cannot be obtained in the minimal mode by using
a system having m cells and r states where m < 2, r < 3 or m < 4, r < 2.
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Abstract. Reversible computation has attracted much attention over
the years, not only for its promise for computers with radically reduced
power consumption, but also for its importance for Quantum Computing.
Though studied extensively in a great variety of synchronous computa-
tion models, it is virtually unexplored in an asynchronous framework.
Particularly suitable asynchronous models for the study of reversibility
are asynchronous cellular automata. Simple yet powerful, they update
their cells at random times that are independent of each other. In this
paper, we present the embedding of a universal reversible Turing machine
(RTM) in a two-dimensional self-timed cellular automaton (STCA), a
special type of asynchronous cellular automaton, of which each cell uses
four bits to store its state, and a transition on a cell accesses only these
four bits and one bit of each of the four neighboring cells. The embedding
of a universal RTM on an STCA requires merely four rotation-symmetric
transition rules, which are bit-conserving and locally reversible. We show
that the model is globally reversible.

1 Introduction

In the quest to develop increasingly powerful and energy-efficient computers,
reversibility has played a key role. As physical phenomena on the microscale are
reversible, computers that test the limits of physics must conduct their compu-
tations in a reversible way, lest the microstate information about their history
is transformed into some uncontrolled and inaccessible form, such as thermal
entropy [5] of the system and its surroundings [1]. Reversibility is also a pre-
condition for Quantum Computation. Due to this, the operations of a quantum
computer can be expressed in terms of unitary transformations.

In all research up to now on reversible computing, it is implicitly assumed
that the underlying system is synchronously timed, i.e., that there is a central
clock in accordance to which all logic elements switch in lock-step. For example,
a Fredkin gate [2] only works correctly if all its inputs arrive at roughly the same
time. As asynchronous systems carry a high degree of nondeterminism due to the

C.S. Calude et al. (Eds.): UMC 2002, LNCS 2509, pp. 220–229, 2002.
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randomness by which events in them are timed, they are thought to be incompat-
ible with the backward determinism accompanying reversible computing. Still,
the fact is that most physical interactions on the microscale are asynchronous.
As with reversibility, asynchronicity tends to reduce power consumption and
heat dissipation, be it for different reasons: logic elements in an asynchronous
system go into a sleeping state if they have no work to do, unlike in synchronous
systems, where idle logic elements have to engage in dummy switching when
receiving clock signals. In the context of Quantum Computing, the study of re-
versibility in asynchronous systems is also significant, as the absence of a clock
signal allows a better isolation of a quantum system from its environment, thus
improving its ability to maintain the superpositions of its states.

Synchronous cellular automata are a very popular model to conduct research
on into reversibility [3,4,6,8,11]. For a cellular automaton to be reversible, the
left-hand side (LHS) of its transition rules must consist of the same number of
elements as on the right-hand side (RHS). This is achieved in the Billiard-Ball
Model Cellular Automaton [6] by transitions rules that change the states of a
block of 2 × 2 cells all at the same time. Alternatively, in [4,8] cells are divided
in partitions, and transition rules are applied to the partitions of cells and their
neighbors, such that the number of partitions in the LHS is the same as the
number of partitions in the RHS. The resulting model is called a Partitioned
Cellular Automaton (PCA).

In this paper we study reversible computing on asynchronous cellular au-
tomata. In such cellular automata transitions of cells are timed randomly and
independently of each other. We use a special type of asynchronous cellular au-
tomaton, a so-called two-dimensional Self-Timed Cellular Automaton (STCA)
[9,10], which is basically a PCA with four partitions per cell, each partition
carrying one of two possible states. The proposed STCA employs four rotation-
symmetric transition rules, each of which takes the four partitions of a cell and
one partition of each of the four neighboring cells as arguments, and changes
their states.

We simulate a universal reversible Turing machine (RTM) by constructing
an infinite circuit based on a reversible logic module, a so-called Rotary Element
(RE) [7], and embedding this circuit in an infinitely sized STCA. This con-
struction [7] allows the circuit to operate in asynchronous mode, with a signal
being subject to arbitrary delays, while at the same time the global transitions
of the STCA are reversible. In other words, the STCA can carry out reversible
computation.

This paper is structured as follows. Section 2 describes the Rotary Element
and shows how a reversible Turing machine can be made in accordance with
Morita’s construction by wiring infinitely many Rotary Elements in an appropri-
ate way. Section 3 describes the STCA model in more detail, followed by section
4, which shows how to embed a Rotary Element in an STCA. This shows how
a reversible Turing machine can be simulated on an infinite STCA. This paper
finishes with concluding remarks.
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Fig. 1. (a) An RE in H-state, and (b) an RE in V-state

 (a) (b)

Fig. 2. RE operating on an input signal in (a) parallel case, and (b) vertical case. The
signal is denoted by a token on a line

2 Rotary Elements

The Rotary Element (RE) introduced by Morita [7] is a reversible logic module.
It has four input lines {n, e, s, w}, four output lines {n′, e′, s′, w′}, and two states,
the H-state and the V-state (see Fig. 1), which are displayed as horizontal and
vertical bars respectively in the RE. When a signal, which is one-valued, arrives
on one of the input lines of an RE, the RE operates on the signal, by possibly
changing its state and transmitting the signal to an appropriate output line in
the following way: If a signal comes from a direction parallel to the rotating bar
of an RE, then it passes straight through to the opposite output line, without
changing the direction of the bar (the state of the RE), as in Fig. 2(a); if a signal
comes from a direction orthogonal to the rotating bar, then it turns right and
rotates the bar by 90 degrees (Fig. 2(b)). Simultaneous signals on any pair of
input lines of an RE are not allowed. Obviously, the functionality of an RE is
reversible and conservative.

The RE is capable of universal computation, in the sense that any reversible
Turing machine (RTM) can be realized by a network of an infinite number of
RE modules, in which there is at most one signal moving around in the entire
network at any time [7]. Thus, delays in modules or lines do not affect the correct
operation of the entire circuit, i.e., this circuit can operate in an asynchronous
mode, removing the need of a central clock signal [7]. An example of a circuit
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Fig. 3. The realization of a reversible Turing machine by REs. Note that each RE in
the construction has its state set before the operation of the circuit starts, such as
to ensure a proper initial configuration of the Turing machine. (Reprinted from [7]
copyright c©2001, Springer)

Fig. 4. Self-timed cellular space

composed of RE modules which simulates a particular RTM is given in Fig. 3,
in which the partial network of RE modules on the left is used for finite-state
control, and the infinite array of blocks on the right is in one-to-one correspon-
dence with the infinite number of tape cells of the Turing machine. This circuit
computes the function f(n) = 2n, starting with a signal arriving on input line
”Begin”.

3 Self-Timed Cellular Automata

A Self-Timed Cellular Automaton (STCA) [9] is a two-dimensional array of iden-
tical cells, each of which can be in one of 16 states. Each cell’s state is partitioned
into four bits in one-to-one correspondence with its neighboring cells (see Fig. 4),
in which a filled circle denotes a 1-bit, and a blank circle denotes a 0-bit.
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Each cell undergoes state transitions via transition rules that operate on the
four bits of the cell and the nearest bit of each of its four neighbors. Thus a
transition rule f(u, r, d, l, x, y, z, w) = (u′, r′, d′, l′, x′, y′, z′, w′) can be depicted
as follows,

u

r
d

l

x

y

z

w

u'

x'

r' y'
d'

z'

w' l'

where u, u′, r, r′, d, d′, l, l′, x, x′, y, y′, z, z′, w, w′ ∈ {0, 1}, and (u, r, d, l, x, y, z, w)
�= (u′, r′, d′, l′, x′, y′, z′, w′). In STCA, transitions of cells are timed independently
of each other and occur at arbitrary times. For this reason, they are asynchronous
cellular automata.

Let Conf(c) denote the set of all configurations over an STCA. For any
ci, cj ∈ Conf(c), there exists a global transition from ci to cj written by ci → cj ,
iff cj can be obtained by random selection and update of at least one cell in ci
at a time, and no neighboring cells in ci can change a bit common to them to
different values at the same time [10]. Moreover, global transitions in an STCA
are reversible iff

∀ci, cj , ch ∈ Conf(c), ci → cj ∧ ch → cj =⇒ ci = ch.

4 Embedding Rotary Elements in Self-Timed Cellular
Automata

In this section, we introduce an STCA that can embed a network of Rotary
Elements. The interactions between the cells are described by the transition
rules in Fig. 5. Since the RHS of each rule differs from those of the other rules,
the rules are locally reversible. Also, since the numbers of 1-bits in the LHS and
RHS of each rule are the same, the rules are bit-conserving.

A line is implemented in our STCA by a straight path of continuous cells, all
bits of which are 0. A signal is represented as a pattern of one 1-bit and seven
0-bits, as in Fig. 6(a). Applying transition rule 1 in Fig. 5 twice to this pattern
moves the signal along the path of cells towards the east in Fig. 6(b). We adopt
the convention that the rotation-symmetric equivalents of transition rules may
also serve as transition rules. This allows, for example, the use of transition rule
1 for transmitting signals in directions towards the north, south, and west as
well.

Fig. 7(a) shows a pattern that can be used as a left-turn element for signals
(see Fig. 7(b)). A signal coming from the opposite direction just passes through
the left-turn element as in Fig. 7(c). Using three left-turn elements, we can
construct a right-turn element.
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1) 2)

3) 4)

Fig. 5. Transition rules of an STCA

(a)

(b)

1 1

Fig. 6. (a) A signal. (b) Transmitting a signal to the east. The integer above each
arrow denotes the transition rule (or its rotation-symmetric equivalents) in Fig. 5 used
to update the states of the cells in the configurations

The pattern in Fig. 8(a) represents a rotation bar. A signal coming from a
direction orthogonal to the bar will turn left and rotate the bar by 90 degrees
as in Fig. 8(b).

A rotary element embedded in the STCA is a composition of the rotation
bar and left-turn elements, as in Fig. 9. Fig. 10 illustrates the operations of
an RE operating on a signal that arrives at one of its input lines at directions
parallel with or orthogonal to the rotation bar. The correctness of the processing
in Fig. 10 can be easily verified.

By implementing the pattern representing an RE in Fig. 9, along with the
other elements mentioned above, we can lay out an infinite network of REs on
our STCA and simulate an arbitrary reversible Turing machine, such as the
RTM in Fig. 3. Since only one signal moves around in the entire circuit in Fig. 3,
at most one cell in the entire configuration undergoes a transition at a time, and
this cell is the one at which the signal arrives. In this case, the local reversibil-
ity of the transition rules results in the global transitions in our STCA to be
reversible, even though transitions may be subject to arbitrary delays due to
the asynchronicity of the STCA. Thus, our STCA is computationally universal,
and it computes reversibly when a reversible Turing machine is embedded in its
cellular space.
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1 2 1

1 3 1

(a)

(b)

(c)

Fig. 7. (a) Patterns representing a left-turn element. The arrow indicates the direction
in which a signal propagates. (b) A signal from the west turning left to the north. (c)
A signal from the east passing to the west

(a)

(b)

1 4 1

Fig. 8. (a) A rotation bar in horizontal position (H-state). (b) A signal from the south
turning to the west, while setting the bar to a vertical position

5 Concluding Remarks

In this paper, we introduced a model that is capable of universal reversible
computation in the sense that it can simulate a universal reversible Turing ma-
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ss'

w'

w

n n'

e

e'

Fig. 9. An RE in V-state. Positions of the input and output paths of this RE slightly
differ from the RE in Fig. 1

chine. For our implementation, we proposed a self-timed cellular automaton that
uses only four rotation-symmetric transition rules to describe the interactions
between its cells. Since only a single signal is used at any time to conduct com-
putations, the ordering of the operations is strictly defined. Together with the
local reversibility of the transition rules, this is sufficient to guarantee backward
determinism of the model. The system is not reversible in the traditional sense,
as the signal may undergo arbitrary delays at any time. In synchronous reversible
systems, such behavior is not permitted, because signals that are static in two
successive clock cycles, should remain so indefinitely, due to the reversibility
condition.

If more than one signal at a time would be allowed in the STCA, a whole
new situation would occur. Though the ordering of the operations associated
with each of the individual signals would still be uniquely defined, provided the
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(a) (b)

Fig. 10. Traces of a signal moving in the configuration represening an RE when the
rotation bar is (a) parallel or (b) vertical

signals would not interact with each other, the ordering of the operations in the
overall system would not. This brings up the question of what reversibility in
asynchronous systems actually means. Does it incorporate being able to follow
backwards the trace of events in a system including the order and timing in
which events take place? Alternatively, can the order be interpreted in a more
loose sense, for example allowing events to be delayed and allowing independent
events to change their order of occurrence with respect to each other? Finally,
for the construction of reversible asynchronous computers an important question
is how the picture changes if events interact with each other. We hope this paper
initiates more discussion about these intriguing questions.
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Abstract. With current technologies, it seems to be very difficult to im-
plement quantum computers with many qubits. It is therefore of impor-
tance to simulate quantum algorithms and circuits on the existing com-
puters. However, for a large-size problem, the simulation often requires
more computational power than is available from sequential processing.
Therefore, simulation methods for parallel processors are required.
We have developed a general-purpose simulator for quantum algorithms/
circuits on the parallel computer (Sun Enterprise4500). It can simulate
algorithms/circuits with up-to 30 qubits. In order to test efficiency of
our proposed methods, we have simulated Shor’s factorization algorithm
and Grover’s database search, and we have analyzed robustness of the
corresponding quantum circuits in the presence of both decoherence and
operational errors. The corresponding results, statistics and analyses
are presented in this paper.

Keywords: quantum computer simulator, Shor’s factorization, Grover’s
database search, parallel processing, decoherence and operational errors

1 Introduction

Modern computers, not only PCs, but also super-computers, are based on the
semiconductor switches. As their sizes have got smaller, their processing speed
has got faster and their processing data has got larger. However, it has become
apparent that if development of computing technology is to follow the Moore’s
law, at some stage, probably within the next 10 to 20 years, the number of atoms
in the structures will become so small that underlying physical phenomena will
not follow the laws of classical physics, but the laws of quantum physics. There-
fore, it will be necessary to take quantum effects into account when designing
new, more powerful computers.

A quantum computer [3],[4] could solve efficiently some important algorith-
mic problems using superposition and interference principles of quantum me-
chanics. When an atom or a particle is used as a quantum bit, then quantum
mechanics says that it can be prepared as a coherent superposition of two basis
states |0〉 and |1〉. Strings of qubits can be entangled and encode in some sense a

C.S. Calude et al. (Eds.): UMC 2002, LNCS 2509, pp. 230–251, 2002.
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vast amount of information. Quantum computers can support entirely new kinds
of computation, with qualitatively new algorithms based on quantum principles.
Shor [14] proposed polynomial quantum algorithms for integer factoring and dis-
crete logarithm computation. Grover [5] suggested a quantum search algorithm
that achieves quadratic speedup with respect to classical ones.

Having such theoretical results, a natural question is whether we could ever
build quantum computers. One of the obstacles is decoherence–an interaction of
quantum systems with their environment that destroys fragile superposition in
the quantum systems in which computations are performing–. Decoherence is
caused because the environment is “measuring” the state of a quantum system
by interacting with it. Second one is inaccuracy (operational errors). Quantum
computers are actually analog: that is, they have a continuum of states. For
example, one of the most common quantum gates “rotates a quantum bit by
an angle θ”. When applying this gate, there is always some inaccuracy in the
rotation.

With current technologies, it seems to be very difficult to implement quantum
computers with many qubits. It is therefore of importance to simulate quantum
algorithms and circuits on the existing computers. The purpose of the simulation
is

– to investigate quantum algorithms behavior.
Of course, we have already known that Grover’s search algorithm is opti-
mal. That is, no quantum algorithm can search N items using fewer than
Ω(
√
N) accesses to the search oracle. However, we do not know whether

Shor’s factorization algorithm is optimal. Therefore, it is important to check
how effective the improved Shor’s factorization algorithm is by simulations.

– to analyze performance and robustness of quantum circuits in the presence
of decoherence and operational errors.
Not to mention, it is necessary to use quantum error-correcting codes to fight
decoherence and operational errors. However, these errors may happen not
only in the main circuits but also in the quantum error-correcting circuits
themselves. Therefore, it is necessary to investigate effects of these errors.

P P

M

P
��

��������	

P: Processor, M: Memory
Fig. 1. SMP (Symmetric Multi-Processors).
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Simulations often require more computational power than is usually available
on sequential computers. Therefore, we have developed a simulation method
for parallel computers. That is, we have developed a general-purpose simulator
for quantum algorithms and circuits on a parallel computer: Symmetric Multi-
Processor (shown in Figure 1).

2 Basic Design

2.1 Registers

The simulation is for circuit model of quantum computation. A set of n qubits
is called a register of size n. The general state of the n-qubit register is

|φ〉 =
2n−1∑
i=0

αi|i〉, where αi ∈ C ,
2n−1∑
i=0

|αi|2 = 1 .

That is, the state of an n-qubit register is represented by a unit-length complex
vector in H2n . In a classical computer, to store a complex number α = x + iy,
one needs to store a pair of real numbers (x, y). In our implementation each real
number will be represented by a double precision word. The double precision
word is 16 bytes (64bits) on most of the computers. 2n+4 bytes memory are
therefore required to deal with the state of an n-qubit register in a classical
computer.

2.2 Evolution

The time evolution of an n-qubit register is determined by a unitary operator
of H2n . The size of the matrix is 2n × 2n. In general, it requires 2n × 2n space
and 2n(2n+1 − 1) arithmetic operations to perform classically such an evolution
step.

However, we mostly use operators that have simple

n−1

...

....

Ui

1
0

.

Fig. 2. Single qubit gate.

structures when we design quantum circuits. That is,
an evolution step is performed by applying a unitary
operator (2× 2) to a single qubit (a single qubit gate)
or by applying the controlled unitary operator such as
a C-NOT gate. It requires only 2 × 2 space and 3 ·
2n arithmetic operations to simulate such an evolution
step as explained below.

Single Qubit Gates. Suppose that the MSB (most significant qubit) is 0-

th qubit. When a unitary matrix U =
(
u11 u12
u21 u22

)
is applied to the i-th qubit

(Figure 2), the overall unitary operation applied to the n-qubit register state
has the form X = (

⊗i−1
k=0 I)

⊗
U
⊗

(
⊗n−1

k=i+1 I). 2
n × 2n matrix X is the sparse

regular matrix shown in Figure 3. That is, all the Si are the same. We therefore
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do not have to generate X explicitly. We have to only store the 2 × 2 matrix
U . Since there are only 2 non-zero elements for each row in X, the evolution
step (i.e., multiply of a matrix and a vector) is simulated in 3 · 2n arithmetical
operations.

X =




S0 0S1

· · ·
· · ·

S2i−20 S2i−1




︸ ︷︷ ︸
2n

where Sk =




u11 0 u12 0
· · · · · ·

0 u11 0 u12

u21 0 u22 0
· · · · · ·

0 u21 0 u22




︸ ︷︷ ︸
2n−i

(0 ≤ k < 2i)

Fig. 3. Total unitary matrix.

Parallelization
Of course, the evolution step (X|φ〉) can be executed in parallel. Let 2P be the
number of processors available in the simulating system. The evolution step is
decomposed into a sequence of submatrix-subvector multiplication Mk (0 ≤ k <
2i). Mk is defined as Skφk, that is, as the multiplication of a submatrix Sk
(2n−i × 2n−i) and a subvector φk whose length is 2n−i (shown in Figure 4).

X|φ〉 =




S0 0S1

· · ·
· · ·

· · ·
· · ·

S2i−20 S2i−1







φ0

φ1

· · ·
· · ·
· · ·
· · ·
φ2i−2
φ2i−1




}
(processor 0)

· · ·
· · ·
· · ·}

(processor 2P )

where φk =




αk2n−i

αk2n−i+1
· · ·

α(k+1)2n−i−2

α(k+1)2n−i−1


 (0 ≤ k < 2i)

Fig. 4. Computation decomposition in the general case.

Note that there are no data-dependencies betweenMk andMl (k �= l). There-
fore, Mk and Ml can be executed in parallel. We assign a sequence of computa-
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tion: Mp2i−P ,Mp2i−P+1, . . . ,M(p+1)2i−P −1︸ ︷︷ ︸
2i−P

to a processor p (0 ≤ p < 2P ). That

is, the processor p computes 2i−P submatrix-subvector multiplications, and the
rests of multiplications are performed in other processors in parallel. After each
processor has finished computations that were assigned to it, it executes a syn-
chronization primitive, such as the barrier, to make its modifications to the
vector (φ), that is, the state of the register visible to other processors.
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Fig. 5. Computation decomposition in the large subblock case.

When the number of submatrices is smaller than the number of processors
(i.e., 2i < 2P ), it is inefficient to assign the computation Mk(= Skφk, 0 ≤
k < 2i)) to one processor as described above. It can cause a load imbalance
in the simulation system. In this case, we should decompose the computation
Mk itself to improve parallel efficiency. Each submatrix Sk is then divided into
2P+1 chunks of rows. Each chunk of rows, Rj (0 ≤ j < 2P+1), contains the
adjoining 2n−i−(P+1) rows of Sk. The multiplications using the chunk of rows
Rj and R2P+j are assigned to a processor j as described in the Figure 5. This
decomposition is applied to all Mk computations (0 ≤ k < 2i).

Note that the computation using j-th row of the submatrix must be always
paired with that using (j+2n−i−1)-th row when we use an “in-place” algorithm
(i.e., The results of X|φ〉 are stored in |φ〉).

That is, multiplications using the chunk of rows Rj and R2P+j are assigned to
the same processor j. This is because there are dependencies across processors.
Consider for example the following case.
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


xu11 + yu12

. . .

. . .
xu21 + yu22

. . .

. . .



=




u11 0 u12 0
. . . . . .

0 u11 0 u12

u21 0 u22 0
. . . . . .

0 u21 0 u12







x
. . .
. . .
y
. . .
. . .




If the first element is computed and the result (xu11+yu12) is stored before the
fourth element is computed, then the result of fourth element computation is not
xu21 + yu22, but (xu11 + yu12)u21 + yu22. However, this is wrong. To avoid this
situation, all the processors have to execute barrier operations before storing the
results of computations. However, a barrier operation per store operation can
cause heavy overheads.

Therefore, the first element computation and fourth element computation
should be assigned to the same processor. Then, the data-dependencies are not
cross-processor but in-processor.

First, the processor computes xu11 + yu12 and stores the result in a tempo-
rary variable t1 on the local storage-area (i.e., stack). Second, the processor itself
computes the result xu21 + yu22 and stores it in the fourth element. Third, the
processor stores the contents of the temporary variable t1 in the first element.
In this way, we can avoid the above wrong situation without performing syn-
chronization primitives. If there are no overheads for parallel execution, the time
complexity is thus reduced to O(2n−P ) where 2P is the number of processors
available in the system.

Controlled Qubit Gates

Suppose that a unitary matrix U =
(
u11 u12
u21 u22

)
is applied to the i-th qubit if

and only if the c-th bit (controlled bit) is 1.
Let CTX be the overall unitary matrix (2n ×

c

....

....

0

Ui

n−1

1 ..

Fig. 6. Controlled qubit
gate.

2n). First, we consider the matrix X mentioned in
Section2.2 as if there were no controlled bits. Then,
for each j (0 ≤ j < 2n − 1), the j-th row of CTX
(CTX[j]) is defined as follows.

CTX[j] =
{
X[j] the c-th bit in j is 1
I[j] the c-th bit in j is 0

where I[j] is j-th row of the unit matrix I and X[j]
is j-th row of the matrix X. In this case, we also do

not have to generate CTX or X explicitly. We have only to store the 2×2 matrix
U . It is easy to extend this method to deal with the case of many controlled bits.
The evolution step is executed in parallel as described in Section 2.2. Therefore,
the simulation time is O(2n−P ) if there are no overheads for parallel execution
(2P is the number of processors available in the simulation system.)
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f-controlled U gate is also simulated when f is a boolean function. It is similar
to the controlled U gate. But in this case, the U gate is applied to the target bit
iff f(c) = 1 (the c-th bit is the controlled bit). This is used in the simulation of
Grover’s Search Algorithm [5].

Measurement Gates
Let us consider a measurement of the j-th qubit of an n-qubit register |φ〉 =∑2n−1
i=0 αi|i〉. The corresponding observable is Bj = {E0

j , E
1
j } where E0

j (E
1
j ) is

the 2n−1 dimensional subspace of the H2n spanned by all basic vectors having
0(1) in the j-th element. The measurement of j-th qubit gives

{
0 with probability

∑
i(ij=0) |αi|2 (= p0)

1 with probability
∑
i(ij=1) |αi|2 (= p1)

,

where ij denotes the j-th bit in i.
The post-measurement state becomes |φ′〉 as follows.

|φ′〉 =
{

1√
p0

∑
i(ij=0) αi|i〉

1√
p1

∑
i(ij=1) αi|i〉

,

This measurement process is simulated in O(2n) step as follows.

1. p0 = 0 and p1 = 0
2. For each integer k (0 ≤ k < 2n), if j-th bit of k is 0, p0 = p0 + |αk|2.

Otherwise (that is, j-th bit of k is 1), p1 = p1 + |αk|2.
3. A random number r, 0 ≤ r < 1, is generated
4. When r < p0, We consider that 0 is measured. Otherwise, 1 is measured.
5. For each integer k (0 ≤ k < 2n), when 0 is measured, if j-th bit of k is 0,

we set αk = αk√
p0

. If j-th bit of k is 1, we set αk = 0. When 1 is measured, if
j-th bit of k is 0, we set αk = 0. If j-th bit of k is 1, we set αk = αk√

p1

2.3 Basic Circuits

The Hadamard transform Hn is defined as follows,

1
..

H

n−2

n−1

0

H

H

H

.

Hn|x〉 = 1√
2n

∑
y∈0,1n

(−1)x·y|y〉, for x ∈ {0, 1}n.

Hn is implemented by the circuit that is displayed on the

left, where H =
1√
2

(
1 1
1 −1

)
. Note the simulation requires

O(n2n−P ) time, if there are no overheads for parallel execution
(2P is the number of processors available in the simulation sys-
tem).
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Quantum Fourier Transform. Quantum Fourier transform (QFT) is a uni-
tary operation that essentially performs DFT on quantum register states. QFT
maps a quantum state |φ〉 =∑2n−1

x=0 αx|x〉 to the state
∑2n−1
x=0 βx|x〉, where

βx =
1√
2n

2n−1∑
y=0

ωxyαy, ω = e2πi/2
n

.

The circuit implementing the QFT is shown in the Figure 7. H is the

Hadamard gate, and Rd is the phase shift gate denoted as
(
1 0
0 eiπ/2

d

)
.

H

H

H

H

R

R R

R

1 3RR2

1 2

1

The bit�order reverse

Fig. 7. The QFT2n circuit (n = 4).

For general n, this circuit is of size O(n2)1. Therefore, the evolution step is
simulated in O(n22n−P ) time if there are no overheads for parallel execution
(There are 2P processors available in the system.). Of course, we can reduce the
circuit size to O(n log(n/ε)) [1],[2], if we settle to the implementation with a
fixed accuracy (ε), because the controlled phase shift gates acting on distantly
separated qubits contribute only exponentially small phases. In this case, the
evolution step is simulated in O(n log(n/ε)2n−P ) steps if there are no overheads
for parallel execution.

If we regard QFT transform as a black box operator, we do not have to use this
quantum circuit in the simulator to perform QFT transformation. We can use
fast Fourier transform (FFT) in the simulator instead of the QFT circuit if we
suppose that QFT circuit has no error. FFT algorithm requires only O(n2n−P )
steps if there are no overheads for parallel execution. Of course, FFT gives the
exact solution. We use the 8-radix in-place FFT algorithm.

Arithmetical circuits. Arithmetical circuits are important for quantum com-
puting [16]. In the Shor’s factoring algorithm [14], arithmetical circuits are
needed to compute modular exponentiation. Therefore, according to Ref [8], we
have implemented the modular exponentiation circuit by using constant adders,
constant modular adders and constant multipliers. xa( mod N) can be computed
using the decomposition,
1 There is a new quantum circuit that computes QFT (modulo 2n) that has the size
O(n(logn)2 log log n) [2].
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xa(mod N) =
l−1∏
i=0

(
(x2

i

)ai(mod N)
)
, where

a =
l−1∑
i=0

ai2i(= al−1al−2 . . . a0 (binary representation))

Thus, modular exponentiation is just a chain of multiplications where each factor
is either 1 (ai = 0) or x2

i

(ai = 1). Therefore, the circuit is constructed by the
pairwise controlled constant multipliers2.

Let N be an n bit number, and a a 2n bit number (that is, l is equal to 2n
in the above equation.) in the Shor’s factoring algorithm because a is as large as
N2. n+1 qubits are required as the work-space for the controlled multiplier and
n + 4 for the controlled adders. The total number of required qubits becomes
5n+ 6.

The circuit is constructed with the O(l) (that is, O(n)) pairwise controlled
constant multipliers. A controlled constant multiplier consists of O(n) controlled
constant modular adders. A controlled constant modular adder consists of 5
controlled constant adders. A controlled constant adder consists of O(n) XOR
(C-NOT) gates. Thus, one modular exponentiation circuit requires O(n3) gate.
Details are described in Ref [8]. It is simulated in O(n32n−P ) steps if there are
no overheads for parallel execution (2P is the number of processors available in
the simulation system.).

3 Error Model

3.1 Decoherence

We consider a quantum depolarizing channel as the decoherence error model.
In this channel, each qubit is left unchanged with probability 1− p. Otherwise,
each of the following possibilities has probability p/3: the qubit is negated, or
its phase if changed, or it is both negated and its phase is changed.

3.2 Operational Errors

In general, all single qubit gates can be generated from rotations

UR(θ) =
(
cos θ − sin θ
sin θ cos θ

)
,

and phase shifts,

UP1(φ) =
(
1 0
0 eiφ

)
and UP2(φ) =

(
eiφ 0
0 1

)
.

For example, H = UR(π4 )UP1(π), and NOT = UR(π2 )UP1(π). The simulator
represents inaccuracies by adding small deviations to the angles of rotation θ and
φ. Each error angle is drawn from the Gaussian distribution with the standard
deviation (σ).
2 Of course, we must classically compute the numbers x2i

(modN)
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4 Preliminary Experiments

We describe the simulation environment and some experiments about basic quan-
tum circuits.

4.1 Simulation Environment

We have designed a simulator for the parallel computer: Sun Enterprise 4500
(E4500). E4500 has 8 UltraSPARC-II processors (400MHz) with 1MB E-cache
and 10GB memory. The system clock is 100MHz. OS is Solaris 2.8 (64bit OS).
The simulator is written in the C language and the compiler we use is Forte Com-
piler 6.0. The compiler option “-xO5 -fast -xtarget=ultra2 -xarch=v9” is
used. We use the solaris thread library for multi-processor execution. Under this
environment, if we use an in-place algorithm, 30-qubit quantum register states
can be simulated.

4.2 Quantum Fourier Transform

Table 1 shows QFT execution time by the simulator that uses QFT-circuit and
(classical) FFT algorithm. Numerical error value ranges from 10−15 to 10−14.
Recall that 2P is the number of processors available in the simulation system.
FFT algorithm requires O(n2n−P ) steps, and QFT circuit requires O(n22n−P )
steps for n-qubit quantum register, if there are no overheads for parallel execu-
tion. The execution time is increased exponentially with respect to n. Table 1
shows that the execution time of FFT is about 20 ∼ 30 times as fast as that
of QFT-circuit. Both execution times are decreased when the number of pro-
cessors is increased. The speedup-ratios on 8-processor execution are about 4
to 5. The reason why the speedup-ratios on 8-processor execution are not 8 is
that the parallel execution has some overheads that single processor execution
does not have. The parallel execution overheads are operating system overheads
(multi-threads creation, synchronization, and so on), load imbalance, memory-
bus saturation, memory-bank conflict, false sharing and so on. For small-size
problems, the ratio of overheads to the computation for parallel execution is rel-
atively large and speedup-ratios on multi-processor execution may be less than
4. The decoherence and operational errors experiment for QFT is described in
Section 5.

4.3 Hadamard Transform

Table 2 shows Hadamard Transform (HT) execution time. HT circuit requires
O(n2n−P ) steps for n-qubit quantum register. The speedup-ratio on 8-processor
execution becomes about 5.

Effect of Errors. We have investigated the decrease of the |0〉〈0| term in the
density matrix for the 20-qubit register.
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Table 1. QFT execution time (sec).

Qubits
Algorithm

Num. of Procs
(n) 1 2 4 8

20
Circuit 26.08 7.25 5.01 5.33
FFT 1.21 0.92 0.72 0.53

22
Circuit 124.78 66.96 38.03 23.40
FFT 5.01 3.71 2.79 1.83

24
Circuit 643.02 331.98 183.01 137.7
FFT 20.00 12.61 8.40 5.84

26
Circuit 2745.56 1469.73 799.57 526.82
FFT 113.29 73.08 48.39 32.84

28
Circuit 12597.8 6738.13 3661.51 2338.19
FFT 567.19 319.16 205.98 142.01

29
Circuit 31089.6 16790.6 9189.68 5811.49
FFT 1232.16 697.68 423.00 286.29
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Fig. 8. Decrease of the |0〉〈0| term in the density matrix (20 qubits).

Table 2. HT execution time (sec).

Qubits Num. of Procs
(n) 1 2 4 8
20 2.38 1.18 0.76 0.40
22 10.85 5.73 3.20 1.35
24 46.94 24.96 13.40 9.58
26 205.81 109.97 58.83 38.71
28 887.40 467.71 253.82 167.31
29 2027.9 1081.1 592.08 395.81
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Fig. 9. Decrease of the |0〉〈0| term in the density matrix (20 qubits).

Decoherence Errors
We have analyzed decoherence in the HT circuit on the depolarizing channel.
Of course, the simulation deals with pure states. Therefore, the experiments
were repeated 10000 times and we use the average values. Each experiment
uses different initial random seed. The initial state of the quantum register is
|00 . . . 0〉 = |0〉. HT circuit is applied to the quantum register over and over.
The x-axis in Figure 8 shows the even iteration number. If there are no errors
(i.e., the error probability is 0) and the number of iterations is even, the state
remains to be |0〉 and |0〉〈0|-term in the density matrix remains 1. Figure 8
shows how decoherence errors degrade for the |0〉〈0|-term. The noise degrades
the |0〉〈0|-term significantly if the error probability is greater than 10−3. When
the error probability is 10−2, the |0〉〈0|-term is decreased in exponential order
in proportional to the number of iterations.

In this easy case, we can compute |0〉〈0|-term in the density matrix also
theoretically. First, consider the 1 qubit case. Let p be the error probability and
ρk be the density matrix after the HT circuit is applied to the quantum register
k times. The density matrix ρk+1 is then calculated as follows.

ρk+1 = (1− p)HρkH∗ +
p

3
σxHρkH

∗σx∗

+
p

3
σyHρkH

∗σy∗ +
p

3
σzHρkH

∗σz∗.

When the initial state of the quantum register is |0〉 and k is even, ρk is
calculated as follows

ρk =
1
2

(
1 + (1− 4

3p)
k 0

0 1− (1− 4
3p)

k

)
.
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In the n−qubit case, we can calculate the density matrix similarly if the initial
state of the quantum register is |0, . . . , 0〉 and k is even. |0〉〈0|-term of ρk is

(
1 + (1− 4

3p)
k

2
)n.

Figure 8 also shows this theoretical value of |0〉〈0|-term in the density matrix
if p = 10−5 ∼ 10−2 and n = 20. We can see that the simulations and the
theoretically computations yield almost the same result.

Operational Errors
The simulator implements “inaccuracies” by adding small deviations to two an-
gles of rotations. Since H = UR(π4 )UP1(π), we add small deviations x and y to
π
4 and π respectively. That is, we use H(x, y) = UR(π4 + x)UP1(π + y) as H
gate in this experiment. x and y are drawn from the Gaussian distribution with
the standard deviation (σ). As mentioned above, the experiments were executed
10000 times and we use the average value. Each experiment uses different ini-
tial random seed. Figure 9 shows how operational errors degrade the |0〉〈0|-term
when σ = 10−5 ∼ 10−2 and n = 20. The |0〉〈0|-term is not affected by the
operational error if σ is less than 10−2.

In this case, we can also compute theoretically the |0〉〈0|-term in the density
matrix. First, consider the 1 qubit case. Let ρk be the density matrix after HT
circuit is applied to the quantum register k times. The density matrix ρk+1 can
be calculated as follows.

ρk+1 =
∫ ∞

−∞

∫ ∞

−∞
H(x, y)ρkH(x, y)∗p(x)p(y)dxdy,

where p(z) = 1√
2πσ
e−

z2

2σ2 . If the initial state of the quantum register is |0 . . . 0〉 =
|0〉, ρk can be expressed as follows

ρk =
1
2

(
1 + e−

σ2
4 9k 0

0 1− e− σ2
4 9k

)
.

As for the general n−qubit case, we can calculate the density matrix similarly
if the initial state of the quantum register is |0 . . . , 0〉, and k is even. |0〉〈0|-term
of ρk is then

(
1 + e−

σ2
4 9k

2
)n.

Figure 9 also shows this theoretical value of |0〉〈0|-term in the density matrix
if the standard deviation σ = 10−5 ∼ 10−2 and n = 20. It follows from the
theoretical computation that |0〉〈0|-term decreases exponentially with respect to
the number of iterations k.

Operational and Decoherence Errors
Each element of Table 3 represents the |0〉〈0|-term of the density matrix after
HT is applied to the state |0〉 of a 20-qubit register 10000 times. The combined
effect of two factors may be worse than in case of each factor alone. That is
to say, the effect seems to be the product of each factor. Table 3 shows this
situation.
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Table 3. Combined effects for HT.

D
ecoh

eren
ce(p)

Operational(σ)
0 10−5 10−4 10−3

0 1.0000 1.0000 0.9999 0.9977
10−5 0.9870 0.9870 0.9849 0.9797
10−4 0.9010 0.9010 0.8909 0.8780
10−3 0.2910 0.2790 0.2779 0.2664

5 Experiments

5.1 Shor’s Factorization Algorithm

We investigate behavior of Shor’s factorization algorithm. The point is

– how effective the improved algorithm [15] is
– effects of decoherence errors and operational errors

First, we review the algorithm briefly.

Input. An l bit odd number n that has at least two distinct prime factors.
Output. A nontrivial factor of n

1. Choose an arbitrary x ∈ {1, 2, . . . , n− 1}
2. (Classical Step) Compute d = gcd(x, n) using Euclid’s algorithm. If d > 1,

output d and stop.
3. (Quantum Step) Try to find the order of x:

a) Initialize an l-qubit register and a 2l-qubit register to state |0〉|0〉.
b) Apply HT to the second register.
c) Perform modular exponentiation operation, that is, |0〉|a〉 →

|xa(mod n)〉|a〉
d) Measure the first register and apply the QFT to the second register and

measure it. Let y be the result.
4. (Classical step) Find relatively prime integers k and r (0 < k < r < n), s.t.

| y22l − k
r
| ≤ 1

2(2l+1) by using the continued fraction algorithm. If xr �≡ 1(mod n),
or if r is odd, or if xr/2 ≡ ±1(mod n), output ”failure” and stop.

5. (Classical step) Compute d± = gcd(n, x
r
2 ±1) using Euclid’s algorithm. Output

numbers d± and stop.

When the simulator performs all the step-3 operations (not only QFT but
also modular exponentiation) on the quantum circuit, 5l + 6 qubits are totally
required, as described in Section 1. Therefore, the simulator can only deal with
4-bit integer n (5l + 6 <= 30 → l ≤ 4). The 4-bit integer that satisfies the
input property is only 15. We have tried to factor 15 on the simulator. Beyond
our expectation, modular exponentiation is computationally much heavier than
QFT.

Modular exponentiation requires O(l32l−P ) steps and QFT on the circuit
requires O(l22l−P ) steps, when there are 2P processors available in the sim-
ulation system and there are no overheads for parallel execution. Of course,
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Table 4. Execution time in Shor’s factorization algorithm, when n = 15 and x = 11
(All quantum operations are executed on the circuit).

Modular exponentiation QFT
18184 (sec) 0.64270 (sec)

in the classical computer, modular exponentiation consists of basic operations
such as addition, multiplication and division. However, these basic operations
are not so heavy if the classical computer is used, because it has the dedicated
non-reversible circuit (the so-called ALU –arithmetic logic unit–). This situation
suggests that a brand-new fast quantum algorithm for arithmetic operations is
required to factor larger numbers. 15 is not enough to investigate behavior of
Shor’s factoring algorithm. In order to factor much larger number in a reasonable
time, the simulator performs the step 3(c) and the step 3(d) classically. That
is, the modular exponentiation are computed classically and QFT is computed
by FFT algorithm in the simulator. In this case, the simulator does not need to
generate the first register. Therefore, the simulator can factor about 14 ∼ 15-bit
integers (for example, 23089).

The factoring algorithm succeeds with the probability greater than

Probsucc(n) = pstep2 + (1− pstep2)pstep3∼4

= (1− φ(n)
n− 1

) +
φ(n)
n− 1

· (1
2
· 4
π2

e−γ

log log n
)

where pstep2 denotes the probability that the step 2 succeeds and pstep3∼4 de-
notes the probability that step 3 and the step 4 succeed and γ is the Euler
constant, and φ(n) is the Euler number of n. If the above algorithm is repeated
O(1/Probsucc(n)) times, the success probability can be as close to 1 as desired.

We choose an n = pq where p and q are prime numbers. This kinds of integers
are chosen in an RSA cryptosystem because it is believed that it is hard to factor
such integers easily. Recall that φ(n) = (p− 1)(q− 1) for such integers. We have
experimented with several RSA-type 14 ∼ 15-bit integers.

The simulator repeats the above algorithm until a nontrivial factor of n
is found, and records the number of iterations. The experiment was executed
100 times, and we calculate the average of these recorded iterations. We have
compared the simulation values with the theoretical number of needed itera-
tions (i.e.,1/Probsucc(n)). The results are shown in the Table 5. Theoretical
values (Theoretical) are about only 2 ∼ 4 times as large as simulation values
(Original). Although much more simulations are required, the theoretical values
seem to be fairly good.

As suggested in Ref [15], the algorithm was optimized to perform less quan-
tum computation and more (classical) post-processing.

1. Neighbor y Check
No relatively prime integers k and r are found by using the continued fraction
algorithm, then it is wise to try y ± 1, y ± 2.

2. GCD Check
Even if xr �≡ 1 (mod n), try to compute d± = gcd(n, x

r
2 ± 1).
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Table 5. Number of needed iterations for Shor’s factoring algorithm.

n
Num. of Iterations

Theoretical
Simulation

Original Improved
21311(= 211 · 101) 15.79 6.690 1.760
21733(= 211 · 103) 15.85 8.990 2.356
22999(= 211 · 109) 16.00 6.360 1.730
22523(= 223 · 101) 15.88 5.480 1.770
22927(= 227 · 101) 15.91 3.790 1.470
22969(= 223 · 103) 15.94 8.050 2.070
23129(= 229 · 101) 15.92 7.133 1.636

3. Small Factor Check
If xr �≡ 1( mod n), it is wise to try 2r, 3r . . .. This is because if y

22l ≈ k
r , where

k and r have a common factor, this factor is likely to be small. Therefore,
the observed value of y

22l is rounded off to k′
r′ in the lowest terms.

4. LCM Check
If two candidates for r, r1 and r2, have been found, it is wise to test
lcm(r1, r2) as a candidate for r.

We have tested how much the algorithm is improved by these modifications.
The results are also shown in Table 5 (Improved). The number of iterations
is reduced to about 1/5 ∼ 2/5. The detailed effect of the improved algorithm
is described in Table 6. Each element of Table 6 represents ratio s/f where s

Table 6. Detailed effect of improved algorithm

n
Ratio of Success/Failure

1(Neighbor) 2(GCD) 3(SF) 4(LCM)
21311 27/9 52/19 12/4 3/4
23129 27/9 52/19 12/4 3/4
22999 37/6 47/79 13/8 2/58
22969 41/8 22/82 31/22 1/28
22927 25/3 35/49 18/2 1/28
22523 37/6 45/76 18/22 7/54

means the number of success iterations and f the number of failure iterations. For
example, for n = 23129, the first optimization, “Neighbor Check” is performed
for 27+9 = 36 iterations and a candidate of the order is found successfully in 27
iterations. It seems that the second optimization “GCD Check” works well for
all n that we have experimented with. From this result, we can see that even if
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xr �≡ 1(mod n), d± = gcd(n, x
r
2 ± 1) often becomes a factor of n. That is, even

if the candidate r is not equal to ord(x) (an order of x), r may be a divisor of
ord(x). That is, N � ∃a > 1, a · r = ord(x). In this case, the following equation
holds when r is even.

0(mod n) ≡ xord(x) − 1

≡ (xr − 1)(x(a−1)r + x(a−2)r + . . .+ 1)

≡ (xr/2 − 1)(xr/2 + 1)(x(a−1)r + x(a−2)r + . . . 1)

Thus, there is the possibility that n and x
r
2 ±1 have a common non-trivial factor.

5.2 Effect of Errors

We have analyzed decoherence and operational errors in the QFT circuit.
Decoherence Errors
We assume that each qubit is left intact with probability 1− p and it is affected
by each of the error operators σx, σy, σz with the same probability p

3 , each time
the register is applied by the controlled rotation gate Rd. Figure 10 shows the
amplitude amplification phase by the QFT circuit on the depolarizing channel
in Shor’s factorization algorithm (Step 3 (d)), when n = 187 and x = 23. The
y-axe in the Figure 10 shows the amplitude. The experiment was executed 1000
times and we use the average. If the error probability is greater than 10−3, it is
hard to use QFT circuit for period estimation.

p 0 10−5 10−4 10−3 10−2

Iterations 1.9569 2.1000 2.3201 6.0606 327.00

Fig. 10. Amplitude amplification by QFT in the presence of decoherence error (top)
and the required number of iterations (bottom) (16 qubits).
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Fig. 11. Amplitude amplification by QFT in the presence of operational error (top)
and the required number of iterations (bottom) (16 qubits).

Operational Errors
In the simulator, “inaccuracies” are implemented by adding small deviations
to angles of rotations of Rd. We consider Hn = UR(π4 )UP1(π), and NOT
= UR(π2 )UP1(π). The simulator also represents inaccuracies by adding small
deviations to these angles of rotations. The error is drawn from the Gaussian
distribution with the standard deviation (σ). As mentioned above, the experi-
ment was executed 1000 times and we use the average value. Figure 11 shows the
amplitude amplification phase by QFT in Shor’s factorization algorithm (Step
3(d)), when n = 187 and x = 23. It seems that the period extraction by using
QFT is not affected by the operational error.
Operational and Decoherence Errors
We investigate also the combined effect of operational and decoherence errors.
Table 7 shows the results. Each element of the table represents the fidelity. The
fidelity is defined as the inner product of the correct state and the simulated
state with errors.

The combined effect of two factors may be worse than each factor alone. That
is to say, the effect seems to be the product of each factor. However, when the
decoherence rate is relatively higher, the small-deviation operational error can
improve the results contrary to our expectations.

5.3 Grover’s Search Algorithm

Suppose that a function fk : {0, 1}n → {0, 1} is an oracle function such that
fk(x) = δxk. The G-iteration is defined as −HnVf0HnVfk

. The sign-changing
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Table 7. Combined effects for QFT (16bit)

D
ecoh

eren
ce(p)

Operational(σ)
0 10−5 10−4 10−3 10−2

0 1.0000 0.9999 0.9999 0.9999 0.9998
10−5 0.9880 0.9840 0.9860 0.9880 0.9848
10−4 0.8837 0.8897 0.8827 0.8801 0.8980
10−3 0.3287 0.3399 0.3332 0.3209 0.3363
10−2 0.0027 0.0015 0.0019 0.0017 0.0031

operator Vf is implemented by using the f -controlled NOT gate and one ancil-
lary bit. Figure 12 shows the circuit of Grover’s algorithm.

Fig. 12. The circuit of Grover’s algorithms.
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Fig. 13. Decrease of the amplitude of the correct element in the presence of decoherence
errors (10 qubit).

Effect of Errors. We have analyzed the impacts of decoherence and opera-
tional errors in the circuit for Grover’s algorithm. We assume again that the
depolarizing channel is used. “Inaccuracies” are implemented by adding small
deviations to the angles of these rotations. Each error angle is drawn again from
the Gaussian distribution with the standard deviation (σ).
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Figure 13 and 14 show the impacts of errors for a 10-qubit register. The
experiments were repeated 1000 times and we use the average values. If there
are no errors, by plotting the amplitude of the correct element (that is, k) we get
a sine curve. However, the amplitudes are decreased as G-iterations are repeated
in the presence of errors. Figure 13 shows the impacts of decoherence error. We
can see that the decoherence error affects the period of the sine-curve. Figure 14
shows the impacts of operational errors. It seems that the operational error does
not affect the period of the sine-curve.
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Fig. 14. Decrease of the amplitude of the correct element in the presence of operational
errors (10 qubit).

6 Related Works

There are many quantum simulators for quantum circuit model of computa-
tion [9],[13],[11],[12]. QDD[13] aims to use Binary Decision Diagram in order
to represent the states of quantum register. QCL[11] and OpenQubit[12] both
use complex number representation of quantum states like our simulator. In
addition, QCL tries to establish a high-level, architecture-independent program-
ming language. Obenland’s simulator [9], [10] is based on an actual physical
experimental realization and it uses parallel processing like our simulator. Al-
though it runs on the distributed-memory multi-computers, our simulator runs
on the shared-memory multi-computers. Therefore, in our simulator, there is no
need to distribute and collect states of the quantum register. In addition, our
simulator uses more efficient evolution algorithms and adopts (classical) FFT
algorithms for fast simulation of the large-size problems. Our simulator does not
depend on any actual physical experimental realizations. It is not easy to say
which realizations are best at the moment. In other words, our simulator is more
general-purpose.
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Gui et al. investigated the effects of gate imperfections (operational errors)
in Grover’s search and Shor’s factorization by performing numerical simulations
[7], [6]. But they do not consider decoherence errors. Our simulator deals not
only with operational errors but also with decoherence errors.

7 Conclusion

We have developed a parallel simulator for quantum computing on a paral-
lel computer (Sun, Enterprise4500). Up-to 30 qubits can be handled. We have
performed Shor’s factorization and Grover’s database search by using the simu-
lator. Our results show that the improved Shor’s factorization algorithm is really
effective. We analyzed robustness of the corresponding quantum circuits in the
presence of decoherence and operational errors. If the decoherence rate is greater
than 10−3, it seems to be hard to use both quantum algorithms in practice.

For future work, we will investigate the correlation between decoherence and
operational errors. That is, why small-deviation operational errors can improve
the results when the decoherence rate is relatively higher. Furthermore, we will
try to use quantum error-correcting code to fight decoherence and operational
errors.
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Abstract. Quantum entanglement is the most precious and most un-
usual quantum computation and communication resource. It is therefore
of importance to understand how much of entanglement particular quan-
tum states have, and what are the laws and limitations of transformation
of entanglement from one form to another. To deal with this problem, it
is necessary to use proper measures of entanglement that have nice prop-
erties. One of the most natural of such measures is that of entanglement
of formation, and one of the major and long standing open problems con-
cerning that measure is whether it is additive. In this paper we attack
this hard problem. We show that for an important special case of states
entangled formation is indeed additive. We also discuss this additivity
problem and its merit in a broader context.

1 Introduction

Quantum entanglement is the most inherently quantum feature of quantum in-
formation, computation and communication. Due to quantum entanglement,
quantum physics exhibits puzzling non-locality phenomena that lead to mys-
terious and weird consequences.
At the same time, quantum entanglement is increasingly considered as a very

new and important resource for quantum computation and communication.
Entanglement as a resource allows:

– to perform transformations that are not possible otherwise (entanglement
can act as a catalyst);

– to speed-up some computations;
– to economize communications;
– to increase capacity of quantum communication channels;
– to implement perfectly secure information transmissions;

Since entanglement is a resource, it is of large importance to determine the
amount of entanglement in particular quantum states, to understand how well
we can transform entanglement from one form to another, what are the laws
and limitations of entanglement sharing among various parties, which transfor-
mations do not change the amount of entanglement and so on. In order to deal
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well with all these, and many other problems, we need to have a good measure,
or measures, of entanglement.
The last task turned out to be much more difficult than it was expected. It

is nowadays quite clear that there is no single measure of entanglement and that
we need to explore a variety of measures of entanglement.
As usually, a natural way of searching for good measures of entanglement is to

determine first which useful and nice properties such measures of entanglement
should have, and, in parallel, to explore those measures that seems to be natural,
either from a physical point of view, or from a mathematical point of view, or
from an informatics point of view, and to determine which properties they have
and what are the relations between them.
In the rest of this introduction we first introduce basic concepts concerning

Hilbert spaces, density matrices and entanglement. Afterwards, we discuss and
analyze basic measures of entanglement of pure and mixed bipartite states, and
the importance of the additivity problem.

1.1 Basic Concepts

A finite dimensional Hilbert space, say n-dimensional, notation Hn, is a vector
space of n-dimensional complex vectors, on which the inner product, 〈x|y〉, of
two (column) vectors x = (x1, . . . , xn)T and y = (y1, . . . , yn)T , is defined by
〈x|y〉 =∑n

I=1 x∗
IyI .

The norm of a vector x is then defined as
√〈x|x〉. Vectors of norm 1 cor-

respond to the intuitive concept of quantum states. Vectors are usually written
using so-called “ket notation” as (column) “ket-vectors” |x〉. A “bra vector” 〈x|,
corresponding to |x〉, denotes the functional by which to each ket-vector |y〉 the
complex number 〈x|y〉 is associated. In other words, bra vectors 〈x| are row
vectors – conjugate versions of the column vectors corresponding to |x〉.
Two quantum states are considered as orthogonal if their inner product is

zero. A basis of Hn is called orthonormal if all its states have norm one and are
mutually orthogonal.
Time evolution (computation) of a quantum system is performed by a uni-

tary operator and a step of such an evolution can be seen as a multiplication
of a vector (state) |ψ〉 by a unitary matrix1, i.e. as U |ψ〉. Unitary operators
preserve norms and their eigenvalues having absolute value 1.
If a Hilbert spaceHA corresponds to a quantum system of Alice and a Hilbert

space HB corresponds to a quantum system of Bob, then the tensor product
HA⊗HB of HA and HB corresponds to the composed quantum system of Alice
and Bob. (If the Hilbert space HA (HB) has, as a vector space, basis {αI}I
({βj}j), then the tensor products of vectors2 {αI ⊗ βj}I,j form the basis of
HA ⊗HB .
1 Matrix U is unitary if U · U† = U† · U = I, where U† is a matrix obtained from

U by transposition and complex conjugation of its elements.
2 Tensor product of two vectors x = (x1, . . . , xn) and y = (y1, . . . , ym) is the mn-

dimensional vector x⊗y with components (x1y1, . . . , x1ym, x2y1, . . . , xnym). Tensor
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Tensor product of n copies of two-dimensional Hilbert spaces (qubits) is said
to be an n-qubit quantum register. A general state of an n-qubit register has the
form

|φ〉 =
∑

x∈{0,1}n

αx|x〉,

 ∑
x∈{0,1}n

|αx|2 = 1

 ,

where {|x〉}x∈{0,1}n represents a set of 2n basis states in H2n . A multiplication
by a 2n×2n matrix corresponds then to a quantum computation step on n qubit
registers.
In so-called open quantum systems, in which there is an interaction of the

system with the environment, the very basic concepts are that of mixed states
and of density matrices.

A mixed state is a probability distribution on pure states – what correspond
to the case that a source produces various pure states, each with a fixed proba-
bility.
A density matrix ρ is defined by ρ =

∑k
I=1 λI |φI〉〈φI |, where |φI〉 are pure

states and
∑k
I=1 λI = 1, with all λI > 0. Such a density matrix is said to

correspond to the mixed state at which the pure state |φI〉 is produced with the
probability λI .
The set of all density matrices of a Hilbert space H will be denoted by S(H).

The following two operations on (density) matrices are of key importance for
the theory of open quantum systems.

Trace of a matrix X, notation TrX, is the sum of diagonal elements of X,
which is a single number. One physical meaning of the trace operation is that
the average value of the measurement of a mixed state ρ with respect to an
observable A is given by TrAρ.

Tracing out of a system of Bob from a density matrix ρ ∈ HA ⊗ HB ,
notation ρA = TrB ρ, is a density matrix that shows how the state ρ is seen from
an observer that sees only the system Alice.3

An alternative way is to define a density matrices as the matrix satisfying
the following conditions: (I) ρ is a linear operator on H , (ii) ρ = ρ† ≥ 0, (iii)
Tr ρ = 1.

1.2 Basic Definitions Concerning Entanglement

The definition of entanglement of pure bipartite states is simple and natural. A
pure state |φ〉 of a bipartite quantum system HA ⊗ HB is entangled, if |φ〉 is
not a tensor product of a pure state from HA and a pure state from HB . An
example of such a state is the so called EPR state

product of two matrices, A = (aij) of dimension n and B = (bkl) of dimension m,
is the matrix C, of dimension mn, composed of matrices cij = aijB.

3 Technically, if dimension of HA (HB) is n (m), then ρA is obtained from ρ, if, in the
decomposition of ρ into submatrices of dimension m, each submatrix is replaced by
its trace, that is by a single number.
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|EPR〉 = 1√
2
(|00〉+ |11〉)

of the quantum system H2 ⊗H2.
The case of entanglement of mixed states of bipartite systems seems to be

slightly less natural. A mixed state ρ is entangled if ρ cannot be written as a
convex combination of the tensor products of mixed states

ρ =
k∑
I=1

pI ρA,I ⊗ ρB,I ,

where ρA,I (ρB,I) are mixed states of the quantum system HA (HB).
Actually, in both definitions there is the same idea behind: a state is entangled

if it cannot be created by two parties provided they perform quantum operations
only on their own subsystems and, in addition, they communicate only classically.
Both of the definitions generalized naturally also to the multipartite case, but

we will not do that here. We only comment that entanglement of multipartite
states is a much more complex issue and that it is even much less clear how
to define measures of entanglement for multipartite states. One natural way
to deal with this problem is to reduce, somehow, at least to some extent, the
study of multipartite entanglement to bipartite one. In such a case measures of
entanglement of bipartite states are again of importance.

1.3 Entanglement Measures for Pure Bipartite States

In the case of pure bipartite states, the situation seemed to be quite easy. It has
been believed that in such a case there is only one good measure of entanglement.
Namely, von Neumann reduced entropy between HA and HB , notation E(·), is
defined as follows for ρ ∈ S(HA ⊗HB).

Definition.

E(|ψ〉) := SvN(TrA |ψ〉〈ψ|) = SvN(TrB |ψ〉〈ψ|),

where von Neumann entropy SvN of a density matrix ρ is defined as SvN(ρ) =
−Tr ρ log2ρ. It is equal to −∑I λI log2 λI where λI are eigenvalues of ρ.

The properties of von Neumann reduced entropy are well known. Here are
some of them:

– Invariance condition : SvN(ρ) = SvN(Uρ U†) for any unitary matrix U .
– Additivity : SvN(ρ1 ⊗ ρ2) = SvN(ρ1) + SvN(ρ2).4

4 SvN(ρ1 ⊗ ρ2) is considered as the entropy between H⊗2
A = HA ⊗ HA and H⊗2

B =
HB ⊗ HB , i.e. between Alice’s side and Bob’s side, where ρ1 ⊗ ρ2 is a mixed state of
(A⊗B)⊗2. The same argument will be needed for the entropy of ρ⊗n = ρ⊗ · · · ⊗ ρ,
which will appear later.
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– Subadditivity : For a density matrix ρ of a bipartite system it holds SvN(ρ) ≤
SvN(ρA) + SvN(ρB) ≤ SvN(ρA ⊗ ρB), where ρA = TrB ρ, ρB = TrA ρ.

As discussed later, it has been shown that the above entanglement measure
E(·) is in a sense unique [1]. Namely, that it is the uniquely defined measure
of entanglement satisfying the first five from the following set of axioms for
entanglement measures.

Axioms.

Separability: E(ρ) = 0 if ρ is separable.
Normalization: E(ρ) = 1 if ρ is a Bell state (maximally entangled two qubits).
Monotonicity: E(Λ(ρ)) ≤ E(ρ) if Λ is a LQCC.5

Continuity: Let {AI}I≥0 and {B}I≥0 be a sequence of Hilbert spaces and ρI ,
σI be density matrices of Hilbert spaces AI ⊗BI such that ||ρI − σI ||1 → 0
for I →∞, then

E(ρI)− E(σI)
1 + log dim(AI ⊗BI)

→ 0 (I →∞).

Additivity: E(ρ⊗n) = nE(ρ).
Subadditivity: E(ρ⊗ σ) ≤ E(ρ) + E(σ).
Regularization: The following limit exists.

E∞(ρ) = lim
n→∞

E(ρ⊗n)
n

.

1.4 Measures of Entanglement for Mixed Bipartite States

For mixed bipartite states, a variety of measures of entanglement has already
been defined. Perhaps the main ones are entanglement of formation, entangle-
ment of distillation, entanglement of relative entropy and concurrence. Entan-
glement of formation is defined through the average of von Neumann reduced
entropy as

Ef (ρ) := inf
∑
j

pjE(|φj〉),

where the infimum is taken over all possible pure-state decompositions of ρ =∑
j pj |φj〉〈φj |. Entanglement of distillation, Ed(ρ), is the average amount of

maximally entangled states that can be distilled from several copies of ρ.
Another important measures is entanglement of relative entropies

ED
r (ρ). They count the minimal “distance” of ρ to a set D of states (that are
separable or not-distillable, or have a similar property). These measures have
interesting properties and serve as upper (lower) bounds for entanglement of
distillation (formation).
All these measures of entanglement are heavy to compute because they re-

quire some optimization. In the case of bipartite systems of dimension 2⊗ 2 and
5 LQCC stands for Local Quantum operations + Classical Communications.
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3 ⊗ 2 called concurrence due to Wootters [6,7], of large importance is easily
computable, defined as follows:

C(ρ) = max(λ1 − λ2 − λ3 − λ4 , 0),

where λi are, in the descending order, eigenvalues of the matrix ρρ̂ where ρ̂ =
(σy ⊗ σy)ρ∗(σy ⊗ σy), and σy =

( 0 − I
I 0

)
is a Pauli matrix. ρ∗ is a matrix each

element of which is the complex conjugate of the corresponding element of the
matrix ρ.
Importance of this measure stems from the fact that it allows to compute

entanglement of formation of a density matrices rather easily, according to the
rule:

Ef (ρ) = H

(
1 +

√
1− C2(ρ)
2

)
,

whereH(x) is the binary entropy function, i.e.H(x) = −x log2 x−(1−x) log2(1−
x).
These measures of Ef (·), ED

r (·) have so-called asymptotic version, defined by
E∞

· (ρ) = limn→∞
E·(ρ⊗n)

n . Asymptotic version of the entanglement of formation
is known to be equal to so-called cost of entanglement[8], and it is denoted
by Ec.
It is natural to ask when non-asymptotic and asymptotic versions of a mea-

sure of entanglement are identical. This is surely the case if a measure of entan-
glement is additive. That is if it holds E(ρ1 ⊗ ρ2) = E(ρ1) + E(ρ2) for density
matrices.

1.5 Known Results Concerning Additivity of Entanglement of
Formation

Concerning the additivity of entanglement of formation, only a few results have
been known. Vidal et al. [3] showed that additivity holds for certain states sup-
ported on H3 ⊗ H6 and this is the non-trivial first example. Matsumoto et al.
[4] showed that additivity of entanglement of formation holds for a family of
mixed states supported on Hd ⊗Hd2 by utilizing the additivity for unital qubit
channels [5].

2 New Additivity Result

In this section we prove our main result, namely that entanglement of formation
is additive for tensor product of two three-dimensional bipartite antisymmetric
states.
Actually, we give only a sketch of the proof in this section. Detailed proofs,

quite involved, of two main technical facts are given in Appendix.
Let us start with an introduction of our notations and concepts. H− will

stand for an antisymmetric Hilbert space, which is a subspace of a bipartite
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Hilbert space HAB := HA ⊗ HB , where both HA and HB are 3−dimensional
Hilbert spaces, spanned by basic vectors {|i〉}3i=1. It is already known [2] thatH−
is three-dimensional Hilbert space, spanned by states {|i, j〉}ij=23,31,12, where
the state |i, j〉 is defined as |i〉|j〉−|j〉|i〉√

2
.6 Let H⊗n

− be the tensor product of n

copies of H−. These copies will be discriminated by the upper index as H(j)
− , for

j = 1 . . . n. H(j)
− will then be an antisymmetric subspace of H(j)

A ⊗H(j)
B .

2.1 Proof of the Main Result

It has been shown in [2] that Ef (ρ) = 1 for any mixed state ρ ∈ S(H−). This
result will play the key role in our proof. We prove now that :

Theorem.

Ef (ρ1 ⊗ ρ2) = Ef (ρ1) + Ef (ρ2) = 2 (1)

for any ρ1, ρ2 ∈ S(H−).

Proof. To prove this theorem, it is sufficient to show that

Ef (ρ1 ⊗ ρ2) ≥ 2 (2)

since the subadditivity Ef (ρ1 ⊗ ρ2) ≤ Ef (ρ1) + Ef (ρ2) = 2 is trivial.7 To prove
(2), we first show that

E(|ψ〉〈ψ|) ≥ 2, for any pure state |ψ〉 ∈ H⊗2
− . (3)

Using the Schmidt decomposition, the state |ψ〉 can be decomposed as follows:

|ψ〉 =
3∑
i=1

√
pi |ψ(1)

i 〉 ⊗ |ψ(2)
i 〉,

where p1, p2, p3 > 0, p1+ p2+ p3 = 1, and {|ψ(j)
i 〉}3i=1 is an orthonormal basis of

the Hilbert space H(j)
− , for j = 1, 2.8 First, we will use the following fact, to be

proven in the Appendix.

6 The space H− is called antisymmetric because by swapping the position of two qubits
in any of its states |ψ〉 we get the state −|ψ〉.

7 Indeed, it holds Ef (ρ1 ⊗ ρ2) = inf
∑
piE(|ψi〉〈ψi|) ≤ inf

∑
p
(1)
i p

(2)
i E(|ψ(1)

i 〉〈ψ(1)
i | ⊗

|ψ(2)
i 〉〈ψ(2)

i |) = inf
∑
p
(1)
i E(|ψ(1)

i 〉〈ψ(1)
i |)+inf

∑
p
(2)
i E(|ψ(2)

i 〉〈ψ(2)
i |) = Ef (ρ1)+Ef (ρ2)

where (p(j)
i , |ψ(j)

i 〉) are subject to the condition of ρj =
∑
i p

(j)
i |ψ(j)

i 〉〈ψ(j)
i |.

8 Note that this Schmidt decomposition is with respect to H(1)
− : H(2)

− , or, it could

be said that with respect to
(
H(1)
A ⊗ H(1)

B

)
:

(
H(2)
A ⊗ H(2)

B

)
, not with respect to(

H(1)
A ⊗ H(2)

A

)
:
(
H(1)
B ⊗ H(2)

B

)
, where “:” indicates how to separate the system into

two subsystems for the decomposition.
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Lemma 1. If {|ψi〉}3i=1 is an orthonormal basis of H−, then there exists an
unitary operator U , acting on both HA and HB, such that U⊗U maps the states
|ψ1〉, |ψ2〉, |ψ3〉 into the states |2, 3〉, |3, 1〉, |1, 2〉, respectively.

Therefore, by Lemma 1, there exist unitary operators U (1), U (2) such that

(
U (1) ⊗ U (1) ⊗ U (2) ⊗ U (2))|ψ〉 =

i,j∑
ij=23,31,12

√
pij |i, j〉 ⊗ |i, j〉 =: |ψ′〉,

where p23 := p1, p31 := p2, p12 := p3.

As the next, we use the following fact, also to be proven in Appendix.

Lemma 2.

E(|ψ′〉〈ψ′|) ≥ 2, if

{
p23, p31, p12 ≥ 0
p23 + p31 + p12 = 1

.

Local unitary operators do not change von Neumann reduced entropy, and there-
fore E(|ψ〉〈ψ|) = E(|ψ′〉〈ψ′|) ≥ 2. That is, the claim (3) is proven.

We are now almost done. Indeed, the entanglement of formation is defined
as

Ef (ρ) = inf
[(pi,ψi)]i∈∆(ρ)

∑
i

piE(|ψi〉〈ψi|)

where

∆(ρ) =
{
[(pi, ψi)]i

∣∣∣
∑
i pi = 1, pi > 0 for all i∑
i pi|ψi〉〈ψi| = ρ, 〈ψi|ψi〉 = 1 for all i

}

and it is known that all |ψi〉 induced from ∆(ρ) satisfy |ψi〉 ∈ Range(ρ), where
Range(ρ) is sometimes called the image space of the matrix ρ, which is the set
of ρ|ψ〉 with |ψ〉 running over the domain of ρ. Hence

Ef (ρ) ≥ inf
{
E(|ψ〉〈ψ|) ∣∣ |ψ〉 ∈ Range(ρ), 〈ψ|ψ〉 = 1} .

Since ρ1 ⊗ ρ2 ∈ S(H⊗2
− ), Range(ρ1 ⊗ ρ2) ⊆ H⊗2

− , henceforth (2) is proven.
Therefore (1) have been shown. ��

3 Conclusions and Discussion

Additivity of the entanglement of formation for two three-dimensional bipartite
antisymmetric states has been proven in this paper. The next goal could be to
prove additivity for more than two antisymmetric states. Perhaps the proof can
utilize the lower bound value of the reduced von Neumann entropy. Of course,
the main goal is to show that entanglement of formation is additive, in general.
However, this seems to be a very hard task.
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A. Appendix

We provide here proofs of two facts used in the proof of our main result.

Lemma 1. If {|ψi〉}3i=1 ⊂ H− is an orthonormal basis, there exists an uni-
tary operator U , acting on both HA and HB, such that U ⊗ U maps the states
|ψ1〉, |ψ2〉, |ψ3〉 into the states |2, 3〉, |3, 1〉, |1, 2〉, respectively.

Proof. Let us start with notational conventions. In the following, T✷ stands for
the transpose of a matrix, ✷∗ stands for taking complex conjugate of each
element of a matrix, ✷Θ denotes the transformation defined later.

Let U be represented as
(
u11 u12 u13
u21 u22 u23
u31 u32 u33

)
with respect to the basis |1〉, |2〉, |3〉.9

Lengthy calculations show that when a 9× 9 dimensional matrix U ⊗ U is con-
sidered as mapping from H− into H−, it can be represented by the following
3× 3 dimensional matrix, with respect to the basis |2, 3〉, |3, 1〉, |1, 2〉,

UΘ :=


u22u33 − u23u32 u23u31 − u21u33 u21u32 − u22u31

u32u13 − u33u12 u33u11 − u31u13 u31u12 − u32u11
u12u23 − u13u22 u13u21 − u11u23 u11u22 − u12u21


 .

One can then show that

UΘ · TU = (detU)
(
1 0 0
0 1 0
0 0 1

)
,

and by multiplying with U∗ from the right in the above equation, one obtain
UΘ = (detU) · U∗, since U is an unitary matrix, and TU · U∗ is equal to the
identity matrix.

Since {|ψi〉}i=1,2,3 is an orthonormal basis of H−, there exists an unitary
operator on H− such that |ψ1〉 �→ |2, 3〉, |ψ2〉 �→ |3, 1〉, |ψ3〉 �→ |1, 2〉, and let Θψ

be the corresponding matrix with respect to the basis {|i, j〉}ij=23,31,12.
Let Uψ := (detΘψ)

1
2 ·Θ∗

ψ .
10 It holds UΘ

ψ = Θψ. 11 Therefore Uψ⊗Uψ = U ′
ψ.

The operator Uψ is the one needed to satisfy the statement of Lemma 1. ��

Lemma 2.

E(|ψ′〉〈ψ′|) ≥ 2 if



|ψ′〉 =

i,j∑
ij=23,31,12

√
pij |i, j〉|i, j〉

p23, p31, p12 ≥ 0
p23 + p31 + p12 = 1

.

9 For mathematicians, an operator and its matrix representation are different objects,
but for convenience, we identify U with

( u11 u12 u13
u21 u22 u23
u31 u32 u33

)
.

10 In the above definition it does not matter which of two roots of detΘψ are taken
11 Indeed, UΘψ = (detUψ)U∗

ψ = (detΘψ)
3
2 detΘ∗

ψ · ((detΘψ)
1
2 )∗Θψ = Θψ . Note that

detUψ = det(det(Θψ)
1
2 Θ∗

ψ) = (detΘψ)
3
2 detΘ∗

ψ because Θ∗
ψ is a 3 × 3 matrix.
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Proof. Let p32 := p23, p13 := p31, p21 := p12. Then it holds,

|ψ′〉 =
i,j∑

1≤i<j≤3

√
pij |i, j〉|i, j〉

=
1
2

i,j∑
1≤i<j≤3

√
pij {|ii; jj〉 − |ij; ji〉 − |ji; ij〉+ |jj; ii〉}

=
1
2

i,j∑
1≤i �=j≤3

√
pij {|ii; jj〉 − |ij; ji〉},

where |i1i2; i3i4〉 denotes the tensor product |i1〉 ⊗ |i2〉 ⊗ |i3〉 ⊗ |i4〉 , |i1〉 ∈ H(1)
A ,

|i2〉 ∈ H(2)
A , |i3〉 ∈ H(1)

B and |i4〉 ∈ H(2)
B , and the condition 1 ≤ i �= j ≤ 3 actually

means ”1 ≤ i ≤ 3 and 1 ≤ j ≤ 3 and i �= j”. This convention will be used also
in the following.
We are now going to calculate the reduced matrix of |ψ′〉〈ψ′|, which we will

denote as Ξ, and it will be decomposed into the direct sum as follows.

Ξ := Tr
H(1)

B ⊗H(2)
B

|ψ′〉〈ψ′|

=
1
4

i,j,k,l∑
1≤i�=j≤3
1≤k �=l≤3

√
pijpkl Tr

H(1)
B ⊗H(2)

B

( |ii; jj〉〈kk; ll| − |ii; jj〉〈kl; lk|
− |ij; ji〉〈kk; ll|+ |ij; ji〉〈kl; lk|

)

=
1
4

i,j,k,l∑
1≤i�=j≤3
1≤k �=l≤3

√
pijpkl Tr

H(1)
B ⊗H(2)

B

(|ii; jj〉〈kk; ll|+ |ij; ji〉〈kl; lk|)

=
1
4

i,j,k∑
1≤i�=k≤3
1≤j �=k≤3

√
pikpjk |ii〉〈jj|+ 1

4

i,j∑
1≤i �=j≤3

pij |ij〉〈ij|

∼= 1
4

(
p12+p13

√
p13p23

√
p12p23√

p13p23 p12+p23
√
p12p13√

p12p23
√
p12p13 p13+p23

)
⊕ 1
4
(p12)⊕2 ⊕ 1

4
(p13)⊕2 ⊕ 1

4
(p23)⊕2, (4)

where ⊕ denotes the direct sum of matrices, and ✷⊕n denotes the direct sum of
n copies of the same matrix.

We need to get eigenvalues of Ξ in order to calculate reduced von Neumann
entropy

E(|ψ′〉〈ψ′|) = −Tr (Ξ log2 Ξ) = −
∑

λ:e.v.of Ξ

λ log2 λ.

In this case, fortunately, the eigenvalues can be determined explicitly from the
expression (4). They are the following ones:
(
1− cos θ

6
,
1− cos(θ + 2π

3 )
6

,
1− cos(θ + 4π

3 )
6

,
p12
4

,
p12
4

,
p13
4

,
p13
4

,
p23
4

,
p23
4

)

(5)
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for a certain −π3 < θ ≤ π
3 .

12 These eigenvalues are denoted as (λ1, λ2, . . . , λ9),
respectively. Although λ4, . . . , λ9 are trivial, λ1, λ2, λ3 are the roots of the cubic
polynomial

g(λ) := λ3 − 1
2

λ2 +
1
16

λ− p12 p13 p23
16

(6)

that is the characteristic polynomial function of the cubic matrix that appeared
in the expression (4). We must solve this cubic equation to obtain (5). The cubic
equation g(λ) = 0 is in Cardan’s irreducible form,13 because Ξ is the density
matrix. In such a case, the roots of the cubic equation are

α+ β cos θ, α+ β cos(θ +
2π
3
), α+ β cos(θ +

4π
3
). (7)

One can easily show that λ1 + λ2 + λ3 = 3α, and λ2
1 + λ2

2 + λ2
3 = 3α

2 + 3
2β2. If

λ1, λ2, λ3 are equal to the roots of the cubic equation λ3 + a1λ
2 + a2λ+ a3 = 0,

then λ1+λ2+λ3 = −a1, λ2
1+λ2

2+λ2
3 = a21−2a2. Taking a1 = − 1

2 , a2 = 1
16 from

the expression (6), we get the following system of equations 3α = 1
2 , 3α2+ 3

2β2 =
1
8 , and (α, β) =

( 1
6 ,− 1

6

)
is sufficient. Applying into (7), we complete (5).

Our idea is now to show that

E(|ψ′〉〈ψ′|) =
9∑
i=1

(−λi log2 λi) ≥ 2. (8)

This will be shown if we prove that it holds

3∑
i=1

(−λi log2 λi) ≥ 1 and
9∑
i=4

(−λi log2 λi) ≥ 1. (9)

The second inequalities is easy to verify by simple calculations. To finish the
proof of the lemma we therefore need to show that

3∑
i=1

(−λi log2 λi) ≥ 1. (10)

Without loss of generality, we assume θ ∈ [0, π3 ].14 Clearly, λ1 ∈
[
0, 1

12

]
and

λ2, λ3 = 1
4 −

λ1±
√
λ1−3λ2

1
2 ∈ [ 1

12 , 13
]
(λ2, λ3 can be regarded as the solution of

the following systems of equations: λ1 + λ2 + λ3 = 1
2 , λ2

1 + λ2
2 + λ2

3 =
1
8 ) . You

can also show that

−z log2 z ≥
{

(log2 12) z if z ∈ [0, 1
12

]
1
2 +

loge 4−1
loge 2

(z − 1
4 )− 4(z − 1

4 )
2 if z ∈ [ 1

12 , 13
]
.

(11)

12 The exact value of θ will be no importance for us.
13 A cubic equation is said to be in Cardan’s irreducible form if its three roots are real.
14 The sequence of {λi}3

i=1 doesn’t change if θ is replaced by −θ. Thus we can change
the assumption θ ∈ (−π

3 ,
π
3

]
, into θ ∈ [

0, π3
]
.
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The first inequality of (11) is easily confirmed. On the other hand, one way
of the proof of the second inequality is as follows: Let f(z) :=

(−z log2 z
) −(

1
2 +

loge 4−1
loge 2

(z − 1
4 )− 4(z − 1

4 )
2
)
. Differentiating this expression by z once and

twice, we can get the increasing and decreasing table as follows.

z 1
12

1
8 loge 2

1
4

1
3

f(z) + � + ↘ 0 ↗
f ′(z) − 0 +
f ′′(z) − 0 + + +

The table indicates f(z) ≥ 0 for z ∈ [ 1
12 , 13

]
. Now we indeed get the lower bounds

by polynomial functions.
Combining all of the above inequalities we get (10) as

−
3∑
i=1

λi log2 λi ≥ 1 +
(
loge 3 + 2
loge 2

− 2
)

λ1 + 4λ2
1 ≥ 1 .

so that (9) and (8) are successively shown and that our proof is finished. ��
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Abstract. We study the computational power of P system, the math-
ematical model of cellular membrane systems whose operations are mo-
tivated by some principles of regulated transfer of objects (molecules)
through membranes and simple mutual reactions of these objects.
The original model of P system describes several possible types of oper-
ations applicable to these objects, resulting in universal computational
power. We show that P systems with symbol objects keep their universal
computational power even if we restrict ourselves to catalyzed transport
of objects through labelled membranes without their change or mutual
reactions. Each transport operation is initiated by a complex of at most
two objects. Moreover we do not need some other mathematical tools of
P systems like priorities of operators or dissolution or creation of mem-
branes to reach the universal computational power.
In the second part of the paper we present a communicating P-system
computing optimal parallel algorithm for finding maximum of a given set
of integers. We therefore demonstrate that despite the simplicity of the
model, it is (theoretically) capable to solve nontrivial computing tasks
in a highly parallel and effective way.

1 Introduction

Due to the recent progress in biotechnologies and physics (especially in the
quantum theory), interests of researchers in computer science is attracted to
unconventional computing models inspired from nature. In natural information
processing we can often see degree of parallelism, effectivity and robustness un-
reachable by our machines in silico. An overview of some recent models and
ideas of “natural computers” can be found e.g. in [1], [11].

This paper deals with theoretical computing power of so-called P systems,
computing models inspired from nature, based on the idea that membranes play
a key role in cellular information system. They were introduced by Gheorghe
Păun in [10] and [9] and until now more than 160 papers concerning P systems
appeared. For an up-to-date information the reader is referred to www pages at
http://dna.bio.disco.unimib.it/psystems/.

The basic ingredient of a P system is a topological membrane structure con-
sisting of membranes hierarchically embedded in the outermost skin membrane.
Every membrane encloses a region possibly containing other membranes; the

C.S. Calude et al. (Eds.): UMC 2002, LNCS 2509, pp. 264–275, 2002.
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part delimited by the membrane labelled by k and its inner membranes is called
compartment k. A region delimited by a membrane not only may enclose other
membranes but also specific objects (used in the multiset sense) and operators
— evolution rules for objects.

Any object, alone or together with one more object, evolves, can be at each
step transformed in other objects due to evolution rules, can pass through one
membrane, and can eventually dissolve the membrane in which it is placed or
even create another membrane. All objects evolve at the same time, in parallel; in
turn, all membranes are active in parallel. The evolution rules can be hierarchized
by a priority relation, given in the form of a partial order relation; always, the
rule with the highest priority among the applicable rules is actually applied. If
the objects evolve alone, then the system is said to be non-cooperative; if there
are rules which specify the evolution of several objects at the same time, then
the system is cooperative; an intermediate case is that where certain objects —
catalysts, appear together with other objects in evolution rules and they are not
modified by the use of the rules.

We can distinguish three basic types of P systems due to the mathemati-
cal representation of objects: (i) the systems with symbol objects, where each
membrane contains a multiset of these objects; (ii) the systems with string ob-
jects, where sets of them are taken into the account, and (iii) the systems with
“worm” objects combining the principles (i) and (ii), i.e. working with multisets
of strings.

The representation of objects determines also the possible types of evolution
rules. The number of recently studied variants of P systems is rather large and we
refer to [1], [11], or to the above cited web pages for more detailed information.

From the “wet-implementation” point of view, however, some of the opera-
tions introduced in this scenario of membrane computing are in practice possible
only in certain biochemical context or under certain circumstances and cannot
be applied arbitrarily. For instance, the original definitions in [3], [9] and others
allow “creative” or “destructive” evolution rules with unbalanced number of ob-
jects (representing molecules or ions) on the left- and the right-hand side of the
rule. There is also assumed exact common clock synchronizing biochemical reac-
tions within the whole system, or priority relation between the rules regardless
on concentration of the objects.

These capabilities may, from some points of view, lead to computationally
“too strong” models and, hence, also the properties of P systems with more
restrictions are of interest. See e.g. [5] for a proposed set of operations which are
used in some successful laboratory experiments of so called aqueous computing.
This paper represents another step in this direction introducing a variant of P
system with symbol objects, whose operations are restricted to the catalyzed
transport of objects through membranes, keeping the universal computational
power of the system. A similar approach is studied recently also in [8].

The system starts always in a configuration when each region contains only
a finite number of objects. We nevertheless need to allow the presence of an
arbitrarily large number of objects within the system (otherwise we’d stay at
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the level of finite automaton). This can be done naturally by allowing transport
of the objects from the space surrounding the system through the skin membrane
and by the assumption that the outer space contains an unlimited number of
such objects.

2 Communicating P System

We fix some basic notation first. For an alphabet V , by V ∗ we denote the free
monoid generated by V under the operation of concatenation; the empty string
is denoted by λ, and V ∗ \ {λ} is denoted by V +. Any subset of V + is called a
λ-free (string) language. For a string w ∈ V ∗, we denote by m(w) the multiset of
symbols w consists of. For more notions as well as basic results from the theory
of formal languages, the reader is referred to [2], [12].

Definition 1. A communicating P system of degree n, n ≥ 1, is a construct

Π = (V, µ,w1, . . . , wn, R1, . . . , Rn, io),

where:

(i) V is an alphabet; its elements are called objects;
(ii) µ is a membrane structure of degree n, with the membranes and the regions

labeled in a one-to-one manner by natural numbers;
(iii) wi, 1 ≤ i ≤ n, are strings from V ∗ representing by their Parikh vectors

multisets over V associated with the regions 1, 2, . . . , n of µ;
(iv) Ri, 1 ≤ i ≤ n, are finite sets of evolution rules over V associated with the

regions 1, 2, . . . , n of µ; An evolution rule is a pair u→ v adopting the form
– a→ aτ , or
– ab→ aτ1bτ2 , or
– ab→ aτ1bτ2ccome ,

where a, b, c ∈ V and τ, τ1, τ2 ∈ {here, out} ∪ {inj | 1 ≤ j ≤ n}).
(v) io is a number between 1 and n which specifies the output membrane of Π.

In this paper we restrict ourselves to the membrane structures forming a
rooted tree. More general structures as asymmetric graphs are considered in [1].

The components w1, . . . , wn constitute the initial configuration of Π. In gen-
eral, any sequence w′

1, . . . , w
′
n, with m(w′

j) multisets over V , 1 ≤ j ≤ n, is
called a configuration of Π. For two configurations C1 = (w′

1, . . . , w
′
n) and

C2 = (w′′
1 , . . . , w

′′
n) we write C1 =⇒ C2, and we say that we have a transi-

tion from C1 to C2, if we can pass from C1 to C2 by using the evolution rules
appearing in R1, . . . , Rn in the following manner.

Consider a rule u → v in a set Ri, 1 ≤ i ≤ n. If the objects mentioned
by u, with the multiplicities specified by u, appear in w′

i (that is, the multiset
identified by u is included in m(w′

i)), then these objects can evolve according to
the rule u→ v. If more than one rule can be applied simultaneously to a single
object, one of these rules is nondeterministically chosen.
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All objects to which a rule can be applied and which are not processed by
another rule must be the subject of a rule application. All objects in u are
“consumed” by using the rule u → v, that is, the multiset identified by u is
subtracted from m(w′

i). The result of using the rule is determined by v.

– If an object appears in v in a form ahere , then it will remain in the same
region i. (When specifying rules, instead of ahere we often write simply a,
the indication “here” is omitted.)

– If an object appears in v in a form aout , then a will exit the membrane i and
will become an element of the region immediately outside it (thus, it will
be adjacent to the membrane i from which it was expelled). In this way, it
is possible that an object leaves the system itself if it goes out of the skin
membrane.

– If an object appears in a form ainq
, then a will be added to the multiset

m(w′
q), providing that a is adjacent to the membrane q. If ainq appears in v

and the membrane q is not one of the membranes contained in the region i,
then the application of the rule is not allowed.

– An object in a form acome may appear only in a rule in the set R1, contained
in the region enclosed by the skin membrane. During an application of such
a rule, a is imported through the skin membrane from the outer space and
will become an element of the region enclosed by the skin membrane.

All these operations are done in parallel, for all possible applicable rules
u→ v, for all occurrences of multisets u in the region associated with the rules,
for all regions at the same time. The system continues these parallel steps until
there remain any applicable rules in any compartment of Π. The multiset of
objects contained in the output membrane io at the moment when the system
halts is considered as the result of the computation of Π. For an example of
communicating P system see section 5.

3 Register Machine

In this section we briefly recall the concept of the Minsky register machine. Min-
sky showed e.g. in [7] that the universal computational power can be reached
by the abstract machine using a finite number of registers for storing arbitrarily
large nonnegative integers. The machine runs a program consisting of numbered
instructions of several simple types. Several variants of the machine with different
number of registers and different instruction sets were shown to be computation-
ally universal. The basic instruction types we use here are:

a′ add 1 to the content of the register a and continue with the next instruc-
tion

a−(k) if the content of the register a is nonzero, then subtract 1 from it and
continue with the next instruction, else continue with the k-th instruction

H halt the machine
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We can assume that H is used only as the last instruction of each program.
Minsky proved in [7], sec. 11.2, that any Turing machine can be simulated by a
register machine with the above instruction types and five registers.

It follows from the construction given by Minsky that each partial recursive
function f can be computed by the register machine mentioned above, starting
with the argument value n and ending with the value f(n) in some register. Let
us further assume that if the function f(n) is undefined for some n ≥ 0, then
the corresponding register machine never halts with input n.

4 The Universality of Communicating P Systems

We show that any partially recursive function can be computed by a communi-
cating P system. The result follows from the fact that any register machine com-
puting a program P can be simulated by a communicating P system. Informally,
each register ri corresponds to a separate membrane labelled Ei. Each instruc-
tion ij of P is simulated by a separate membrane labelled Ij , which contains
two supplementary membranes labelled Hj and Jj . We label all the membranes
(except the skin membrane) by the combination of a letter and a number for
better understanding. The whole membrane structure is indicated in Fig. 1.

✬
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Fig. 1. The structure and objects of the P system simulating register machine.

There is a special object p within the P system, playing the role of the pro-
gram counter. Its presence activates the membrane Ij to perform the computa-
tion corresponding to the instruction ij . There are moreover objects labelled by
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o, playing the roles of counter elements. The value of the register ri corresponds
at each moment to the number of o’s in the membrane Ei.

Theorem 1. An arbitrary recursively enumerable function f : N −→ N can be
computed by a communicating P system.

Proof. Consider a register machine M with the registers r1, . . . , rm, m ≥ 1. Let
P be the program for M with n instructions i1, i2, . . . , in, computing f. Let P
assume the input and the output value in register rq, 1 ≤ q ≤ m.

We construct the communicating P system

Π = (V, µ,w1, . . . , wk, R1, . . . , Rk, Eq),

where

k = 3n + m + 1;
V = {c, o, p} ∪ {di, zi | 1 ≤ i ≤ n};
µ = [1[E1 ]E1 . . . [Em

]Em
[I1 [H1 ]H1 [J1 ]J1 ]I1 . . . [In

[Hn
]Hn

[Jn
]Jn

]In
]1;

Initial contents of the compartments are given by

w1 = c,

wEi = oxi , 1 ≤ i ≤ m, xi being the initial value in the register ri,
wI1 = d1p,

wIi
= di, 2 ≤ i ≤ n,

wHi = zi, 1 ≤ i ≤ n,

wJi
= λ, 1 ≤ i ≤ n.

The sets of rules of Π depend on the instructions of P and are constructed
as follows.

For each j, 1 ≤ j < n, such that ij = a′ for some a, 1 ≤ a ≤ m, we define

RIj = {pdj → pdj;out , pc→ poutc, cdj → coutdj},
RHj

= ∅,
RJj = ∅,

and there is a set of rules in R1 defined as

{cdj → cinIj
djocome , djo→ djoinEa

, djp→ dj;inIj
pinIj+1

}.
For each j, 1 ≤ j < n, such that ij = a−(k) for some a, k, 1 ≤ a ≤ m,

1 ≤ k ≤ n (let’s assume j 
= k, otherwise the program P would never stop), we
define

RIj = {pdj → pdj;out , pc→ poutcinHj
, czj → cinJj

zj;out , djzj → dj;inJj
zj;inHj

,

cdj → coutdj},
RHj = {czj → coutzj;out},
RJj = {cdj → coutdj},

and moreover R1 contains the set of rules



270 P. Sośık and J. Matýsek

{cdj → cinIj
dj;inEa

, djp→ djpinIj+1
, djo→ djoout , pzj → pinIk

zj;inEa
,

djzj → dj;inIj
zj;inIj

},

and REa
contains the set of rules

{djo→ dj;outoout , djzj → dj;outzj;out}.

The last instruction in = H is represented by the membrane In containing
no rules. At the beginning of simulation of an instruction ij of M, 1 ≤ j ≤ n,
the “program counter” object p is located in the membrane Ij (initially j = 1).
Then the system behaves as follows:

– If ij = a′, 1 ≤ a ≤ m, then the “messenger” object dj is emitted to the
region 1 by the rule pdj → pdj;out . This allows transport of one “counter”
object o from the surrounding space due to the rule cdj → cinIj

djocome .

The object o is immediately transported into the membrane Ea thanks to
the rule djo → djoinEa

. Meantime the object p (catalyzed by the “return
messenger” c) is expelled from the membrane Ij by the rule pc→ poutc and
transported to the membrane Ij+1 via the rule djp → dj;inIj

pinIj+1
. The

messenger object dj returns back to Ij .

– If ij = a−(k), 1 ≤ a ≤ m, 1 ≤ k ≤ n, then again the object dj goes to
the region 1 and then immediately to the region Ea thanks to the rules
pdj → pdj;out and cdj → cinIj

dj;inEa
.

(i) If there is an object o in Ea, it is transported out of Ea together with
dj by the rule djo → dj;outoout and then expelled from the system to the
outer space by the rule djo→ djoout . The object p (which in the meantime
returned back to the region 1) is transported to the membrane Ij+1 via the
rule djp→ djpinIj+1

.

(ii) If there is no object o in Ea, the messenger dj stays at Ea for several
steps. Then the “zero messenger” zj is emitted out from Hj to Ij and then
to region 1. It catalyzes the transport of p into Ik and moves to Ea by the
rule pzj → pinIk

zj;inEa
. Then both messengers dj and zj returns back to Ij

thanks to the rule djzj → dj;inIj
zj;inIj

.

If the object p enters the halting region In (containing no rules), the system
halts since no more rules are applicable. Then the number of o’s in the output
membrane Eq represents the result of the computation.

In this way the system Π simulates a sequence of instructions of the program
P beginning by the first instruction i1 and ending by reaching the instruction
H. The system Π is deterministic and it follows from the above description
that after performing each instruction the number of o’s within the membranes
E1, . . . , Em equals to the contents of registers r1, . . . , rm. Hence after performing
the instruction H the number of o’s within the membrane Eq equals the output
of the program P.
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5 An Optimal Parallel Algorithm Finding Maximum

Communicating P systems allow simple and natural implementation of some
parallel algorithms. Recall some basic notation of theory of parallel algorithms
first (for more information we refer to [6]).

Let Q be a computational problem whose sequential time complexity is
T ∗(n), i.e. there exists a sequential algorithm solving Q in O(T ∗(n)) steps and
this limit cannot be improved. A parallel algorithm solving the problem Q in
time T (n) using W (n) operations is called optimal, if W (n) = Θ(T ∗(n)), i.e. the
total number of used operations is asymptotically equal to the sequential time
complexity, regardless to the number of steps T (n) of the parallel algorithm.

As an example we present a P system Πmax implementing an optimal parallel
algorithm for finding maximum of n nonnegative integers in O(log n) time. We
consider the parallel application of one rule to an arbitrary number of objects
in one of the regions of Πmax as one elementary operation of P system.

The sequential time complexity of finding the maximum is T ∗(n) = n. Let’s
choose n = 2m, m ≥ 1 for simplicity. Our P system

Πmax = ({a, b, c, d}, µ, w1, . . . , wk, R1, . . . , Rk, P0)

contains k = 5(n − 1) membranes structured into m + 2 = logn + 2 nested
levels. The whole membrane structure consists of four groups of the membranes
labelled by 0, . . . , 2n−2, P0, . . . , Pn−2, Q0, . . . , Qn−2 and F1, . . . , Fn−2. The skin
membrane labelled by 0 is considered as level one. Each membrane labelled by
i, 0 ≤ i < n− 1, contains the membranes 2i + 1, 2i + 2, Pi and Qi. Further the
membrane Pi, 1 ≤ i < n−1, contains the membrane Fi. All the other membranes
contain no further nested membranes. The output membrane is P0. An example
of the structure for n = 4 is in Figure 2.

Let (x1, . . . , xn) be the input vector of n nonnegative integers. The membrane
n−2+ i, 1 ≤ i ≤ n, contains the multiset of symbols {axi}, if i is odd, and {bxi}
otherwise.

Further every membrane Pj at level ), 3 ≤ ) ≤ m + 1, where 2�−2 − 1 ≤ j ≤
2�−1 − 2, contains initially the multiset

– {cy}, if m− ) is odd and j is odd,
– {dy}, if m− ) is odd and j is even,
– {ay}, if m− ) is even and j is odd,
– {by}, if m− ) is even and j is also even,

where y is a sufficiently large integer chosen so that y ≥ max{x1, . . . , xn}.
All the other membranes are initially empty.

The sets of rules in the membranes j and Pj , 1 ≤ j < n − 1, at level ) =
�log(j + 1)�+ 1 are

(i) Rj = {ab → ainPj
binQj

, a → ainPj
, b → binPj

, c → cout}, RPj = {ac →
ainFj

cout , bc→ binFj
cout} for m− ) odd and j odd,

(ii) Rj = {ab → ainPj
binQj

, a → ainPj
, b → binPj

, d → dout}, RPj = {ad →
ainFj

dout , bd→ binFj
dout} for m− ) odd and j even,
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(iii) Rj = {cd → cinPj
dinQj

, c → cinPj
, d → dinPj

, a → aout}, RPj
= {ca →

cinFj
aout , da→ dinFj

aout} for m− ) even and j odd,
(iv) Rj = {cd → cinPj

dinQj
, c → cinPj

, d → dinPj
, b → bout}, RPj = {cb →

cinFj
bout , db→ dinFj

bout} for m− ) even and j even otherwise.

The membrane 0 contains only the rules R0 = {ab → ainP0
binQ0

, a →
ainP0

, b→ binP0
} for m even, respectively R0 = {cd→ cinP0

dinQ0
, c→ cinP0

, d→
dinP0

} for m odd. The remaining membranes labelled by j, n− 1 ≤ j ≤ 2n− 2,
contain the sets of rules

Rj =
{{a→ aout} if j is odd,
{b→ bout} otherwise.

All the other membranes are rule-free. Considering Theorem 1, our membrane
system could be realized without a priority relation, but the use of priorities (in
a very simple way) simplifies the system significantly. Let’s define the priority of
rules so that all the rules with two symbols at their left-hand side have a priority
over the rules with a single symbol at their left-hand side. Moreover, unlike in
some models of P systems with priorities, the rules with different priorities can be
used simultaneously. Hence, given e.g. the rules (ab → aoutbout) > (b → bin2)
applied to the multiset of objects m(aibi+j), then i pairs of objects a, b will be
transported outand j objects b will be transported into the membrane 2 during
the same step.

The computation of the system Πmax is the following. Consider the mem-
branes n − 1, resp. n, containing initially the multisets ax1 , resp. bx2 . All these
symbols are expelled into the surrounding membrane j = n/2 − 1 in the first
step. Then

– the rule ab→ ainPj
binQj

is applied to min{x1, x2} couples (a, b),
– the rule a→ ainPj

is applied to x1 −min{x1, x2} symbols a,

– the rule b→ binPj
is applied to x2 −min{x1, x2} symbols b.

Hence totally max{x1, x2} symbols enters the membrane Pj in the second step.
Then due to the rules ac → ainFj

cout , bc → binFj
cout the same number of

symbols c is transported out of Pj to the membrane j in the third step.
The similar process is in progress simultaneously in all couples of the mem-

branes (n− 3 + 2i, n− 2 + 2i), 1 ≤ i ≤ n/2, at level m+ 1, the usage of symbols
c and d being alternated.

Now the whole process is repeated for the membranes at level m but the roles
of the symbols a, b and c, d are mutually exchanged. This process, which can be
described by a binary tree, continues through levels m+1 to 3. Finally at level 2
the process takes two final steps (the third step is omitted due to non-existence of
rules at the membrane P0) and the resulting multiset of symbols corresponding
to the value max{x1, . . . , xn} is left within the output membrane P0. At this
moment the computation stops because no rules can be further applied.

Theorem 2. The membrane system Πmax computes the maximum of
(x1, . . . , xn) in time T (n) = O(log n) using the optimal number of operations
W (n) = Θ(n).
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✬

✫

✩

✪3 4 P1 Q1

✬

✫

✩

✪5 6 P2 Q2
2

1

✚✙
✛✘

✚✙
✛✘

F2

F1

Q0

P0

✬

✫

✩

✪
0

ax1 bx2

bx4ax3 dy

cy

Fig. 2. The membrane structure of the P system Πmax computing maximum of four
integers.

Proof. It follows from the above description that the necessary number of parallel
time steps is

T (n) = 3(m− 1) + 2 = 3 logn− 1 = O(log n).

Consider the number of operations W� necessary in progress of computation
from level )+ 1 to ), m ≥ ) ≥ 2. There is 2�−1 membranes labelled by a number
at level ), and for each of them 4 or 5 operations are performed during the three
time steps described above. (The value 4 takes place when neither of the rules
a→ ainPj

, b→ binPj
can be used.) Hence

4 · 2�−1 ≤W� ≤ 5 · 2�−1.

Finally we need 3 ≤W1 ≤ 4 operations to proceed from level 2 to 1. Taking into
the account the sum

W (n) = W1 +
m∑
�=2

W�,

we can conclude that

4(n− 2) + 3 ≤W (n) ≤ 5(n− 2) + 4,

and hence W (n) = Θ(n).

6 Discussion

As already mentioned above, a similar approach studying pure communication
in P systems is independently presented in [8]. The authors show that each
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recursively enumerable set of numbers can be generated by a communicating P
system with similar restrictions as here. Their model, however, is generative and
nondeterministic, using the techniques usual in [2], while the P-system used in
the proof of Theorem 1 is deterministic. It means that at each step there is max.
one possible target configuration of the system.

The price to pay for this determinism was the necessity to use addressed
transport of the molecules, the expressions of the form ainj

on the right-hand
side of the rules. In the model presented in [8] the weaker form ain is used,
allowing to transport the object a to any of the adjacent membranes chosen
nondeterministically.

The need for addressed transport of objects can be highly reduced if we did
not restrict ourselves to the membrane structures forming a rooted tree, but
applied more general structures as asymmetric graphs mentioned in [1].

We also conjecture that the repertoire of the operations used in our model
can be further reduced without a loss of computational power. To make the
model more biologically plausible, we could e.g. restrict possible combinations
of targets on the right-hand side of rules (discussed also in [8]).

Another difference dwells in the fact that unlike [8], the universality proof of
Theorem 1 uses an unbounded number of membranes. Whether these systems
therefore establish an infinite hierarchy with respect to the number of membranes
remains as an open question for future research.

Acknowledgements. Authors are grateful to Gheorghe Păun and Rudi Freund
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supported by the Grant Agency of Czech Republic, grant No. 201/02/P079.

References
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3. J. Dassow and Gh. Păun, On the power of membrane computing, Journal of Uni-
versal Computer Science 5, 2 (1999), pp. 33–49 (http://www.iicm.edu/jucs).

4. R. Freund, Generalized P systems, Fundamentals of Computation Theory, FCT’99,
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Abstract. In this paper, we study a generalized synchronization prob-
lem for large scale cellular automata (CA) on one- and two- dimen-
sional arrays. Some new generalized synchronization algorithms will be
designed both on O(1)-bit and 1-bit inter-cell communication models of
cellular automata. We give a 9-state and 13-state CA that can solve
the generalized synchronization problem in optimum- and linear-time on
O(1)-bit 1-D and 2-D CA, respectively. The number of internal states
of the CA implemented is the smallest one known at present. In addi-
tion, it is shown that there exists a 1-bit inter-cell communication CA
that can synchronize 1-D n cells with the general on the kth cell in
n+max(k, n− k + 1) steps, which is two steps larger than the optimum
time. We show that there still exist several new generalized synchro-
nization algorithms, although more than 40 years have passed since the
development of the problem.

1 Introduction

In recent years cellular automata (CA) have been establishing increasing inter-
ests in the study of modeling real phenomena occurring in biology, chemistry,
ecology, economy, geology, mechanical engineering, medicine, physics, sociology,
public traffic, etc. Cellular automata are considered to be a nice model of com-
plex systems in which an infinite one-dimensional array of finite state machines
(cells) updates itself in synchronous manner according to a uniform local rule.

In this paper, we study a famous firing squad synchronization problem which
gives a finite-state protocol for synchronizing a large scale of cellular automata.
The synchronization for cellular automata has been known as the firing squad
synchronization problem since its development, where it was originally proposed
by J. Myhill to synchronize all parts of a self-reproducing cellular automata [11].
The firing squad synchronization problem has been studied extensively in more
than 40 years [1-21]. We study the firing squad synchronization problem in a
more generalized case, where the initial general is located at any position on
the array. Several new generalized synchronization algorithms will be designed

C.S. Calude et al. (Eds.): UMC 2002, LNCS 2509, pp. 276–286, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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both on O(1)-bit and 1-bit inter-cell communication models of cellular automata.
An O(1)-bit model is a conventional CA where the amount of communication
bits exchanged at one step between neighboring cells is assumed to be O(1)-bit,
however, such bit-information exchanged between inter-cells has been hidden
behind the definition of conventional automata-theoretic finite state descriptions.
On the other hand, a 1-bit inter-cell communication model is a new CA whose
inter-cell communication is restricted to 1-bit. We call the model 1-bit CA in
short. The number of internal states of the 1-bit CA is assumed to be finite in a
usual way. The next state of each cell is determined by the present state of itself
and two binary 1-bit inputs from its left and right neighbor cells. Thus the 1-bit
CA can be thought to be one of the most powerless and simplest models in a
variety of CAs.

C1 C2 C4 Cn

...

C3

Fig. 1. One-dimensional cellular automaton.

In the next section 2, the generalized firing squad synchronization prob-
lem is introduced. Moore and Langdon [12], Szwerinski [15] and Varshavsky,
Marakhovsky and Peschansky [20] developed a generalized optimum-time firing
algorithm with 17, 10 and 10 internal states, respectively, that fires 1-D n cells
in n−2+max(k, n−k+1) steps, where the general is located on Ck. We propose
a new 9-state generalized synchronization algorithm operating in optimum-step
in section 3. In addition an n+max(k, n − k + 1)-step algorithm is also given
on CA1−bit, which is a generalized extension of Mazoyer [8], Nishimura, Sogabe
and Umeo [13] and Umeo, Nishimura and Sogabe [16]. In section 4, a 13-state
implementation for synchronizing two-dimensional arrays will be given. Szwerin-
ski [15] proposed an optimum-time generalized 2-D firing algorithm with 25600
internal states that fires any m× n array in m+ n+max(m,n)−min(r,m− r +
1)−min(s, n− s+1)−1 steps. Our 2-D generalized synchronization algorithm is
max(r+s,m+n−r−s+2)−max(m,n)+min(r,m−r+1)+min(s, n−s+1)−3
steps larger than the optimum one proposed by Szwerinski [15], however, the
number of internal states required for the firing is considerably decreased and it
is the smallest one known at present. Due to the space available in this paper,
we omit the details of the proofs of theorems given below.

2 Generalized Firing Squad Synchronization Problem

The generalized firing squad synchronization problem is formalized in terms of
the model of cellular automata. Fig. 1 shows a finite one-dimensional (1-D)
cellular array consisting of n cells. Each cell is an identical (except the end cells)
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finite state automaton. The array operates in lock-step mode in such a way that
the next state of each cell (except both end cells) is determined by both its own
present state and the present states of its right and left neighbors. Let k be any
integer such that 1 ≤ k ≤ n. All cells (soldiers), except the kth cell Ck from the
left end, are initially in the quiescent state at time t = 0 with the property that
the next state of a quiescent cell with quiescent neighbors is the quiescent state
again. At time t = 0 the kth cell Ck (general) is in fire-when-ready state that
is an initiation signal to the array. The generalized firing squad synchronization
problem [12, 15, 20] is stated as follows: Given an array of n identical cellular
automata, including a general on the kth cell which is activated at time t = 0, we
want to give the description (state set and next-state function) of the automata
so that, at some future time, all the cells will simultaneously and, for the first
time, enter a special firing state. The set of states must be independent of n. The
tricky part of the problem is that the same kind of soldier with a fixed number
of states is required to synchronize, regardless of the length n of the array.

1

1

1

1

1

1

1

1

t = n-2+max(k, n-k+1)

t = 0

t = k-1

t = 2k-2

t = n-1

C1 Ck Cn

t = n-k

Cn-k+1

Fig. 2. Time-space diagram for optimum-time generalized firing squad synchronization
algorithm.

3 Generalized Synchronization Algorithms on 1-D Arrays

In this section we propose two generalized synchronization algorithms both on
O(1)-bit and 1-bit communication models of 1-D cellular automata.
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3.1 Generalized Synchronization Algorithm on O(1)-Bit
Communication Model

A generalized firing squad synchronization problem on 1-D O(1)-bit-
communication CA has been studied by several researchers [12, 15, 20]. Moore
and Langdon [12], Szwerinski [15] and Varshavsky, Marakhovsky and Peschan-
sky [20] developed an optimum-time firing algorithm with 17, 10 and 10 internal
states, respectively, that fires n cells in n−2+max(k, n−k+1) steps, where the
general is located on Ck. Fig. 2 is a time-space diagram for optimum-time gener-
alized firing scheme. We develop a 9-state generalized synchronization algorithm.
In Fig. 3 we show snapshots of our 9-state firing synchronization algorithm.

[Theorem 1] There exists a 9-state one-dimensional CA which can synchro-
nize n cells in exactly optimum n−2+max(k, n−k+1) steps, where the general
is located on Ck.

1 2 3 4 5 6 7 8 9 101112131415
0 Q Q Q Q Q G Q Q Q Q Q Q Q Q Q
1 Q Q Q Q G G G Q Q Q Q Q Q Q Q
2 Q Q Q G A Q H G Q Q Q Q Q Q Q
3 Q Q G A G Q G H G Q Q Q Q Q Q
4 Q G A G A Q H G H G Q Q Q Q Q
5 W A G A G Q G H G H G Q Q Q Q
6 W ] A G A Q H G H G H G Q Q Q
7 W ] ] A G Q G H G H G H G Q Q
8 W ] H ] A Q H G H G H G H G Q
9 W ] H Q ] Q G H G H G H G H W

10 W ] R H H ] H G H G H G H [ W
11 W ] R H H ] R H G H G H [ [ W
12 W ] R H H Q R H H G H [ A [ W
13 W ] R H Q H R H A H [ Q A [ W
14 W ] R ] H H R H Q [ A A R [ W
15 W ] H ] H H R ] [ Q A A R [ W
16 W ] H ] H H H W A A Q A R [ W
17 W ] H ] H H [ W ] A A [ R [ W
18 W ] H ] H [ [ W ] ] A [ A [ W
19 W ] H ] [ A [ W ] H ] [ A [ W
20 W ] H W W A [ W ] H W W A [ W
21 W ] [ W W ] [ W ] [ W W ] [ W
22 W W W W W W W W W W W W W W W
23 F F F F F F F F F F F F F F F

Fig. 3. Snapshots of our 9-state optimum-time generalized firing squad synchronization
algorithm.

3.2 Generalized Synchronization Algorithm on 1-Bit
Communication Model

In the long history of the study of cellular automata, the amounts of bit-
information exchanged at one step between neighboring cells have been assumed
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to be O(1)-bit. Here we introduce a new class of cellular automata whose inter-
cell communication is restricted to 1-bit. A cellular automaton with 1-bit inter-
cell communication (abbreviated by CA1−bit) consists of a one-dimensional array
of finite state automaton A = (Q, δ), where

1. Q is a finite set of internal states.
2. δ is a function, defining the next state of any cell and its binary outputs

to its left and right neighbor cells, such that δ: Q × {0, 1} × {0, 1} → Q ×
{0, 1} × {0, 1}, where δ(p, x, y) = (q, x′, y′), p, q ∈ Q, x, x′, y, y′ ∈ {0, 1}, has
the following meaning: We assume that at step t the cell Ci is in state p and
receiving binary inputs x and y from its left and right communication links,
respectively. Then, at the next step t+1, Ci assumes state q and outputs
x′ and y′ to its left and right communication links, respectively. Note that
binary inputs to Ci at step t are also outputs of Ci−1 and Ci+1 at step t. A
quiescent state q ∈ Q has a property such that δ(q, 0, 0) = (q, 0, 0).

The generalized firing squad synchronization problem on CA1−bit can be
defined similarly. What is difficult in designing synchronization algorithms on
CA1−bit is a strong restriction to the amounts of bit information exchanged
between neighbor cells at one step. In our construction additional two steps are
required for transmitting a signal generated on the general cell to the nearest end.
We illustrate a time-space diagram in Fig. 4(a), where a two-step delayed area is
shaded. In addition, we show snapshots of our generalized firing synchronization
algorithm for 24 cells with a general on C8 in Fig. 4(b). Small right and left
black triangles � and �, shown in the figure, indicate a 1-bit signal transfer in
the right or left direction between neighbor cells. A symbol in a cell shows its
internal state. The total number of internal states and transition rules of the
CA realized on a computer is 282 and 721, respectively. We checked the rule set
from n = 2 to 100 at any position of the general.

[Theorem 2] There exists a CA1−bit which can synchronize n cells in exactly
n+max(k, n− k + 1) steps.

4 Generalized Synchronization Algorithms on 2-D Arrays

In this section we consider the generalized synchronization problem on 2-D O(1)-
bit communication CA models. Fig. 5 shows a finite two-dimensional cellular
array consisting of m×n cells. A cell on (i, j) is denoted by Ci,j . Each cell is an
identical (except the border cells) finite state automaton. The array operates in
lock-step mode in such a way that the next state of each cell (except border cells)
is determined by both its own present state and the present states of its north,
south, east and west neighbors. Let r, s be any integer such that 1 ≤ r ≤ m,
1 ≤ s ≤ n. At time t = 0 the general cell Cr,s is in fire-when-ready state that
is an initiation signal to the array. All cells, except the general cell, are initially
in the quiescent state with the property that the next state of a quiescent cell
with quiescent neighbors is the quiescent state again. Several 2-D synchronization
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Time

Fig. 4(a)
Fig. 4(b)

1

1

1

1

1

1

1

1

t = n+max(k, n-k+1)

t = 0

t = k-1

t = 2k-2

t = n-1

C1 Ck Cn

t = n-k

Cn-k-1

2steps

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

0 QX Q Q Q Q Q Q P Q Q Q Q Q Q Q Q Q Q Q Q Q Q Q QX

1 QX Q Q Q Q Q L D1 S Q Q Q Q Q Q Q Q Q Q Q Q Q Q QX

2 QX Q Q Q Q L QLS D2 QRS S Q Q Q Q Q Q Q Q Q Q Q Q Q QX

3 QX Q Q Q L QLS QL2 D1 QR2 QRS S Q Q Q Q Q Q Q Q Q Q Q Q QX

4 QX Q Q L QLS QL2 QL1 D2 QR1 QR2 QRS S Q Q Q Q Q Q Q Q Q Q Q QX

5 QX Q L QLS QL2 QL1 QL2 D1 QR2 QR1 QR2 QRS S Q Q Q Q Q Q Q Q Q Q QX

6 QX L QLS QL2 QL1 QL2 QL1 D2 QR1 QR2 QR1 QR2 QRS S Q Q Q Q Q Q Q Q Q QX

7 KXs QLS QL2 QL1 QL2 QL1 QL2 D1 QR2 QR1 QR2 QR1 QR2 QRS S Q Q Q Q Q Q Q Q QX

8 KX IX QL1 QL2 QL1 QL2 QL1 D2 QR1 QR2 QR1 QR2 QR1 QR2 QRS S Q Q Q Q Q Q Q QX

9 KX AR1 I0 QL1 QL2 QL1 QL2 D1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QRS S Q Q Q Q Q Q QX

10 KX AR2 QRA I0 QL1 QL2 QL1 D2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QRS S Q Q Q Q Q QX

11 KX AR3 QRB QRA I0 QL1 QL2 D1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QRS S Q Q Q Q QX

12 KX QRE0 BR1 QRB QRA I0 QL1 D2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QRS S Q Q Q QX

13 KX ARA BR2 QRC QRB QRA I0 D1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QRS S Q Q QX

14 KX ARB BR3 QRD QRC QRB <S X QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QRS S Q QX

15 KX ARC QRO1 AR1 QRD <S <FS FXA W QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QRS S QX

16 KX ARE QRO2 AR2 <S <FS QRo2 Ar2 FW W QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QRS KXs

17 KX ARD QRO1 sARD <FS QRe2 QRo1 Ar3 QRb FW W QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 GX KX

18 KX ARE QRO2 SARD QRo2 QRe1 Ro QRe1 Br1 QRb FW W QR1 QR2 QR1 QR2 QR1 QR2 QR1 QR2 QR1 G0 AL1 KX

19 KX ARD <O2 ARd QRo1 Re QRo0 QRe2 Br2 QRc QRb FW W QR1 QR2 QR1 QR2 QR1 QR2 QR1 G0 QLA AL2 KX

20 KX fARD QRo2 ARe Ro QRe0 QRo2 QRe1 Br3 QRd QRc QRb FW W QR1 QR2 QR1 QR2 QR1 G0 QLA QLB AL3 KX

21 KX ARd QRo1 ARf QRo0 QRe2 QRo1 Re QRo1 Ar1 QRd QRc QRb FW W QR1 QR2 QR1 G0 QLA QLB BL1 QLE0 KX

22 KX ARe Ro QRe1 BRa QRe1 Ro QRe0 QRo2 Ar2 QRa QRd QRc QRb FW W QR1 G0 QLA QLB QLC BL2 ALA KX

23 KX ARf QRo0 QRe2 BRb Re QRo0 QRe2 QRo1 Ar3 QRb QRa QRd QRc QRb FW GW QLA QLB QLC QLD BL3 ALB KX

24 KX QRe0 BRa QRe1 BRc QRe0 QRo2 QRe1 Ro QRe1 Br1 QRb QRa QRd QRc QRb FGW B> QLC QLD AL1 QLO1 ALC KX

25 KX ARa BRb QRe2 BRe QRe2 QRo1 Re QRo0 QRe2 Br2 QRc QRb QRa QRd QRc G FB> D> QLA AL2 QLO2 ALE KX

26 KX ARb BRa QRe1 BRd QRe1 Ro QRe0 QRo2 QRe1 Br3 QRd QRc QRb QRa G QLa QLb FD> B> AL3 QLO1 ALD KX

27 KX ARa BRb QRe2 BRe Re QRo0 QRe2 QRo1 Re QRo1 Ar1 QRd QRc G QLa QLb QLc QLd FB> fAL3 HO ALE KX

28 KX ARb BRa QRe1 BRf QRe0 QRo2 QRe1 Ro QRe0 QRo2 Ar2 QRa G QLa QLb QLc QLd QLa QLb FAL3 fHO ALF KX

29 KX ARa BRb Re QRo1 ARa QRo1 Re QRo0 QRe2 QRo1 Ar3 G QLa QLb QLc QLd QLa QLb QLc Al3 FHO fALF KX

30 KX ARb BRc QRe0 QRo2 ARb Ro QRe0 QRo2 QRe1 Ro K1d KA QLb QLc QLd QLa QLb QLc Bl1 QLe1 Ho FALF KX

31 KX ARa BRe QRe2 QRo1 ARc QRo0 QRe2 QRo1 Re G K1 K1 I QLd QLa QLb QLc QLd Bl2 QLe2 QLo0 ALf KX

32 KX ARb BRd QRe1 QRo2 ARe QRo2 QRe1 Ro G QLa K1 K1 QRa I QLb QLc QLd QLa Bl3 QLe1 BLa QLe0 KX

33 KX ARa BRe QRe2 QRo1 ARd QRo1 Re G QLa Al1 K1 K1 Ar1 QRa I QLd QLa Al1 QLo1 He BLb ALa KX

34 KX ARb BRd QRe1 QRo2 ARe Ro G QLa QLb Al2 K1 K1 Ar2 QRb QRa I QLb Al2 QLo2 QLe0 BLc ALb KX

35 KX ARa BRe QRe2 QRo1 ARf G QLa QLb QLc Al3 K1 K1 Ar3 QRc QRb QRa I Al3 QLo1 QLe2 BLe ALa KX

36 KX ARb BRd QRe1 Ro K1d KA QLb QLc Bl1 QLe0 K1 K1 QRe0 Br1 QRc QRb KA K1d Ho QLe1 BLd ALb KX

37 KX ARa BRe Re G K1 K1 I QLd Bl2 ALa K1 K1 ARa Br2 QRd G K1 K1 I He BLe ALa KX

38 KX ARb BRf G QLa K1 K1 QRa I Bl3 ALb K1 K1 ARb Br3 G QLa K1 K1 QRa I BLf ALb KX

39 KX ARc K0d KA Al1 K1 K1 Ar1 KA K0d ALc K1 K1 ARc K0d KA Al1 K1 K1 Ar1 KA K0d ALc KX

40 KX K0 K0 K0 K0 K1 K1 K0 K0 K0 K0 K1 K1 K0 K0 K0 K0 K1 K1 K0 K0 K0 K0 KX

41 T T T T T T T T T T T T T T T T T T T T T T T T

Fig. 4. Time-space diagram of generalized firing squad synchronization algorithm on
CA1−bit (Fig. 4(a)) and snapshots of the computation for 24 cells with a general on C8

(Fig. 4(b)).
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C2n

C33 C3n

Cm1 Cm2 Cm3 Cmn
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C14
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Cm4
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Fig. 5. Two-dimensional cellular automaton.
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algorithms and their implementations have been presented in Beyer [2], Grasselli
[3], Maeda and Umeo [6], Shinar [14] and Szwerinski [15].

Before presenting the algorithm, we propose a simple and efficient mapping
scheme for embedding one-dimensional synchronization algorithms onto two-
dimensional arrays. Fig. 6(a) is a time-space diagram for optimum-time general-
ized synchronization on one-dimensional arrays with the general on Ck. We say
that a generalized firing algorithm has a property A, where any cell, except the
general Ck, keeps a quiescent state in the area A of the time-space diagram shown
in Fig. 6(a). The one-dimensional generalized firing squad synchronization algo-
rithm with the property A can be easily embedded onto two-dimensional arrays
with a small overhead. Fig. 6(b) shows snapshots of our 12-state optimum-time
generalized firing squad synchronization algorithm with the property A.

1 2 3 4 5 6 7 8 9 10 11 12 13

0 Q Q Q R Q Q Q Q Q Q Q Q Q

1 Q Q < G > Q Q Q Q Q Q Q Q

2 Q < Q G Q > Q Q Q Q Q Q Q

3 W Q Q G Q Q > Q Q Q Q Q Q

4 W ] Q G Q Q Q > Q Q Q Q Q

5 W ] ] G Q Q Q Q > Q Q Q Q

6 W ] A N Q Q Q Q Q > Q Q Q

7 W ] H ] H Q Q Q Q Q > Q Q

8 W ] H ] R > Q Q Q Q Q > Q

9 W ] H Q R H > Q Q Q Q Q W

10 W ] R H R H N > Q Q Q [ W

11 W ] R H R ] H H > Q [ [ W

12 W ] R H H ] H H N [ H [ W

13 W ] R H H ] H Q [ Q A [ W

14 W ] R H H ] R [ H A R [ W

15 W ] R H H Q W Q A A R [ W

16 W ] R H Q [ W ] Q A R [ W

17 W ] R ] [ [ W ] ] [ R [ W

18 W ] H W H [ W ] H W A [ W

19 W ] [ W ] [ W ] [ W ] [ W

20 W W W W W W W W W W W W W

21 F F F F F F F F F F F F F

A

1

1

1

1

1

1

1

1

t = n-2+max(k, n-k+1)

t = 0

t = k-1

t = 2k-2

t = n-1

C1 Ck Cn

t = n-k

Cn-k+1

B

Fig. 6(a) Fig. 6(b)

Fig. 6. Time-space diagram for optimum-time generalized firing squad synchronization
algorithm (Fig. 6(a)) and snapshots of our 12-state optimum-time generalized firing
squad synchronization algorithm with the property A (Fig. 6(b)).

[Theorem 3] There exists a 12-state one-dimensional CA with the property
A which can synchronize n cells in exactly optimum n − 2+max(k, n − k + 1)
steps, where the general is located on Ck.

Now we consider a 2-D array of size m×n. We divide mn cells into m+n−1
groups gk, 1 ≤ k ≤ m+ n− 1, defined as follows;

gk = {Ci,j |(i− 1) + (j − 1) = k − 1}.
That is, g1 = {C1,1}, g2 = {C1,2, C2,1}, g3 = {C1,3, C2,2, C3,1}, . . . , gm+n−1 =
{Cm,n}.
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C12

C11

C13

C14

C1s

C1n

C22

C21

C23

C24

C2s

C2n

Cr2

Cr1

Cr3

Cr4

Crs

Crn

Cm2

Cm1

Cms

Cmn

C1 C2 Cr Cm Cm+1 Cr+s-1 Cm+s-1 Cm+n-1

Fig. 7. A correspondence between
1-D and 2-D cellular arrays.

Type (II): Upper-left corner cell

For any state b,c,d 2 {Q-{w}}

such that δ1(w, b, c) = d :
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Type (III): Lower-right corner cell

For any state a, b, d 2 {Q-{w}}

such that δ1(a, b, w) = d: 
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d

w

wba

c

d

w
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w

d

a
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c
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Type (I): Inner cell 
For any state a,b,c,d 2 {Q-{w}}

such that δ1(a, b, c) = d :

Fig. 8. Construction of transition rules
for generalized firing squad synchro-
nization algorithm on 2-D arrays.

Let M = (Q, δ1, w) be any one-dimensional CA with the property A that
fires � cells being the general on Ck in T (�, k) steps, where Q is the finite state
set of M, δ1 : Q3 → Q is the transition function, and w ∈ Q is the right and left
end state. We assume that M has m + n − 1 cells. We consider the one-to-one
correspondence between the ith group gi and the ith cell Ci on M such that
gi ↔ Ci, where 1 ≤ i ≤ m + n − 1. See Fig. 7. We can construct a 2-D CA
N = (Q, δ2, w) so that all cells in gi simulates the ith cell Ci in real-time and N
can fire any m×n arrays with the general Cr,s at time t = T (m+n−1, r+s−1)
if and only if M fires 1-D arrays of length m+n− 1 with the general on Cr+s−1
at time t = T (m+n−1, r+s−1), where δ2 : Q5 → Q is the transition function,
and w ∈ Q is the border state of the array.

The transition function δ2 is constructed as follows: Let δ1(a, b, c) = d be
any transition rule of M , employed in the area B shown in Fig. 6(b), where
a, b, c, d ∈ {Q− {w}}. Then, N has nine transition rules, as is shown in Type (I)
of Fig. 8. The first rule(1) in Type (I) is used by an inner cell that doesn’t have
any border cells in its four neighbours. The rules (2)-(7) are used by an inner cell
that has border cells in its upper, lower, left, right, left lower, and right upper
direction, respectively. The rules (8) and (9) correspond to the case wherem = 1,
n ≥ 2 and m ≥ 2, n = 1, respectively. When a = w, that is, δ1(w, b, c) = d,
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where b, c, d ∈ {Q− {w}}, then N has three rules shown in Type (II). These
rules are used by the cell located in left upper corner. The rules (2) and (3) in
Type (II) are special cases corresponding to the rules (8) and (9) in Type (I).
When c = w, that is, δ1(a, b, w) = d, where a, b, d ∈ {Q− {w}}, then N has
three rules shown in Type (III). These rules are used by the cell located in right
lower corner. The rules (2) and (3) in Type (III) are special cases corresponding
to the rules (8) and (9) in Type (I).

We show that the 2-D CA N constructed can generate the configuration of
M in real-time. Precisely, for any i, 1 ≤ i ≤ m+n− 1, the state of any cell in gi
at any step is the same each other in gi and it is exactly the state of Ci at the
corresponding step. Let Sti , S

t
i,j and Stgi

denote the state of Ci, Ci,j at step t and
the set of states of the cells in gi at step t, respectively. Then, we can establish
the following lemma.

[Lemma 4] The next two statements hold:

1. For any integer i and t such that 1 ≤ i ≤ m+ n− r − s+ 1, r + s+ i− 3 ≤
t ≤ T (m+ n− 1, r + s− 1), ‖ Stgi

‖= 1 and Stgi
= Sti . That is, all cells in gi

at step t are in the same state and it is equal to Sti , where the state in Stgi

is simply denoted by Stgi
.

2. For any integer i and t such that m + n − r − s + 2 ≤ i ≤ m + n − 1,
2m+ 2n− r− s− i− 1 ≤ t ≤ T (m+ n− 1, r+ s− 1), ‖ Stgi

‖= 1 and Stgi
=

Sti .

For any 2-D array of M of size m × n with the general at Cr,s, 1 ≤ r ≤ m,
1 ≤ s ≤ n, there exists a corresponding 1-D cellular array N of length m+n− 1
with the general at Cr+s−1 such that the configuration of N can be mapped
on M and M fires if and only if N fires. Based on the 12-state generalized 1-D
algorithm given in [Theorem 3] we get the following 2-D generalized synchro-
nization algorithm that fires in m+n−1−2+max(r+ s−1,m+n− r− s+1)=
m + n+max(r + s,m + n − r − s + 2) − 4 steps. One additional state is re-
quired in our construction. The details are omitted. Szwerinski [15] proposed an
optimum-time generalized 2-D firing algorithm with 25600 internal states that
fires any m×n array in m+n+max(m,n)−min(r,m−r+1)−min(s, n−s+1)−1
steps. Our 2-D generalized synchronization algorithm is max(r+ s,m+ n− r−
s + 2)−max(m,n)+min(r,m − r + 1)+min(s, n − s + 1) − 3 steps larger than
the optimum one proposed by Szwerinski [15], however, the number of inter-
nal states required for the firing is the smallest known at present. In Fig. 9 we
show snapshots of the 13-state generalized synchronization algorithm running
on rectangular array of size 6× 8 with the general on C2,3.

[Theorem 5] There exists a 13-state 2-D CA that can synchronize any m×n
rectangular arrays in m + n + max(r + s,m + n − r − s + 2) − 4 steps, where
(r, s) is an arbitrary initial position of the general.

5 Summary

We have proposed several new generalized synchronization algorithms for one-
and two-dimensional cellular arrays and implemented them on a computer. The
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Step:0
1 2 3 4 5 6 7 8

1 Q Q Q Q Q Q Q Q

2 Q Q R Q Q Q Q Q

3 Q Q Q Q Q Q Q Q

4 Q Q Q Q Q Q Q Q

5 Q Q Q Q Q Q Q Q

6 Q Q Q Q Q Q Q Q

Step:1
1 2 3 4 5 6 7 8

1 Q Q < Q Q Q Q Q

2 Q < G > Q Q Q Q

3 Q Q > Q Q Q Q Q

4 Q Q Q Q Q Q Q Q

5 Q Q Q Q Q Q Q Q

6 Q Q Q Q Q Q Q Q

Step:2
1 2 3 4 5 6 7 8

1 Q < Q G Q Q Q Q

2 < Q G Q > Q Q Q

3 Q G Q > Q Q Q Q

4 Q Q > Q Q Q Q Q

5 Q Q Q Q Q Q Q Q

6 Q Q Q Q Q Q Q Q

Step:3
1 2 3 4 5 6 7 8

1 W Q Q G Q Q Q Q

2 Q Q G Q Q > Q Q

3 G1 G Q Q > Q Q Q

4 Q G2 Q > Q Q Q Q

5 Q Q > Q Q Q Q Q

6 Q Q Q Q Q Q Q Q

Step:4
1 2 3 4 5 6 7 8

1 W ] Q G Q Q Q Q

2 ] Q G Q Q Q > Q

3 Q G Q Q Q > Q Q

4 G Q Q Q > Q Q Q

5 Q Q Q > Q Q Q Q

6 Q Q > Q Q Q Q Q

Step:5
1 2 3 4 5 6 7 8

1 W ] ] G Q Q Q Q

2 ] ] G Q Q Q Q >

3 ] G Q Q Q Q > Q

4 G Q Q Q Q > Q Q

5 Q Q Q Q > Q Q Q

6 Q Q Q > Q Q Q Q

Step:6
1 2 3 4 5 6 7 8

1 W ] A N Q Q Q Q

2 ] A N Q Q Q Q Q

3 A N Q Q Q Q Q >

4 N Q Q Q Q Q > Q

5 Q Q Q Q Q > Q Q

6 Q Q Q Q > Q Q Q

Step:7
1 2 3 4 5 6 7 8

1 W ] H ] H Q Q Q

2 ] H ] H Q Q Q Q

3 H ] H Q Q Q Q Q

4 ] H Q Q Q Q Q >

5 H Q Q Q Q Q > Q

6 Q Q Q Q Q > Q Q

Step:8
1 2 3 4 5 6 7 8

1 W ] H ] R > Q Q

2 ] H ] R > Q Q Q

3 H ] R > Q Q Q Q

4 ] R > Q Q Q Q Q

5 R > Q Q Q Q Q >

6 > Q Q Q Q Q > Q

Step:9
1 2 3 4 5 6 7 8

1 W ] H Q R H > Q

2 ] H Q R H > Q Q

3 H Q R H > Q Q Q

4 Q R H > Q Q Q Q

5 R H > Q Q Q Q Q

6 H > Q Q Q Q Q W

Step:10
1 2 3 4 5 6 7 8

1 W ] R H R H N >

2 ] R H R H N > Q

3 R H R H N > Q Q

4 H R H N > Q Q Q

5 R H N > Q Q Q [

6 H N > Q Q Q [ W

Step:11
1 2 3 4 5 6 7 8

1 W ] R H R ] H H

2 ] R H R ] H H >

3 R H R ] H H > Q

4 H R ] H H > Q [

5 R ] H H > Q [ [

6 ] H H > Q [ [ W

Step:12
1 2 3 4 5 6 7 8

1 W ] R H H ] H H

2 ] R H H ] H H N

3 R H H ] H H N [

4 H H ] H H N [ H

5 H ] H H N [ H [

6 ] H H N [ H [ W

Step:13
1 2 3 4 5 6 7 8

1 W ] R H H ] H Q

2 ] R H H ] H Q [

3 R H H ] H Q [ Q

4 H H ] H Q [ Q A

5 H ] H Q [ Q A [

6 ] H Q [ Q A [ W

Step:14
1 2 3 4 5 6 7 8

1 W ] R H H ] R [

2 ] R H H ] R [ H

3 R H H ] R [ H A

4 H H ] R [ H A R

5 H ] R [ H A R [

6 ] R [ H A R [ W

Step:15
1 2 3 4 5 6 7 8

1 W ] R H H Q W Q

2 ] R H H Q W Q A

3 R H H Q W Q A A

4 H H Q W Q A A R

5 H Q W Q A A R [

6 Q W Q A A R [ W

Step:16
1 2 3 4 5 6 7 8

1 W ] R H Q [ W ]

2 ] R H Q [ W ] Q

3 R H Q [ W ] Q A

4 H Q [ W ] Q A R

5 Q [ W ] Q A R [

6 [ W ] Q A R [ W

Step:17
1 2 3 4 5 6 7 8

1 W ] R ] [ [ W ]

2 ] R ] [ [ W ] ]

3 R ] [ [ W ] ] [

4 ] [ [ W ] ] [ R

5 [ [ W ] ] [ R [

6 [ W ] ] [ R [ W

Step:18
1 2 3 4 5 6 7 8

1 W ] H W H [ W ]

2 ] H W H [ W ] H

3 H W H [ W ] H W

4 W H [ W ] H W A

5 H [ W ] H W A [

6 [ W ] H W A [ W

Step:19
1 2 3 4 5 6 7 8

1 W ] [ W ] [ W ]

2 ] [ W ] [ W ] [

3 [ W ] [ W ] [ W

4 W ] [ W ] [ W ]

5 ] [ W ] [ W ] [

6 [ W ] [ W ] [ W

Step:20
1 2 3 4 5 6 7 8

1 W W W W W W W W

2 W W W W W W W W

3 W W W W W W W W

4 W W W W W W W W

5 W W W W W W W W

6 W W W W W W W W

Step:21
1 2 3 4 5 6 7 8

1 F F F F F F F F

2 F F F F F F F F

3 F F F F F F F F

4 F F F F F F F F

5 F F F F F F F F

6 F F F F F F F F

Fig. 9. Snapshots of the 13-state linear-time generalized firing squad synchronization
algorithm on rectangular arrays.

number of internal states required for realizing those synchronization algorithms
are considerably decreased and they are the smallest ones known at present.
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Abstract. Recent research in theoretical physics on ‘Malament-Hogarth
space-times’ indicates that so-called relativistic computers can be con-
ceived that can carry out certain classically undecidable queries in fi-
nite time. We observe that the relativistic Turing machines which model
these computations recognize precisely the ∆2−sets of the Arithmetical
Hierarchy. In a complexity-theoretic analysis, we show that the (infinite)
computations of S(n)-space bounded relativistic Turing machines are
equivalent to (finite) computations of Turing machines that use a S(n)-
bounded advice f , where f itself is computable by a S(n)-space bounded
relativistic Turing machine. This bounds the power of polynomial-space
bounded relativistic Turing machines by TM/poly. We also show that
S(n)-space bounded relativistic Turing machines can be limited to one
or two relativistic phases of computing.

What computers can or cannot compute is determined by the
laws of physics alone, and not by pure mathematics.

in: D. Deutsch, The Fabric of Reality, 1998.

1 Introduction

A number of phenomena in science have lead to an increased interest in models
of computation that are more powerful than classical Turing machines. The
phenomena range from evolving systems in biology to non-classical time-models
in (theoretical) physics. Whereas these contexts lead to many new questions, it
is of interest to study the computational theory of these phenomena in relation
to classical complexity theory and its ramifications. In this paper we explore the
computational limits and features of the so-called ‘relativistic computers’ that
were recently proposed by Etesi and Németi [7], a kind of computers based on
considerations from general relativity theory.
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Relativistic computers will be seen to belong to the category of machine
models whose powers transcend those of classical Turing machines and thus
go beyond the range of the Church-Turing thesis. Models of computation that
do not obey the Church-Turing thesis have been investigated since Turing’s
times (cf. [14]). The existence of such models in the realm of mathematics is
already sufficient reason for their investigation. For example, Turing machines
with oracles [16] and Turing machines with a restricted type of oracles known
as advice [12] are at the heart of relativised and non-uniform computational
complexity theory, respectively (cf. [1,9]).

In newer studies, there is an increasing number of models that are justified
by some physical reality in which they exist or could exist. Among the recent
examples are the evolving interactive systems, which model the adaptive and
potentially infinite computing behavior of Internet-like networks and of other
‘living systems’, real or artificial [20]. The model has been shown to possess
‘super-Turing’ computational power (cf. [17], [18]), and illustrates that realistic
instances of computational systems can be identified that have this property.
Further examples and related studies appear in e.g. [3,4,19].

Independently of this, the quest for computing beyond Turing machine lim-
its has gained interest in theoretical physics. Namely, it has been shown that
certain relativistic space-times theories license the idea of observing the infinity
of certain discrete processes in finite physical time [7]. It is speculated that a
similar phenomenon could occur in the realm of quantum computing as well
[5]. From the viewpoint of computability theory the resulting relativistic com-
puters can be seen as Turing machines with a suitable oracle, but it is the fact
that these computers are based on apparently realistic ‘thought experiments’
and also the nature of these experiments that gives them a special status. The
consequences of this observation for the foundations of computing have begun
to occupy philosophers and physicists ([7,10]), and recently mathematicians and
logicians have begun to investigate even more general models of infinite-time
computations [8].

In this paper we aim to appraise the power of infinite computations as real-
ized by relativistic computing from the viewpoint of relativised and non-uniform
computing. In this sense this paper complements the study in [7] where only
some consequences for computability theory are discussed. Here we extend the
results of [7], after defining a suitable model of relativistic Turing machines in
Section 2. We observe that relativistic computing has precisely the power of rec-
ognizing the ∆2−sets of the Arithmetical Hierarchy [14]. If the underlying phys-
ical theory is accepted, this would lift the barrier of recursiveness ‘in nature’ to
the ∆2−level, i.e. without violating any feasible thought experiments in general
relativity theory. In Section 3 we give a complexity-theoretic characterization
of relativistic computing in terms of a far simpler model from computational
complexity theory: Turing machines with advice. We prove that under mild as-
sumptions, S(n)-space bounded relativistic Turing machines are equivalent to
‘classical’ Turing machines with S(n)-bounded advice, with the further proviso
that the advice is relativistically S(n)-space bounded computable. Given the
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physical background, the required number of relativistic phases of computing is
a crucial resource. We show that any language that is relativistically recogniz-
able within S(n)-space, can be recognized by a S(n)-space bounded relativistic
Turing machine that needs at most two relativistic phases (of a certain kind).

We emphasize that relativistic computing models are only claimed by certain
theories in contemporary theoretical physics. The validity of the model has not
been experimentally verified.

2 Relativistic and Other Computational Models

Our main goal is to compare the infinite computations performed by relativistic
computers [7] with those performed in finite time by Turing machines with advice.
In this section we describe the formal models of computations involved and give
some basic constructions, cross-pointing to known concepts in recursion theory.

2.1 Relativistic Turing Machines

Recent research in theoretical physics suggests that in certain relativistic space-
times, viz. in Malament-Hogarth space-times, it may be possible for a computer
to receive the answer to a yes-or-no question from an infinite, i.e. arbitrarily
long computation in finite proper time (cf. [6,7,10]). Our first goal is to cast
relativistic computations in the framework of Turing machines with oracles [14].

Informally, a relativistic Turing machine (RTM) is a kind of multitape de-
terministic Turing machine with a separate read-only input and, in the case
of transducers, a write-only output tape. That is, we will consider RTMs both
as language recognizers and as transducers, computing partial functions that
map finite strings of input symbols to similar strings of output symbols. A
RTM has a number of special, distinguished states that allow the implemen-
tation of relativistic phases of computing. More formally, a RTM is a seven-
tuple R = (Σ,Q, δ, q0, qF , qR, S) where Σ is a finite alphabet, Q is a finite
set of states, δ is a standard (deterministic) transition function, q0, qF , and
qR ∈ Q are the distinguished initial, final and relativistic states, respectively,
and S ⊂ Q − {q0, qF , qR} is the set of signal states. Set S consists of a distin-
guished, so-called no-signal state qN , and one or more yes-signal states qY .

A relativistic computation by a RTM R proceeds as follows, modeling the
features described in [7]. On a finite input w, R starts its computations as a
standard Turing machine in state q0. It reads symbols from the input tape,
prints symbols to the output tape, rewrites the working tapes, enters new states
from Q − S − {qR}, etcetera, and continues in the ‘classical’ way of computing
until it enters its relativistic state qR. At this moment R starts a relativistic
phase in its computation. R now proceeds like an oracle Turing machine that
executes an oracle call, with noted differences in the way the ‘relativistic call’ is
elaborated and in the way information is extracted from a single call. Informally,
entering qR is like spawning a copy of the computation and asking: starting from
the current instantaneous description and continuing computing in accordance
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with my transition function, will my copy ever enter a yes-signal state? If so,
then after finite time a yes-signal state ∈ S is entered by R, with the state
corresponding to the specific yes-signal state that will be entered by the spawned
copy. (In [7] the finite moment is referred to as a ‘Malament-Hogarth event’.)
Otherwise, i.e. if no yes-signal state is entered by the spawned copy by the time
of the Malament-Hogarth event, then R enters no-signal state qN .

In normal relativistic mode the spawning process just waits (‘observes’) until
a signal state is entered. All data on the machine’s tape remain as they were
when entering qR, and also the heads retain their previous positions. As soon
as a signal-state is reached, necessarily after finite time, the present relativistic
phase ends, even though the infinite computation that was spawned may still
be continuing. In extended mode the spawning process can subsequently enter a
finite number of yes-signal states from the computation, counting such moments
in a buffer of finite size and going from yes-signal state to yes-signal state until
either the buffer is full or it ‘sees’ by the time of the Malament-Hogarth event
that no further yes-signal state will be entered (in which case it will transfer to
qN ). In either case the relativistic phase ends and R resumes its computation
from whatever signal-state it reached. R cannot switch to relativistic phases
during a relativistic phase.

The description is only complete if it is specified when and what yes-signal
state is to be entered during a relativistic phase, from a given finite set of pos-
sibilities. Following [7] we assume that a yes-signal is entered whenever some
observable property P holds for the (instantaneous description of the) spawned
computation. It means that R must be augmented with a mechanism for check-
ing P in a relativistic phase, i.e. during the spawned computation as it goes to
infinity. We allow the mechanism to output signals from a finite set of differ-
ent yes-answers, corresponding to the different signal-states. In [7] the simple
case with P = ‘halting′ is considered, which only needs an easy program. The
resulting mechanism will be termed a relativistic oracle for P .

After a RTM has resumed its classical mode of computation, it can switch to
a relativistic phase again (i.e. when qR is entered again). Thus, a computation
of a RTM alternates between classical and relativistic phases of computing.
A classical phase begins in a state from Q − {qR} and ends in qR or qF . A
relativistic phase begins in state qR and ends in a signal state ∈ S and, in
extended mode, with a value in a buffer of finite size. A RTM can halt only in
state qF . If it works as a transducer, the result of the machine’s computation is
written on its output tape. We claim:

Postulate A Relativistic computations are faithfully modeled by computations
of ordinary Turing machines using relativistic oracles in normal or extended
mode (i.e., by RTMs).

In [7,21] the underlying assumptions are explained, viz. the observability of
spawned infinite processes in finite physical time. Formally, our analysis shows
that relativistic oracles are just oracles for ‘eventually P ’ except when extended
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mode is used. The latter mode was not explicitly distinguished in [7] but will be
important.

It is not entirely clear whether repeated relativistic phases of computation
during one computation of a RTM are physically feasible. The analysis in [7]
does not seem to prevent it. In [21] the possibility of performing several (even
an infinite number) of relativistic computational phases during a single compu-
tation is allowed. Extended relativistic mode will prove to be a highly effective
intermediate. In general one should keep the number of relativistic oracle calls
as low as possible, considering the physical justification. Bounding the number
of oracle queries for arbitrary oracles is a well-studied issue in complexity theory
(cf. [2]), which thus finds an interesting new motivation here.

2.2 Relativistic Computation

To assess the computational power of RTMs we assume some familiarity with
the classes Σi(i ≥ 0) and Πi(i ≥ 0) of the so-called Arithmetical Hierarchy in
recursion theory, with ∆i = Σi ∩Πi for every i ≥ 0 (cf. [14]). Recall that Σ1 =
‘the recursively enumerable sets’ and ∆1 = ‘the recursive sets’.

From a functional point of view the model of RTMs was considered in [7] un-
der the name of relativistic computer. Using an obvious connection to classical
TM-computations with the Halting Problem as oracle, it was proved in [7] that
relativistic computers can decide all languages in Σ1 and can recursively enu-
merate all languages in Σ2, thus showing that relativistic computers go beyond
the range of the Church-Turing thesis. The following observation can be made
(modulo encodings), improving on [7].

Theorem 1. Relativistic Turing machines (thus: relativistic computers) recog-
nize precisely the ∆2−sets of the Arithmetical Hierarchy.

Proof: First we observe that extended relativistic mode can be simulated by
iterating calls in normal relativistic mode, using a carefully tuned procedure in
which the computation in a relativistic phase is traced from yes-answer to yes-
answer (and the original instantaneous description is re-instated whenever the
end of the simulation of the phase in extended mode is reached). The remainder
of the argument parallels Post’s theorem for ∆2−sets (see[14]). Let A be recog-
nized by a RTM R, with R necessarily always halting. Without loss of generality
R works in normal relativistic mode. Now a recursive predicate F (x, y, w) can be
designed such that w ∈ A⇔ ∃x∀yF (x, y, w), as follows. Use the ∃x to delineate
a finite computation by R, extending finitely into those relativistic phases that
are called and lead to a yes-signal up to the point that a yes-signal is generated,
and use the ∀y to express that in this computation the relativistic phases that
are called and do not lead to a yes-signal indeed do not generate such a signal in
all steps to infinity. This shows that A ∈ Σ2. At the same time we have A ∈ Σ2
as A is relativistically recognizable as well, hence A ∈ Π2. Thus A ∈ ∆2.

Now let A ∈ ∆2. It means that there are recursive predicates F and G such
that w ∈ A ⇔ ∃x∀yF (x, y, w) and w ∈ A ⇔ ∃x∀yG(x, y, w). Now w ∈ A can
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be decided by a RTM R that enumerates the possible values of x = 0, 1, . . .
and checks for each value in two relativistic phases whether ∀yF (x, y, w) or
∀yG(x, y, w). For some x, hence in finite time, one of the two must signal yes. ✷

In the model of RTMs as we described it, we abstracted from the underlying
physical relativistic computational system and concentrate on the formal mech-
anism for invoking the relativistic phases of computing and for getting ‘signals’
from it in finite time. This makes it possible to study the effect of relativis-
tic computations in bounded (memory-)space, very much like the complexity of
oracle computations was studied.

For a RTM, we define its space complexity S(n) as the maximum size of any in-
stantaneous description in any computation on inputs of length n, taken over all
(accepted) inputs of length n. However, the space consumed by the spawned pro-
cess in a relativistic phase of computation is not counted in the space-complexity.
Note that this space may be infinite. If only O(1) extra cells are needed in addi-
tion to the input, we say that the machine operates within constant extra space.
Note that S(n) ≥ n for all space bounds for RTMs and that for any S(n) ≥ n,
the family of languages recognized by RTMs in space S(n) is closed under com-
plement. There seems to be no justification for defining the time complexity of
a RTM.

To illustrate the power of RTMs we present two RTMs in detail that recognize
specific undecidable languages. The ideas of the constructions will be used later.
Let K be the set of all strings w that are descriptions of Turing machines,
denoted by 〈w〉, that accept their own description. It is well-known that K is
not recursive, i.e. K ∈ Σ1\Π1 [15]. The following observation is straightforward.

Proposition 1. There is a RTM R of constant extra space complexity that rec-
ognizes K. In fact, all languages of Σ1 ∪Π1 can be relativistically recognized in
constant extra space and using at most one relativistic phase.

The next proposition shows a more complicated RTM that recognizes a lan-
guage by means of exponentially many relativistic sub-computations. However,
far fewer phases will be seen to suffice as well. The language we consider is
Ka = {w|MAX(w)}, where MAX(w) holds if and only if w satisfies the follow-
ing condition: w ∈ K and, if |w| = n, then the running time of 〈w〉 on w is the
maximum one over all such w’s.

Proposition 2. There is a RTM T of constant extra space complexity that rec-
ognizes language Ka. In fact, T needs at most two relativistic phases in normal
mode, or at most one in extended mode.

Proof: The idea is to design a RTM T that operates as follows, on any input w
of length n. First it checks whether w ∈ K and if so, it systematically generates,
in lexicographic order, all descriptions v of TMs of length n. Doing so, T tries
to determine those descriptions v that belong to K and satisfy MAX(v). If a v
is found that satisfies w = v then T accepts; otherwise T rejects.
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Proposition 1 shows that an RTM can easily decide whether a string of length
n is a member of K. Assume that T has found two strings, u and v, from K.
Now T must decide which of the two machines whose encoding is represented by
u and v, has the longer running time. T can classically decide this by alternately
simulating one step of each machine, to see which of the two machines halts
sooner. However, in some cases this can consume an enormous amount of space
which surely cannot in general be bounded by e.g. a polynomial in n. Therefore,
for this particular task we design a relativistic strategy for machine T . We equip
T with two halting signal states, q1 and q2. Entering q1 will signal that the halting
state of machine 〈u〉 is reached whereas entering q2 will signal that the halting
state of 〈u〉 is reached. Now, all that T has to do, having remembered both u
and v, is to enter relativistic state qR and spawn the alternating simulation of
both machines 〈u〉 and 〈v〉 described above into the relativistic phase. When the
phase ends, T can tell by the state it is in which of the two simulated machines
will run longer. It is now easy to construct a RTM T that recognizes Ka, using
linear space.

A RTM T that recognizes Ka in constant extra space can be obtained as
follows. After determining that w ∈ K, one can relegate the entire search for
(the existence of) a string u ∈ K of length n for which 〈u〉 runs longer on u
than 〈w〉 on w to a relativistic phase. Note that this would require only two
relativistic phases. By setting a buffer value of 2, the process can be carried
out in extended mode in one phase as follows. Carry out the computations of
〈w〉 on w and of all 〈u〉 on u simultaneously. Whenever the computation on
some u ends before the computation on w, cancel the simulation on u. When
the computation on w ends, emit the first yes-signal and proceed with the
remaining simulations. The first one that now halts will emit a yes-signal as
well, but no further yes-signals are emitted after this. (By the bound on the
buffer the relativistic phase ends in fact when a second yes-signal is reached.)
T can now decide whether w ∈ Ka by just looking at the buffer value when it
returns from the relativistic phase. ✷

Using a result from [2] it can be shown that RTMs with n + 1 relativistic
phases are more powerful than RTMs with up to n relativistic phases, for any
n ≥ 0.

2.3 Non-uniform Computations

We will compare RTMs with Turing machines with advice (TM/A’s) (cf. [1,9,
12]), to establish the link with non-uniform complexity theory. A TM/A is a
classical Turing machine enhanced by an advice function. An advice function is
a function f : Z+ → Σ∗. For given n, f(n) is called the advice for length n. An
advice is called S(n)-bounded if for all n, the length of f(n) is bounded by S(n).

A TM/A operating on an input of size n, is allowed to call the value of its
advice function only once during the computation, and it can call it only for
the particular n. To realize an advice-call, a TM/A is equipped with a sepa-
rate advice tape (that is initially empty) and a distinguished advice state. By
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entering the advice state at time t the value of f(n) will appear on the advice
tape in a single step at time (t+ 1). The mechanism of advice is very powerful
and can provide a TM/A with highly non-recursive ‘assistance’. Without fur-
ther constraints, advice functions are as powerful as arbitrary oracles. We will
be interested in advice functions whose values are bounded in length by some
(computable) functions of n. Let TM/poly be the class of languages recognized
by TM/A’s with polynomially-bounded advice (cf. [1,9,12]). To prepare for a
later construction, we show that K ∈ TM/poly (cf. Proposition 1).

Proposition 3. There is a TM/A A with a linearly bounded advice function f
that recognizes the language K and halts on all inputs.

Proof: Define the advice function f as follows: f(n) = u if and only if |u| = n,
and u is the lexicographically first string of length n that satisfies MAX(u) (the
predicate MAX was defined before the statement of Proposition 2). A default
value should be used in case no u with |u| = n of the required property exists.
Clearly, f is linearly bounded. On input w of length n, A works as follows. First,
it checks whether w is the encoding of some Turing machine M. If so, then
A calls its advice to get f(n) = u. Then A makes use of the idea we already
saw in the proof of Proposition 2: A starts to alternate between simulating one
step of M on u, and one step of 〈w〉 on w. Clearly, the simulation of 〈u〉 must
terminate, and if it terminates earlier than the simulation of M then, thanks
to the truth of MAX(u), A can infer that M on w will never stop. Then A
rejects w and halts. Otherwise, if the simulation of 〈w〉 halts sooner than the
simulation of 〈u〉, A accepts w and halts. ✷

Note that all three previous propositions are related: we have a (non-recursive)
language K recognized both by a RTM (Proposition 1) and by a TM/A (Propo-
sition 3). Moreover, the advice function used by the TM/A is computable by a
RTM (Proposition 2). In the next section we show that this is not a coincidence.

3 Relativistic Computing vs. Non-uniform Computing

Now we can formulate the main result, relating infinite relativistic and non-
uniform finite computations. Let P be an arbitrary observable, i.e. recursive
property (e.g. ‘halting’), and let RelSPACE(P, S) be the family of S(n)−bounded
advice functions that are S(n)−space bounded computable by an RTM on input
of any length−n string using the relativistic oracle for P (in normal mode).
We will prove that space-bounded RTMs, i.e. Turing machines with relativistic
oracles, are equivalent to Turing machines with advice, assuming the latter take
their advices from a suitable family. Assume that S(n) is space-constructible,
and let $ be a marker symbol.

Lemma 1. Let language L be recognized by a S(n)−space bounded RTM. Then
there is a function f ∈ RelSPACE(P, S) such that language L′ = {w$f(|w|)|w ∈
L} is recognizable by a linear-space bounded RTM that needs at most two rela-
tivistic phases on every input.
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Proof: Let L be recognized by some S(n)−space bounded RTM R. First we
note that R can be assumed to always halt on every input, by the classical
fact that one could prevent it from cycling in its non-relativistic phases using
a S(n)−space counter. To construct f , consider how R acts on inputs w with
|w| = n and try to eliminate the need for ‘infinite time’ relativistic phases. The
idea is to let f provide an upper bound on the length of all relativistic phases in
R’s computations on inputs of length n that eventually lead to entering a yes-
signal state and thus end by R’s entering into the corresponding yes-signal state.
We do this by letting f(n) = 0xn, where xn is an instantaneous description of R
of length ≤ S(n) that triggers the longest relativistic phase of this kind over all
such ID’s of length ≤ S(n) (and thus over all inputs of length n). To let this be
well-defined, we let xn be the lexicographically smallest ID with this property
and take f(n) = ε if no ID of this kind exists.

If R could get a purported value x of f(|w|) from somewhere on input w,
it might act as follows: verify that x = f(|w|) in one relativistic phase, and
run a classical simulation of R in another, replacing every call to the relativistic
oracle by a direct computation dovetailed with the simulation of R on x while
continuously checking P (and drawing the obvious conclusion if no yes-signal
state has been entered by the time the run on x ends).

Following this idea, we design a RTM R′ to recognize L′ as follows. On
receiving its input, R′ checks whether it is of the form w$x. It then proceeds to
check that x = f(|w|) as follows. The strategy is similar to the strategy used
in Proposition 2. Note that the computation in any relativistic phase is fully
determined by the ID of R at the beginning of this phase, and every ID that
triggers a relativistic phase will be bounded in length by S(n), with n = |w|. R′

first checks whether x triggers a relativistic phase of R that leads to a yes-signal,
by actually performing the relativistic phase if it is triggered (‘phase 1’). If x
passes this test, R′ starts up a second relativistic phase (‘phase 2’) in which it
constructs (the value of) S(n), enumerates all ID’s y �= x of length ≤ S(n) that
R could admit on any input of length n (and that trigger a relativistic phase),
starts a simulation of R on x and on all y’s, and alternately carries out one
step in each of the simulations. Whenever a computation on an ID y �= x ends
(i.e. reaches a yes-signal state) while the computation on x is still going on, the
simulation on y ends and is removed (and the yes-signal state is not entered). If
no simulation on any y �= x survives before the simulation on x reaches its yes-
signal state, the simulation process is sent into an infinite loop (without entering
a yes-signal state ever). If some simulations on ID’s y �= x have survived by the
time the simulation on x reaches its yes-signal state, the simulation on x ends
and is removed (and the yes-signal sate is not entered) and the simulation on the
remaining ID’s y �= x is continued. Whenever one of these remaining simulations
reaches a yes-signal state, this yes-signal state is actually entered. Clearly the
outcome of this relativistic phase will tell R′ whether x is an ID that triggers
the longest relativistic phase that leads to halting. The given argument is easily
modified to include the check that x actually is the lexicographically smallest
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with this property. So far no more than linear space was used (i.e. linear in
|w$x|).

Assuming x = f(|w|), R′ can now begin the actual recognition process of the
string w. In principle R′ could avoid all relativistic phases in the simulation of
R, because it can bound how far it must go into any such phase in a classical
simulation before knowing whether a yes-signal will be reached or not: R′ can
simply interleave the simulation with the simulation of R on x and use the latter
as a yardstick. If no yes-signal is reached before the end of the yardstick, it knows
that a yes-signal will never be reached and that it can proceed to qN . To avoid the
space-count for this, R′ relegates the recognition process to a relativistic phase
(‘phase 3’): in this phase it simulates R on w, using (the computation on) x as
the yardstick to do a finite classical simulation of every relativistic phase which
R would otherwise have to carry out, and emitting a yes-signal if and when the
simulation thus carried out actually lead to the recognition that w ∈ L. Observe
that phase 3 always halts, because R is always halting. This implies that R′ can
combine phases 1 and 3 into one: a transfer to qN will now mean that either x
never terminates, or it does and either w �∈ L or the computation wasn’t long
enough to reach the conclusion that w ∈ L, i.e. x �= f(|w|). Thus, altogether R′

needs only two relativistic phases.
Finally, observe that the function f is computable by an RTM in space S(n)

on any input of length n, by very much the same argument as employed above.
A RTM R′′ for it will first construct S(n) space and then use it to enumerate
every candidate ID y explicitly, testing for each y whether it qualifies (like we
did for x in phase 1) and running a contest between y’s that qualify as in the
proof of Proposition 2. This can easily be carried out within space S(n). Once
the winning string xn and input in has been found (or no string was found to
qualify) the value of f(n) can be output. ✷

By a further argument one can show that the language L′ can be recognized
using at most one relativistic phase in extended mode (but using S(n) space).

We can now prove the main result. In the result we assume that the Tur-
ing machines with advice can check property P effectively, either as a subrou-
tine or as an oracle. Recall that functions in the set RelSPACE(P, S) are always
S(n)−bounded with S(n) ≥ n.

Theorem 2. The following are equivalent, for any language L and RTM-space
bound S(n):

(i) L is recognized by a S(n)−space bounded RTM.
(ii) L is recognized by a TM/A that uses an advice function ∈ RelSPACE(P, S).

Proof: (i) → (ii) Let L be recognized by a S(n)−space bounded RTM R.
By Lemma 1 there exists a function f ∈ RelSPACE(P, S) such that L′ =
{w$f(|w|)|w ∈ L} is recognizable by a (linear-space) RTM R′ that uses at most
three relativistic phases. Consider the particular RTM R′ that was constructed
in Lemma 1 and design a Turing machine T with advice f as follows. On input
w of length n, T immediately calls its advice and lays out the string w$f(|w|). T
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now prepares to simulate R′. Clearly it can skip phases 1 and 2 of R′ and move
straight to phase 3. T now carries out the simulation in phase 3 in an entirely
classical way just like it was specified for R′, using the yardstick idea to ‘finitize’
the relativistic phases of R. T accepts if and only if the computation leads a
yes-signal.

(ii) → (i) Let L be recognized by a Turing machine T using an advice
function f ∈ RelSPACE(P, S). Design a RTM R for L as follows. On input
w, R first computes the string f(n) = f(|w|) in space S(n). It then trig-
gers a relativistic phase in which it does the entire simulation of T , having
the advice-value available whenever T calls for it. The relativistic phase
triggers a yes-signal when T accepts. When R observes the result and enters
into a yes-state, it accepts w. Clearly R recognizes L and does so in space S(n). ✷

In the theorem we can assume without loss of generality that the machines
involved in (i) and (ii) halt on all inputs. Specializing the result to the case con-
sidered in [7], let P = ‘halting′ and let RelPSPACE =

⋃
k RelSPACE(P, nk). Let

RTM-PSPACE denote the class of languages recognizable by RTMs in polynomial
space.

Corollary 1. The following are equivalent, for any language L and S(n) ≥ n:

(i) L is recognized by a polynomial-space bounded RTM.
(ii) L is recognized by a TM/A that uses an advice function ∈ RelPSPACE.

Consequently, RTM-PSPACE⊆ TM/poly.

Using well-known facts from non-uniform computational complexity (cf. [1])
it follows that computations by RTMs are as powerful as computations of infinite
families of (finite) non-uniform circuits whose size grows faster than any recursive
function. A further observation can be made that shows the ‘physical’ efficiency
of relativistic phases in extended mode.

Theorem 3. If a language L is recognized by a S(n)−space bounded RTM, then
it can be recognized by a S(n)−space bounded RTM that needs at most two rela-
tivistic phases, one in extended mode and one in normal mode.

Proof: Let L be recognized by a S(n)−space bounded RTM R. By Theorem 2, L
can be recognized by a TM/A T , using the advice function f ∈ RelSPACE(P, S)
constructed in the proof of Lemma 1. But a RTM can compute f(n) as follows.
Using one relativistic phase in extended mode, the RTM can count the number
of ID’s y of length ≤ S(n) that trigger a relativistic phase that actually leads
to a yes-signal (‘halts’). Once it knows this number, R can determine in a
completely classical dovetail which of the computations on these ID’s actually
halt and what the lexicographically smallest y is that leads to the longest
halting computation among them. (This ‘census approach’ is well-known in
complexity theory, cf. [9].) This shows that L can be recognized by a RTM
R that computes like T and computes the advice value when it is needed,
using at most one relativistic phase in extended mode for this purpose and
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no other relativistic calls. In order to achieve the bounded space complexity,
let R relegate the entire (classical) simulation of T to a relativistic phase in
normal mode. In this way R remains relativistically S(n)−space bounded and
recognizes L by means of at most two relativistic phases. ✷

4 Conclusion

Using arguments from general relativity theory, Etesi and Németi [7] have ar-
gued that the Church-Turing thesis may be physically untenable. They have
shown that relativistic computers can be thought of that can recognize non-
recursive languages. We have formalized the model of relativistic computing and
characterized its potential precisely from the viewpoint of computability theory.
We also proved a bridging result that links the infinite computations of (space-
bounded) relativistic TMs to finite computations by TMs with powerful advice
functions.

The result, proving a kind of duality between infinite relativistic and non-
uniform finite computations, follows from basic complexity-theoretic consider-
ations and should be of interest for the appraisal of relativistic computing in
the context of (theoretical) physics or philosophy. The result can be seen as a
further evidence for the emerging central role of non-uniform computation mod-
els in capturing the information processing capabilities in natural systems, as
formulated in [17]. The result complements the existing set of examples of such
kinds of models, including evolutionary interactive systems, the Internet, artifi-
cial living systems, social systems, and amorphous computing systems (cf. [18]),
by systems operating by the principles of general relativity theory.
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Abstract. Krentel [J. Comput. System. Sci., 36, pp.490–509] presented
a framework for combinatorial NP optimization problems that search op-
timal values of polynomial-size solutions computed deterministically in
polynomial time. This paper applies his framework to a quantum expan-
sion of such optimization problems. With the notion of an “universal”
quantum function similar to a classical “complete” function, we exhibit
canonical quantum optimization problems whose optimal cost functions
are universal for certain classes of quantum optimization problems. We
also study the complexity of quantum optimization problems in connec-
tion to well-known complexity classes.

1 Combinatorial Optimization Problems

Combinatorial optimization problems have arisen in many areas of computer
science. A typical example of such optimization problems is the Traveling
Salesperson Problem, which asks, from a given map of cities and traveling
cost, for a tour of all the cities at the least cost. A combinatorial optimization
problem is in general a certain type of a search problem that is to find, among
possible candidates, a feasible solution with the maximal (or minimal) value,
where values are usually expressed by numbers1. NP-complete decision problems
naturally induce their optimization counterparts; however, it is believed that not
all such optimization problems are equally hard to solve.

Most optimization problems are fit into the following framework. For a partial
function f , let dom(f) denote the domain of f .

Definition 1. A (combinatorial) optimization problem2 Π is a quadruple
(op, I, S, g), where op is either max (maximization operator) or min (minimiza-
tion operator), I is a set of instances, S is a set of candidates of (feasible)
� This work was in part supported by Natural Sciences and Engineering Research
Council of Canada and Japan Science and Technology Corporation.

1 The notations N, R, and C denote the sets of all natural numbers (i.e., nonnegative
integers), of all real numbers, and of all complex numbers, respectively. Let N+ =
N \ {0}. Let D denote the collection of all dyadic rational numbers (i.e., rational
numbers of the form 0.r or −0.r for certain finite series r of 0s and 1s).

2 If op = max, then we call Π a maximization problem and otherwise, we call Π a
minimization problem.

C.S. Calude et al. (Eds.): UMC 2002, LNCS 2509, pp. 300–314, 2002.
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solutions, and g is a partial cost function from I×S to R. The instance-solution
relation is Rg = dom(g). For each instance x ∈ I, solΠ(x) = {s ∈ S | Rg(x, s)}
is the set of solutions of x for Π. The optimal cost function g∗ is defined as
g∗(x) = op{g(x, s) | s ∈ solΠ(x)} and the set of optimal solutions of x for Π is
optsolΠ(x) = {s ∈ solΠ(x) | g∗(x) = g(x, s)} for every instance x ∈ I.

By identifying instances (such as, functions, graphs, etc.) with their repre-
sentations by binary strings, it suffices to consider binary strings as instances
given to our optimization problems Π. Thus, we fix our alphabet Σ to be {0, 1}
throughout this paper and let Σ∗ be the set of all strings over Σ. We assume
the standard dictionary order on Σ∗. For any two strings s, t ∈ Σ∗, we use the
notation s < t to mean that s precedes y in this order. Write s ≤ t when s < t
or s = t. In this paper, a polynomial means a multi-variate polynomial with
nonnegative integer coefficients. The reader may refer to, e.g., [17] for a more
general treatment of the optimization problems.

1.1 Krentel’s Framework for Optimization Problems

From a complexity-theoretical point of view, Krentel [11] laid out a framework
for the study of NP optimization problems. He focused on the computational
complexity of optimal cost functions for NP optimization problems rather than
the complexity of finding their optimal solutions. In his seminal paper, Krentel
defined the optimization class OptP to be the collection of optimal cost functions
for optimization problems with polynomial-size solutions and polynomial-time
computable cost functions. To locate the hardest functions in OptP, Krentel
introduced the notion of “completeness” under his metric reduction. The Trav-
eling Salesperson Problem turns out to have a “complete” optimal cost
function for OptP [11].

Krentel’s framework has been extended in several different manners in the
literature [5,12,4]. This paper generalizes Krentel’s framework to introduce a gen-
eralized optimization class OptF for the subsequent sections. Although Krentel
dealt with both maximization and minimization problems, we discuss only max-
imization problems for brevity.

Definition 2. Let F be any set of partial functions from Σ∗ × Σ∗ to R. A
partial function f from Σ∗ × Σ∗ to R is in OptF if there exist a polynomial p
and a maximization problem Π with Σ∗ as the set of instances and with g as the
partial cost function chosen from F such that (i) solΠ(x) ⊆ Σp(|x|) for every x
and (ii) f is the maximal cost function for Π; that is, for every instance x,

f(x) = max{g(x, s) | (x, s) ∈ dom(g) and s ∈ Σp(|x|)}

if such an g(x, s) exists. Otherwise, let f(x) be undefined. The class F is called
the underlying class of OptF .

Since, in Definition 2, the cost function g completely characterizes the op-
timization problem Π, we simply write solg(x) for solΠ(x) and optsolg(x) for
optsolΠ(x). Any element in solg(x) is also called a classical solution at x for Π.
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We often translate a binary outcome of a Turing machine into a number
by identifying Σ∗ with N, Z, or D in a standard manner3. We also assume an
efficient paring function (i.e., bijection) 〈 , 〉 from Σ∗ ×Σ∗ to Σ∗.

Definition 2 enables us to introduce various optimization classes OptF from
underlying classes F . Let FP (FPSPACE, resp.) denote the class of polynomial-
time (polynomial-space4, resp.) computable total functions from Σ∗ to Σ∗.
By identifying Σ∗ × Σ∗ with Σ∗ (by the paring function), we can view FP
and FPSPACE as classes of functions from Σ∗ × Σ∗ to Σ∗ and therefore,
we can define the quantum optimization class OptFP and OptFPSPACE. No-
tice that OptFP coincides with Krentel’s OptP5. It is widely believed that
OptFP �= FP; however, it holds that OptFPSPACE = FPSPACE. Between
OptFP and OptFPSPACE lies another important optimization class Opt#P,
which is induced from Valiant’s counting class #P [18]. Clearly, OptP ∪#P ⊆
Opt#P ⊆ FPSPACE since FP ⊆ #P by identifying binary strings with natural
numbers.

In the subsequent section, we attempt to expand, within Krentel’s frame-
work, the classical optimization problems to quantum optimization problems
and initiate a study of the computational complexity of such problems.

2 From Classical Optimization to Quantum Optimization

Krentel [11] studied the complexity of optimal cost functions g∗ induced from
given cost functions g in FP. Applying his framework to a quantum context, we
can introduce a new notion of a quantum optimization problem. Here, a “quan-
tum optimization problem” roughly refers to an optimization problem, as given
in Definition 1, whose cost function is computable in a quantum-mechanical fash-
ion. Our mathematical model of quantum computation is a multi-tape quantum
Turing machine (referred to as QTM) defined in [3,16,20]. The formal definition
of a QTM is given in Appendix for the reader’s sake. In this paper, amplitudes
of QTMs are all drawn from C̃, the set of polynomial-time approximable complex
numbers (that is, the real and imaginary parts are approximated to within 2−k

in time polynomial in the size of input 1k).
In this paper, we investigate only two types of quantum optimization prob-

lems that naturally expand the platform for classical optimization problems and
we leave other platforms for quantum optimization problems to the avid reader.

3 To translate an integer or a dyadic rational number into a string, we use the first bit
(called the sign bit) of the string to express the sign (that is, + or −) of the number.

4 In this paper, we require all work tapes of basis Turing machines to be bounded
above by certain polynomials and thus, the output strings of the machines are of at
most polynomial size.

5 Even though Krentel originally included the minimization problems to OptP, this
paper treats OptP as a set of maximization problems, as in [10].
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2.1 Quantum Optimization of Classical Solutions

Quantum computation has attracted a wide range of interests in solving clas-
sical problems faster and efficiently. This section pays its special attention to
optimization problems that search classical solutions with quantum cost func-
tions chosen from the class FBQP6. The quantum optimization class OptFBQP
is formally introduced by Definition 2 from underlying class FBQP.

Clearly, FBQP ⊆ OptFBQP. We then consider an upper bound of OptFBQP.
A simple way of computing its optimal cost function g∗ from any total cost
function g is illustrated as follows. Let p be a polynomial that defines the size
of solutions of each x. We first encode into set A the information on optimal
solutions given by g: let A = {〈x, y〉 | ∃z ∈ Σ≤p(|x|)∀u ∈ Σp(|x|)[|yz| = p(|x|) ∧
g(x, yz) ≥ g(x, u)]}. This implies that A ∈ ΣP

2 (g), where ΣP
2 (g) means the

second Σ-level of the polynomial hierarchy relative to g. It is not difficult to
show that g∗ ∈ FPA ⊆ FPΣ

P
2 (g). Therefore, we conclude:

Lemma 1. FBQP ⊆ OptFBQP ⊆ FPΣ
P
2 (BQP).

Lemma 1 leads to the following result.

Proposition 1. OptFBQP = FBQP if and only if NPBQP = BQP.

Proof. (If – part) Assume that NPBQP = BQP. This implies that ΣP
2 (BQP) =

BQP. By Lemma 1, OptFBQP ⊆ FPΣ
P
2 (BQP) ⊆ FPBQP. Since FBQP = FPBQP,

we have OptFBQP ⊆ FBQP.
(Only If – part) Assume that OptFBQP = FBQP. Let A ∈ NPBQP. We

first show that the characteristic function7 χA of A belongs to OptFBQP. Since
A ∈ NPBQP, there exist a polynomial p and a set B ∈ BQP such that, for
every x, x ∈ A if and only if ∃y[|y| = p(|x|) ∧ 〈x, y〉 ∈ B]. Define g(x, y) to
be 1 if 〈x, y〉 ∈ B and 0 otherwise. Since B ∈ BQP, g belongs to FBQP. It
thus follows that χA(x) = max{g(x, s) | s ∈ Σp(|x|)} for all x. This implies that
χA ∈ OptFBQP. By our assumption, χA is thus in FBQP. Therefore, A belongs
to BQP. ✷

We turn our interest to another class of quantum optimization problems.
Similar to Opt#P, we define Opt#QP from underlying class #QP8, which is a
quantum analogue of #P. We first exhibit an example of an Opt#QP-function.
Assume that each deterministic Turing machine (referred to as DTM) is effec-
tively encoded into a certain string. The code of an amplitude α in C̃ is the
minimal code of any DTM that approximates α to within 2−n in time poly-
nomial in n. Moreover, the code of a QTM is the description of the machine
6 A function f from Σ∗ to Σ∗ is in FBQP if there exists a polynomial-time, C̃-
amplitude, well-formed QTM M with an output tape such that, for every x, M
writes string f(x) in its output tape with probability at least 3/4 [21].

7 The characteristic function χA of A is defined as χA(x) = 1 if x ∈ A and 0 otherwise
for every x.

8 A function f from Σ∗ to the unit real interval [0, 1] is in #QP (“sharp” QP) if
there exists a polynomial-time well-formed QTM M with C̃-amplitudes such that,
for every x, f(x) is the probability that M accepts x [21].
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together with the codes of all amplitudes used by the QTM. Assume that ev-
ery code is effectively expressed in binary. Let MU denote Bernstein-Vazirani’s
universal QTM9, which, on input 〈M, x, 1t, 1m〉, simulates QTM M on input x
for t steps and halts in a superposition |φMU

〉 of final configurations satisfying
that ‖|φMU

〉 − |φM 〉‖ ≤ 1/m, where |φM 〉 expresses the superposition of config-
urations of M on x after t steps [3]. For completeness, we assume that if M is
not a well-formed QTM then MU rejects the input with probability 1. Now, the
Maximum Qtm Problem (MAXQTM) is defined as follows:

Maximum Qtm Problem: MAXQTM
– instance: 〈M, x, 1t, 1m〉, where M is a C̃-amplitudes well-formed QTM, t is

in N, and m is in N
+.

– question: find the maximal acceptance probability, over all binary strings s
of length |x|, of MU on input 〈M, xs, 1t, 1m〉.

It is obvious that MAXQTM belongs to Opt#QP since the function computing
the acceptance probability of MU is in #QP.

In what follows, we discuss the complexity of Opt#QP. Lemma 2 shows that
Opt#QP naturally expands Opt#P but stays within the class #QPNPPP

, where
a relativized class is obtained by replacing QTMs with oracle QTMs.

Lemma 2. 1. For every f ∈ Opt#P, there exist two functions g ∈ Opt#QP
and � ∈ FP such that, for all x, f(x) = g(x)�(1|x|).

2. #QP ⊆ Opt#QP ⊆ #QPNPPP
.

For the proof of Lemma 2, we need the following fact (obtained from results
in [21]): the three statements below are all equivalent: for any set A, (i) A ∈ PP;
(ii) there exist two functions f, g ∈ #QP such that, for every x, x ∈ A if and
only if f(x) > g(x); and (iii) there exist two functions f, g ∈ GapQP10 such that,
for every x, x ∈ A if and only if f(x) > g(x).

Proof of Lemma 2. 1) Let f be any function in Opt#P. That is, there exists
a polynomial p and a function h ∈ #P such that f(x) = max{h(〈x, s〉) | s ∈
Σp(|x|)}. By the argument used in [21], we can define k ∈ #QP and � ∈ FP that
satisfy the following condition: k(〈x, s〉) = 0 if |s| �= p(|x|), and k(〈x, s〉)�(1|x|) =
h(〈x, s〉) otherwise. For the desired g, define g(x) = max{k(〈x, s〉) | s ∈ Σp(|x|)}
for each x.

2) Let f be any function in Opt#QP and take a function g ∈ #QP and a
polynomial p such that f(x) = max{g(x, s)(x) | |s| = p(|x|)} for all x. Choose
the lexicographically minimal string sx ∈ Σp(|x|) such that f(x) = g(x, sx).
Define A = {〈x, s, t, y〉 | ∃z(s ≤ z ≤ t ∧ g(x, z) ≥ 0.y)}. Note that A belongs
to NPPP. The function f is computed as follows using A as an oracle. Let x be
9 From the construction of a universal QTM in [3], Bernstein-Vazirani’s universal QTM
MU has {0,±1,± cos θ0,± cos θ0,±eiθ0}-amplitudes, where θ0 = 2π

∑∞
i=1 2

−2i

.
10 A function f from Σ∗ to [−1, 1] is in GapQP if there exists a polynomial-time well-

formed QTM M with C̃-amplitudes such that, for every x, f(x) is the difference
between the acceptance probability of M on input x and the rejection probability
of M on x [21].
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any input of length n. By a binary search algorithm, we find a string ŷ such
that (i) g(x, sx) ≥ 0.ŷ and (ii) for every z ∈ Σp(|x|), g(x, z) < g(x, sx) implies
g(x, z) < 0.ŷ. Then, by decreasing the interval [s, t] in a way similar to the binary
search, we can find a string s0 of length p(|x|) such that g(x, s0) ≥ 0.ŷ. In the end,
we compute g(x, s0) in a quantum fashion. Thus, f is in #QPA ⊆ #QPNPPP

. ✷

Note that EQP ⊆WQP ⊆ NQP ⊆ PP, where WQP11 is a quantum analogue
of WPP [7]. Lemma 2(2) yields the following collapse result. For any function
f and any number m ∈ N

+, the notation fm denotes the function satisfying
fm(x) = (f(x))m for all x.

Theorem 1. NPPP = EQP =⇒ Opt#QP = #QP =⇒ NPPP = WQP.

Proof. We show the first implication. Assume that EQP = NPPP. By Lemma
2(2), we then obtain Opt#QP ⊆ #QP since #QPEQP = #QP [21].

For the second implication, assume that #QP = Opt#QP. Let A be an
arbitrary set in NPPP. There exist a set B ∈ PP and a polynomial p such that,
for every x, x ∈ A if and only if ∃y[|y| = p(|x|) ∧ 〈x, y〉 ∈ B]. As shown in [21],
PP coincides with its quantum analogue PQP

C̃
. Let NB be a polynomial-time,

C̃-amplitude, well-formed QTM that recognizes B with error probability < 1/2.
Define f(x) = max{ρB(x, y) | y ∈ Σp(|x|)}, where ρB(x, y) to be the acceptance
probability of NB on input 〈x, y〉. Thus, the function f is in #QP and, for every
x, (i) if x ∈ A then f(x) > 1/2 and (ii) if x �∈ A then f(x) < 1/2. Define
g(x) = max{f(x), 12} for every x. This g is clearly in Opt#QP and thus in
#QP. By the definition of g, if x ∈ A then g(x) > 1/2 and otherwise g(x) = 1/2.
Next, define h(x) = g(x) − 1

2 for all x’s. Since GapQP = #QP − #QP [21],
h is in GapQP. Thus, h2 is in #QP [21]. For this h2, it follows that x ∈ A
implies h2(x) > 0 and x �∈ A implies h2(x) = 0. At this moment, we obtain that
A ∈ NQP.

Since h2 is in #QP, there exists a polynomial p such that, for every x, if
h2(x) > 0 then h2(x) > 2−p(|x|) because the acceptance probability of a QTM
is expressed in terms of a polynomial in the transition amplitudes from C̃. To
complete the proof, we define k(x) = min{h2(x), 2−p(|x|)} for every x. It follows
that x ∈ A implies k(x) = 2−p(|x|) and x �∈ A implies k(x) = 0. To see that k
is in #QP, consider the fact that 1 − k(x) = max{1 − h2(x), 1 − 2−p(|x|)} is in
Opt#QP, which is #QP by our assumption. Thus, 1−(1−k(x)) is also in #QP,
which guarantees that k is in #QP. ✷

Since PA = PPA for any PSPACE-complete set A, we have Opt#QPA =
#QPA. Note that if NPPP = WQP then PNQP = PP. Green [8], however,
constructed an oracle B such that PPB � PNQPB

. Hence, we conclude that
NPPPB �= WQPB , which further implies Opt#QPB �= #QPB since Theorem 1
relativizes.
11 A set S is in WQP (“wide” QP) if there exist two functions f ∈ #QP and g ∈ FEQP

such that, for every x, (i) g(x) ∈ (0, 1] ∩ Q and (ii) if x ∈ S then f(x) = g(x) and
otherwise f(x) = 0 [21], where we identify a string with a rational number expressed
as a pair of integers (e.g., g(x) = 1

3 ).
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2.2 Quantum Optimization of Quantum Solutions

We investigate the complexity of quantum optimization problems whose solu-
tions are particularly quantum strings (qustrings, in short) of polynomial size,
where a qustring of size n is a pure quantum state of dimension 2n. Let Φn be
the collection of all qustrings of size n and set Φ∞ =

⋃
n∈N+ Φn. To distinguish

these solutions from classical solutions, we call them quantum solutions. In this
case, our cost functions are partial functions from Σ∗×Φ∞ to R and their corre-
sponding optimal cost functions are given by maximizing the values of the cost
functions over all quantum solutions of polynomial size.

We begin with the general definition.

Definition 3. Let F be a set of partial functions from Σ∗ × Φ∞ to R. A par-
tial function f from Σ∗ to R is in QoptF if there exist a polynomial p and a
maximization problem Π with Σ∗ as the set of instances and g as a partial cost
function chosen from F such that, for every instance x,

f(x) = sup{g(x, |φ〉) | (x, |φ〉) ∈ dom(g) and |φ〉 ∈ Φp(|x|)}

if such an g(x, |φ〉) exists. Otherwise, let f(x) be undefined. For simplicity, we
say that g witnesses f with p. For each x, let solg(x) = {|φ〉 ∈ Φp(|x|) | (x, |φ〉) ∈
dom(g)} and any element in solg(x) is called a quantum solution of x for Π.

To deal with a function from Σ∗ × Φ∞ to R, we need to feed a QTM with a
pure quantum state as an input. Such a quantum input produces a superposition
of initial configurations of the QTM. In this way, we can expand the definition of
a function f with domain Σ∗×Σ∗ to its corresponding function f̌ with domain
Σ∗ × Φ∞ without altering the basis QTM that defines f . This function f̌ is
called the quantum extension of f . By abusing the notation, we use the same
symbol f to cope with both functions. We also use the same convention for a
set of strings. Using this quantum extension, the class #QP, for instance, can
be naturally expanded to a class of functions from Σ∗ × Φ∞ to R.

In comparison with Opt#QP, we consider the quantum optimization class
Qopt#QP. This class contains the problem of computing maximal eigenvalues of
certain Hermitian, positive semi-definite, contractive matrices. For a quantum
circuit C, C† denotes its reversing circuit. For simplicity, we use Shor’s basis
set of quantum gates to describe a quantum circuit. Moreover, we identify C
with its corresponding unitary matrix. The code of a quantum circuit C is the
description of how gates in C are interconnected by quantum channels. Define
the Maximum Circuit Eigenvalue Problem (MAXCIR) as follows:

Maximum Circuit Eigenvalue Problem: MAXCIR

– instance: 〈1n, C〉, where n ∈ N and C is the code of a quantum circuit acting
on n qubits.

– question: find the maximal eigenvalue of matrix C†Π1C, where the (s, t)-
entry of Π1 is 1 if s = t ∈ 1Σn−1 and 0 otherwise for any s, t ∈ {0, 1}n.
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Note that, since matrix C†Π1C is Hermitian, positive semi-definite, and con-
tractive12, its maximal eigenvalue coincides with ‖C†Π1C‖, which equals
sup{‖Π1C|φ〉‖2 | |φ〉 ∈ Φn}. This implies that MAXCIR belongs to Qopt#QP.

We next examine fundamental properties of Qopt#QP. It turns out that
Qopt#QP enjoys important closure properties. Firstly, we note that Qopt#QP
is closed under composition13 with FP-functions; namely, Qopt#QP ◦ FP =
Qopt#QP. Secondly, Qopt#QP satisfies the following closure properties. Let q
be a polynomial, � any function in N

N with �(n) ∈ O(log n), and {|φx〉}x∈Σ∗

an �-qubit source14. If f is a function in Qopt#QP, then the following func-
tions belong to Qopt#QP: (i) g(x) = max{f(〈x, y〉) | y ∈ {0, 1}q(|x|)}, (ii)
g(x) =

∑
y:|y|=�(|x|) |〈y|φx〉|2 · f(〈x, y〉), (iii) g(x) =

∏
y:|y|=�(|x|) f(〈x, y〉), and

(iv) g(〈x, y〉) = f(x)|y|.
Moreover, Qopt#QP satisfies that Qopt(Opt#QP) = Opt(Qopt#QP) =

Qopt#QP, where f is in Qopt(Opt#QP) if and only if there exists a function h ∈
#QP such that, for every x, f(x) = sup|φ〉 maxs{h(x, |φ〉, s)} with |φ〉 running
over all qustrings of polynomial size and s running over all strings of polynomial
length. This shows the robustness of the class Qopt#QP.

In what follows, we explore a relationship between Qopt#QP and #QP. For
our purpose, we need the new notations that are used to indicate a certain notion
of “closeness” between two functions from Σ∗ to R.

Definition 4. Let F and G be any two sets of functions from Σ∗ to R. For
any function f from Σ∗ to R, we write f

∈∼ eF (f ∈∼ pF , resp.) if, for every
polynomial p, there exists a function g ∈ F such that, for every x, |f(x)−g(x)| ≤
2−p(|x|) ( |f(x)− g(x)| ≤ 1/p(|x|), resp.). The notation F �e G (F �p G, resp.)
means that f

∈∼ eG (f ∈∼ pG, resp.) for all functions f in F .

In Lemma 3 below, we show that any function in Qopt#QP can be closely
approximated by functions taken from #QP with the help of oracles in QOP,
where QOP is defined as follows. The following definition resembles the #QP-
characterization of PP sets (given after Lemma 2).

Definition 5. A set A is in QOP (“quantum optimization polynomial time”)
if there exist two functions f, g ∈ Qopt#QP and a function h ∈ FP such that,
for every x, x ∈ A exactly when �2|h(x)|f(x)� > �2|h(x)|g(x)�. This h is called

12 The notation ‖A‖ denotes the operator norm of A defined by sup{‖A|φ〉‖/‖|φ〉‖},
where sup is taken over all nonzero vectors |φ〉. A square matrix A is contractive if
‖A‖ ≤ 1.

13 For any two function classes F and G, let F ◦ G denote the class of functions f ◦ g,
where f ∈ F and g ∈ G and f ◦ g is the composition defined as f ◦ g(x) = f(g(x))
for all x in the domain of g.

14 A qubit ensemble is a sequence of qustrings with index set I. A qubit ensemble
{|φx〉}x∈I is called an �-qubit source if each |φx〉 is a qustring of size �(|x|) and there
exists a polynomial-time, C̃-amplitude, well-formed, clean QTM that generates |φx〉
on input x.
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a selection function15. Moreover, let Q̂OP denote the subset of QOP with the
extra condition that �2|h(x)|f(x)� �= �2|h(x)|g(x)� for all x.

In the following lemma, we view an FPSPACE-function as a function from
Σ∗ to D. Let D

Σ∗
denote the class of all total functions from Σ∗ to D. In the

proof, we use the relationship between quantum functions in Qopt#QP and the
maximal eigenvalues of Hermitian, positive semi-definite, contractive matrices.

Lemma 3. Opt#QP ⊆ Qopt#QP �e #QPQOP �e FPSPACE ∩ D
Σ∗

.

Proof. The first inclusion follows from Opt(Qopt#QP) = Qopt#QP.
For the second inclusion, assume that f ∈ Qopt#QP. Take a function g ∈

#QP and a polynomial q such that f(x) = sup{g(x, |φ〉) | |φ〉 ∈ Φq(|x|)} for
every x. Define the sets A+ and A− as follows: A+ = {(x, y) | �2p(|x|)+1f(x)� ≥
num(y)} and A− = {(x, y) | �2p(|x|)+1f(x)� ≤ num(y)}, where num(y) is the
number n in N such that y is the nth string in the standard order (the empty
string is the 0th string). Let A = A+ ⊕ A−, where ⊕ is the disjoint union16. It
is not difficult to show that A ∈ QOP. Let p be any polynomial. By a standard
binary search algorithm using A, we can find an approximation of f(x) to within
2−p(|x|) in polynomial time. Let hA be the function computed by this algorithm
with oracle A. Then, we have |f(x)− hA(x)| ≤ 2−p(|x|).

For the third inclusion, it suffices to show that Qopt#QP �e FPSPACE ∩
D
Σ∗

since this implies QOP ⊆ PSPACE together with the fact that #QP �e

FPSPACE ∩ D
Σ∗

(which follows from results in [21]).
Let f be any function in Qopt#QP. There exist a polynomial q and a

sequence {Vx}x∈Σ∗ such that, for every x, (i) Vx is a 2q(|x|) × 2q(|x|) Hermi-
tian, positive semi-definite, contractive matrix and (ii) f(x) = ‖Vx‖. Note that
each (s, t)-entry of Vx is approximated to within 2−m deterministically using
space polynomial in m, |x|, |s|, and |t|. Consider the characteristic polynomial

p(z) = det(zI − Vx). This p(z) has the form p(z) =
∑2q(|x|)

i=0 aiz
i. It is easy

to see that each coefficient ai can be approximated using polynomial space.
Thus, we can also approximate each real root of p(z) using polynomial space.
Finally, we can find a good approximation of the maximal real root of p(z).
Thus, f

∈∼ pFPSPACE ∩ D
Σ∗

. ✷

Theorem 2. 1. If EQP = QOP, then Qopt#QP �e #QP.
2. If Qopt#QP �e #QP, then Q̂OP = PP and QOP ⊆ P#P[1], where [·]

stands for the number of queries on each input.

Proof. 1) This is an immediate consequence of Lemma 3.
2) Assume that Qopt#QP �e #QP. Note that PP ⊆ Q̂OP ⊆ QOP. We first

show that Q̂OP ⊆ PP. Let A be any set in Q̂OP. There exists a polynomial
p and functions f and g in Opt#QP such that, for every x, (i) if x ∈ A then
15 We can replace the value |h(x)| by p(|x|) for an appropriate polynomial p. This is

seen by taking p that satisfies |h(x)| ≤ p(|x|) for all x and by replacing f and g,
respectively, with f̂(x) = 2−p(|x|)+|h(x)|f(x) and ĝ(x) = 2−p(|x|)+|h(x)|g(x).

16 For any two sets A and B, A ⊕ B is the disjoint union of A and B defined by
A⊕B = {0x | x ∈ A} ∪ {1x | x ∈ B}.
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�2p(|x|)f(x)� > �2p(|x|)g(x)� and (ii) if x �∈ A then �2p(|x|)f(x)� < �2p(|x|)g(x)�.
Since f

∈∼ p#QP by our assumption, there exists a certain function f̂ in
#QP such that, for every x, |f(x) − f̂(x)| ≤ 2−p(|x|)−1, which implies that
�2p(|x|)f(x)� = �2p(|x|)f̂(x)�. Similarly, we obtain ĝ from g. Assume that x ∈ A.
Then, we have �2p(|x|)f(x)� > �2p(|x|)g(x)�. This clearly implies f̂(x) > ĝ(x).
Similarly, if x �∈ A then f̂(x) < ĝ(x). Therefore, A = {x | f̂(x) > ĝ(x)}. From
the comment after Lemma 2, A belongs to PP.

Next, we show that QOP ⊆ P#P[1]. Assume that A ∈ QOP. Similar to the
previous argument, we can obtain f̂ and ĝ in #QP. For this f̂ , by [21], there exist
two functions f̃ ∈ GapP and � ∈ FP such that, for every x, |f̂(x)−f̃(x)/�(1|x|)| ≤
2−p(|x|)−1. Thus, �2p(|x|)f̂(x)� coincides with the first p(|x|) bits (of the binary
expansion) of 2p(|x|)f̃(x)/�(1|x|). Similarly, we obtain g̃ and �′. Without loss of
generality, we can assume that � = �′. To determine whether x is in A, we first
compute the value f̃(x) and g̃(x) and then compare the first p(|x|) bits of the
binary expansion of 2p(|x|)f̃(x)/�(1|x|) and those of 2p(|x|)g̃(x)/�(1|x|). This is
done by making two queries to f̃ and g̃. It is easy to reduce these two queries to
one single query to another #P-function. Thus, A belongs to P#P[1]. ✷

For any PSPACE-complete set A, we have EQPA = QOPA since PA =
PSPACEA. Thus, Qopt#QPA �p #QPA since Theorem 2(1) relativizes. To see
the relativized separation between Qopt#QP and #QP, we note that BQP �=
QMA implies Qopt#QP ��p #QP, where QMA17 is a quantum version of Babai’s
MA. This result relativizes. It is also known that NPA � BQPA for a certain
oracle A [3,2] and that NPB ⊆ QMAB for any oracle B. As a consequence, we
obtain the desired result: Qopt#QPC ��p #QPC for a certain oracle C.

3 Universal Functions for Opt#QP and Qopt#QP

Based upon his metric reducibility between optimal cost functions for NP opti-
mization problems, Krentel [11] introduced the notion of complete functions for
the class OptP, which constitute the hardest functions in OptP. It is natural
to consider a similar notion among quantum optimization problems. However,
elements in Opt#QP and Qopt#QP are functions defined by well-formed C̃-
amplitude QTMs. Since there is no single QTM that exactly simulates all the
other well-formed QTMs with C̃-amplitudes, we need to relax the meaning of
“completeness”.

Following Deutsch’s work [6], Bernstein and Vazirani [3] constructed a univer-
sal QTM that can approximately simulate any well-formed C̃-amplitude QTM
M for t steps with desired accuracy ε at the cost of polynomial slowdown. In
other words, every QTM can be “approximately” reduced to one single QTM.
We can generalize this notion of universality in the following fashion.

17 A set A is in QMA if there exists a f ∈ Qopt#QP such that, for every x, if x ∈ A
then f(x) ≥ 3/4 and otherwise f(x) ≤ 1/4 [9,19].
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Definition 6. 1. Let f and g be any functions from Σ∗ to [0, 1]. The function f
is (polynomial-time) approximately reducible to g, denoted f �p g, if there is a
function k ∈ FP such that, for every x and m ∈ N

+, |f(x)−g(k(x01m))| ≤ 1/m.
2. Let F be any class of functions from {0, 1}∗ to [0, 1]. A function g from

Σ∗ to [0, 1] is universal for F (F-universal, in short) if (i) g is in F and (ii)
every function f ∈ F is approximately reducible to g.

Using the so-called Solovay-Kitaev theorem, we may replace the term 1/m
in Definition 6 by 2−m. This relation �p is obviously reflexive and transitive.
The importance of a universal function is given as follows. Let F and G be any
two classes of functions from Σ∗ to [0, 1]. Assume that G ◦ FP ⊆ G and let f be
any F-universal function. Then, F �p G if and only if f

∈∼ pG. Note that most
natural classes G satisfy this premise G ◦ FP ⊆ G.

Since many well-known quantum complexity classes are believed to lack com-
plete problems, the notion of universality naturally provides promise complete
problems for, e.g., BQP by posing appropriate restrictions on the acceptance
probabilities of quantum functions in #QP.

Now, we define the Qtm Approximation Problem (QAP) as follows:

Qtm Approximation Problem: QAP
– instance: 〈M, x, 1t, 1m〉, where M is a C̃-amplitudes well-formed QTM, t is

in N, and m is in N
+.

– question: find the acceptance probability of MU on input 〈M, x, 1t, 1m〉.
As Bernstein and Vazirani [3] demonstrated, every function f outputting

the acceptance probability of a certain polynomial-time well-formed QTM with
C̃-amplitudes is approximately reducible to QAP. Thus, we obtain:

Proposition 2. QAP is #QP-universal.

We return to the quantum optimization class Opt#QP. In Section 2.1, we
have shown that the Maximum Qtm Problem (MAXQTM) is in Opt#QP.
Due to the universality of QAP for #QP, MAXQTM turns out to be universal
for Opt#QP.

Theorem 3. MAXQTM is Opt#QP-universal.

Next, we recall the Maximum Circuit Eigenvalue Problem (MAXCIR)
defined in Section 2.2. Earlier, Yao [22] demonstrated how to simulate a QTM
by a family of quantum circuits. Thus, we can exactly simulate MU on quan-
tum input by a quantum circuit C on the same quantum input. Therefore, we
conclude:

Theorem 4. MAXCIR is Qopt#QP-universal.

4 Complexity of Quantum Optimization Problems

This section briefly discusses relationships between quantum optimization classes
and important complexity classes. The quantum optimization class Qopt#QP
can “define” many complexity classes. For example, the class QMA is defined in
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terms of Qopt#QP. Another example is the class EQMA18, which is an error-free
(or exact) version of QMA. A less trivial example is the class NQP [1].

Proposition 3. A set A is in NQP if and only if there exists a function f ∈
Qopt#QP such that, for every x, (i) if x ∈ A then f(x) > 0, and (ii) if x �∈ A
then f(x) = 0.

The proof of Proposition 3 comes from the following fact (obtained from the
closure property (iv) in Section 2.2): for any function h in Qopt#QP, there exists
a function g ∈ #QP and a polynomial p such that, for all strings x and integers
m > 0, g(x01m) ≤ hm(x) ≤ 2p(|x|)g(x01m).

The quantum optimization class Qopt#QP also characterizes the counting
class PP, where PP is known to contain the aforementioned quantum complexity
classes. Moreover, PP is “robust” in the sense that it equals PQP

C̃
[21], a quan-

tum interpretation of PP. We show that PP can be characterized by Qopt#QP
together with GapQP.

Proposition 4. Let A be any subset of {0, 1}∗. The following statements are
equivalent.
1. A is in PP.
2. For every polynomial q, there exist two functions f ∈ Qopt#QP and g ∈

GapQP such that, for every string x and integer m (m ≥ |x|), (i) g(x01m) >
0; (ii) x ∈ A implies (1 − 2−q(m))g(x01m) ≤ f(x01m) ≤ g(x01m); and (iii)
x �∈ A implies 0 ≤ f(x01m) ≤ 2−q(m)g(x01m).

Proof. (1 implies 2.) Let A be any set in PP. The proof uses the following
well-known characterization of PP by GapP-functions (see [13,15]): a set A is
in PP if and only if, for every polynomial p, there exist two functions f, g ∈
GapP such that, for every x and every m ≥ |x|, (i) g(x01m) > 0, (ii) x ∈ A
implies (1 − 2−q(m))g(x01m) ≤ f(x01m) ≤ g(x01m), and (iii) x �∈ A implies
0 ≤ f(x01m) ≤ 2−q(m)g(x01m).

Take g̃ and f̃ from GapQP and � from FP such that f(x) = f̃(x)�(1|x|)
and g(x) = g̃(x)�(1|x|) for all x [21]. We thus replace g and f in the above
characterization by g̃ and f̃ and then make all the terms squared. Note that
f̃2 and g̃2 belong to #QP [21] and thus, the both are in Qopt#QP. Since (1−
2−q(m))2 ≥ 1 − 2−q(m)+1 and (2−q(m))2 ≤ 2−q(m)+1, we can obtain the desired
result.

(2 implies 1.) Set q(n) = n and assume that there exist two functions f ∈
Qopt#QP and g ∈ GapQP satisfying Statement 2. Since g ∈ GapQP implies
g2 ∈ #QP [21], we can assume without loss of generality that g ∈ #QP. For
each x, let x̂ = x01|x|. The fact described after Proposition 3 guarantees the
existence of a polynomial p and a function h ∈ #QP satisfying that, for every
x and m > 1, h(x̂01m) ≤ fm(x̂) ≤ 2p(|x|)h(x̂01m). For simplicity, assume that
p(n) ≥ 2 for all n ∈ N. Let g′(x) = 2−2p(|x|)gp(|x|)(x̂) and h′(x) = h(x̂01p(|x|))
for all x. It is easy to see that g′, h′ ∈ #QP since g, h ∈ #QP. In what follows,
we want to show that, for all but finitely-many strings x, x ∈ A if and only if
g′(x) < h′(x). This implies that A is indeed in PP.
18 A set S is in EQMA if χS is in Qopt#QP, where χS is the characteristic function

for S.
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Fix x arbitrarily with n = |x| ≥ 4. In the case where x ∈ A, we obtain:
2− p(n)

n−2 gp(n)(x̂) ≤ (1 − 2−n)p(n)gp(n)(x̂) ≤ fp(n)(x̂) ≤ 2p(n)h(x̂01p(n)) since (1 −
2−n)p(n) = ((1 − 2−n)n−2)

p(n)
n−2 and (1 − 2−n)n−2 ≥ 1 − 2−n+(n−2)+1 = 1

2 . This
yields the inequality 2−p(n)(1+1/(n−2))gp(n)(x̂) ≤ h′(x), which further implies
that g′(x) < h′(x) since n ≥ 4. Consider the other case where x �∈ A. In this case,
we obtain: h′(x) = h(x̂01p(n)) ≤ fp(n)(x̂) ≤ (2−n)p(n)gp(n)(x̂) ≤ 2−np(n)gp(n)(x̂),
which implies h′(x) < 2−2p(n)gp(n)(x̂) = g′(x) since n > 2. ✷

Consider complexity classes located between QMA and PP. Proposition 4
suggests an introduction of a quantum analogue of Li’s APP19 [13].

Definition 7. A set A is in AQMA (“amplified” QMA) if, for every polynomial
q, there exist two functions f ∈ Qopt#QP and g ∈ GapQP such that, for
every string x and integer m (m ≥ |x|), i) g(1m) > 0; ii) if x ∈ A then (1 −
2−q(m))g(1m) ≤ f(x01m) ≤ g(1m); and iii) if x �∈ A then 0 ≤ f(x01m) ≤
2−q(m)g(1m).

Obviously, APP ∪ QMA ⊆ AQMA. Proposition 4 shows that AQMA ⊆
PP. The inclusion relationships among aforementioned complexity classes are
summarized as follows:

APP ∪QMA ⊆ AQMA ⊆ PP ⊆ Q̂OP ⊆ QOP ⊆ PSPACE.

At the end of this section, we present lowness results. The sets with low
information are known as low sets. Let F be any class (of functions or sets). A set
A is low for F (F-low, in short) if FA = F . Let low-F denote the collection of all
sets that are F-low. An example of such a low set is low-#QP = low-GapQP =
EQP [21]. The following proposition shows the complexity of the low sets for
Qopt#QP and QOP.

Proposition 5. 1. EQP ⊆ low-Opt#QP ⊆ low-Qopt#QP ⊆ EQMA.
2. low-Qopt#QP ⊆ low-QOP ⊆ QOP ∩ co-QOP.

The proof of Proposition 5 is straightforward and is left to the reader.

References

1. L. M. Adleman, J. DeMarrais, and M. A. Huang, Quantum computability, SIAM
J. Comput. 26 (1997), 1524–1540.

2. C. H. Bennett, E. Bernstein, G. Brassard, and U. Vazirani, Strengths and weak-
nesses of quantum computing, SIAM J. Comput. 26, 1510–1523, 1997.

3. E. Bernstein and U. Vazirani, Quantum complexity theory, SIAM J. Comput. 26,
1411–1473, 1997.

4. H. Buhrman, J. Kadin, and T. Thierauf, Functions computable with nonadaptive
queries to NP, Theory of Computing Systems, 31 (1998), 77–92.

19 A set A is in APP (“amplified” PP) if, for every polynomial p, there exist two
functions f, g ∈ GapP such that, for every x and every m ≥ |x|, (i) g(1m) > 0;
(ii) if x ∈ A then (1 − 2−q(m))g(1m) ≤ f(x01m) ≤ g(1m); and (iii) if x �∈ A then
0 ≤ f(x01m) ≤ 2−q(m)g(1m) [13].



Quantum Optimization Problems 313

5. Z. Chen and S. Toda, On the complexity of computing optimal solutions, Inter-
national Journal of Foundations of Computer Science 2 (1991), 207–220.

6. D. Deutsch, Quantum theory, the Church-Turing principle, and the universal
quantum computer, Proc. Roy. Soc. London, A, 400 (1985), 97–117.

7. S. Fenner, L. Fortnow, and S. Kurtz, Gap-definable counting classes, J. Comput.
System Sci. 48 (1994), 116–148.

8. F. Green, On the power of deterministic reductions to C=P,Mathematical Systems
Theory 26 (1993), 215–233.

9. A. Kitaev, “Quantum NP”, Public Talk at AQIP’99: 2nd Workshop on Algorithms
in Quantum Information Processing, DePaul University, 1999.
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Appendix: Quantum Turing Machines

A pure quantum state is a vector of unit norm in a Hilbert space (a complex
vector space with a standard inner product). A quantum bit (qubit, in short) is
a quantum state of a two-dimensional Hilbert space. We use the standard basis
{|0〉, |1〉} to express qubits. Any quantum state in a 2n-dimensional Hilbert space
is called a quantum string (qustring, in short) of size n.
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Formally, a k-tape quantum Turing machine (QTM, in short) M is a six-
tuple (Q, Σ1 × Σ2 × · · · × Σk, Γ1 × Γ2 × · · · × Γk, q0, Qf , δ), where Q is a finite
set of internal states including the initial state q0 and a set Qf of final states,
each Σi is an input alphabet of tape i, each Γi is a tape alphabet of tape i
including a blank symbol and Σi, and δ is a quantum transition function from
Q × Γ1 × · · · × Γk to C

Q×Γ1×···×Γk×{L,N,R}k

. A multi-tape QTM is equipped
with two-way infinite tapes, tape heads, and a finite-control unit, similar to a
classical Turing machine. A QTM follows an instruction given by its transition
function δ, which dictates the next move of the machine. The running time of
M on input x = (x1, x2, . . . , xk) is the minimal number t (if any) such that,
at time t, all computation paths of M on input x reach final configurations
(i.e., configurations with final states). We say that M halts on input x in time
t if the running time of M on input x is defined and is exactly t.

The transition function δ is considered as an operator that transforms a su-
perposition of configurations at time t to another superposition of configurations
at time t + 1. We call such an operator a time-evolution operator (or matrix).
A QTM has K-amplitudes if all the entries of its time-evolution matrix are
drawn from set K. A QTM is called well-formed if its time-evolution operator
is unitary. A k-tape QTM M is stationary if all tape heads move back to the
start cells, and M is in normal form if, for every q ∈ Qf , there exists a series
of directions d ∈ {L, N, R}k such that δ(q, σ) = |q0〉|σ〉|d〉 for all tape symbols
σ ∈ Γ1×· · ·×Γk. A QTM is called clean if it is stationary in normal form and all
the tapes except the output tape are empty when it halts with one distinguished
final state.

We say that a well-formed QTM M accepts input |φ〉 with probability α if
M halts in a final configuration in which, when observed, bit 1 is found in the
start cell of the output tape with probability α. In this case, we also say that M
rejects input |φ〉 with probability 1− α.

An oracle QTM is a QTM equipped with an extra query tape and two dis-
tinguished states, a pre-query and post-query states. Let A be an oracle. When
the machine enters a pre-query state, the string written in the query tape, say
|x〉|b〉, where x ∈ Σ∗ and b ∈ {0, 1}, is changed into |x〉|b⊕A(x)〉 in a single step
and the machine enters a post-query state, where ⊕ denotes the exclusive OR.
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Abstract. Quantum walks are expected to provide useful algorithmic
tools for quantum computation. This paper introduces absorbing prob-
ability and time of quantum walks and gives both numerical simulation
results and theoretical analyses on Hadamard walks on the line and sym-
metric walks on the hypercube from the viewpoint of absorbing proba-
bility and time. Our results may be suggestive in constructing efficient
quantum algorithms for combinatorial problems such as SAT.

1 Introduction

Random walks, or often called Markov chains, on graphs have found a number of
applications in various fields, not only in natural science such as physical systems
and mathematical modeling of life phenomena but also in social science such as
financial systems. Also in computer science, random walks have been applied
to various problems such as 2-SAT, approximation of the permanent [8,9], and
estimation of the volume of convex bodies [5]. Schöning’s elegant algorithm for
3-SAT [12] and its improvement [7] are also based on classical random walks.
Moreover, one of the most advantageous points of classical random walks as a
useful algorithmic tool is that they use only simple local transitions to obtain
global properties of the instance.

Thus, it is natural to consider quantum generalization of classical random
walks, which may be very useful in constructing efficient quantum algorithms, for
which only a few general algorithmic tools have been developed, including Fourier
sampling and amplitude amplification. There have been considered two types of
quantum walks: one is a discrete-time walk discussed by Watrous [13], Ambainis,
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c© Springer-Verlag Berlin Heidelberg 2002
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Bach, Nayak, Vishwanath, and Watrous [2], Aharonov, Ambainis, Kempe, and
Vazirani [1], and Moore and Russell [11], and the other is a continuous-time
one by Childs, Farhi, and Gutmann [4] and Moore and Russell [11]. All of these
studies demonstrate that the behaviors of quantum walks are quite different
from classical ones. In the theory of classical random walks, one of the important
measures is the mixing time, which is the time necessary to have the probability
distribution of the particle be sufficiently close to the stationary distribution.
Unfortunately, Aharonov, Ambainis, Kempe, and Vazirani [1] showed a rather
negative result that discrete-time quantum walks can be at most polynomially
faster than classical ones in view of mixing time. As for continuous-time quantum
walks, Childs, Farhi, and Gutmann [4] claim that quantum walks propagate
exponentially faster than classical ones. However, it is unclear whether their
model of quantum walks is applicable to problems in computer science.

This paper focuses on the discrete-time type of quantum walks and intro-
duces two new criteria for propagation speed of discrete-time quantum walks:
absorbing probability and absorbing time. A number of properties of quantum
walks are investigated in view of these criteria. In particular, the behaviors of
Hadamard walks on the line and symmetric walks on the hypercube are discussed
through the results of computational simulation experiments. In our simulations,
quantum walks appear exponentially faster than classical ones in absorbing time
under certain conditions. Since any SAT instance can be naturally treated by a
symmetric walk on some hypercube, our result may suggest a possibility of non-
trivial quantum algorithm for SAT. Several theoretical analyses are also given
on classical and quantum symmetric walks on the hypercube.

The remainder of this paper is organized as follows. Section 2 reviews the
formal definition of (discrete-time) quantum walks, and introduces new criteria
for propagation speed of quantum walks. Section 3 and Section 4 deal with a
number of numerical simulations on Hadamard walks on the line and symmetric
walks on the hypercube, respectively. Finally, in Section 5, several theoretical
analyses are given on symmetric walks on the hypercube.

2 Definitions

In this section, we give a formal definition of quantum walks. In direct analogy
to classical random walks, one may try to define quantum walks as follows: at
each step, the particle moves in all directions with equal amplitudes. However,
such a walk is impossible since the evolution of whole quantum system would not
be always unitary. As mentioned in the previous section, there exist two types of
quantum generalizations of classical random walks: discrete-time quantum walks
and continuous-time quantum walks. Here we only give a definition of discrete-
time ones, which this paper treats. We also introduce new criteria of absorbing
probability and absorbing time for propagation speed of quantum walks.

2.1 Discrete-Time Walks

We review the definition of discrete-time quantum walks on graphs according
to [1].
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Fig. 1. An example of a Cayley graph and its labeling (g4 = e, h2 = e, g ◦ h = h ◦ g).

Let G = (V,E) be a graph where V is a set of vertices and E is a set of edges.
For theoretical convenience, we assume that G is d-regular (i.e. each vertex of
the graph G is connected to exactly d edges). For each vertex v ∈ V , label each
bidirectional edge connected to this vertex with a number between 1 and d such
that, for each a ∈ {1, . . . , d}, the directed edges labeled a form a permutation. In
other words, for each vertex v ∈ V , not only label each outgoing edge (v, w) ∈ E
with a number between 1 and d but also label each incoming edge (w, v) ∈ E
with a number between 1 and d, where w is a vertex in V and w �= v. In the case
that G is a Cayley graph, the labeling of a directed edge simply corresponds to
the generator associated with the edge. An example of a Cayley graph and its
labeling are in Figure 1.

Let HV be the Hilbert space spanned by {|v〉 | v ∈ V }, and let HA be the
auxiliary Hilbert space spanned by {|a〉 | 1 ≤ a ≤ d}. We think of this auxiliary
Hilbert space as a “coin space”.

Definition 1 ([1]). Let C be a unitary operator on HA which we think of as
a “coin-tossing operator”, and let a shift operator S on HA ⊗HV be defined as
S|a, v〉 = |a,w〉 where w is the ath neighbor of vertex v. One step of transition of
the quantum walk on the graph G is defined by a unitary operator W = S(C⊗IV )
where IV is the identity operator on HV . We call such a walk a discrete-time
quantum walk.

More generally, we relax the restriction on the exact form of the quantum
walk operator W and define general quantum walks such that W respects only
the structure of the graph G. In other words, we require that, in the superposition
W |a, v〉 for each a ∈ {1, . . . , d} and v ∈ V , only basis states |a′, v′〉 for a′ ∈
{1, . . . , d}, v′ ∈ neighbor(v) ∪ {v} have non-zero amplitudes, where neighbor(v)
is the set of vertices adjacent to v. Thus the graph G does not need to be d-
regular and the particle at v in the quantum walk moves to one of the vertices
adjacent to v or stays at v in one step.

2.2 Criteria of Propagation Speed

One of the properties of random or quantum walks we investigate is how fast they
spread over a graph. In order to evaluate it, a criterion “mixing time” has been
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considered traditionally. However, Aharonov, Ambainis, Kempe, and Vazirani [1]
showed that, in view of mixing time, discrete-time quantum walks can be at
most polynomially faster than classical ones. To seek the possibility of quantum
walks being advantageous to classical ones, this paper introduces another two
new criteria of propagation speed of quantum walks: absorbing probability and
absorbing time. Let us consider the set of absorbing vertices such that the particle
is absorbed if it reaches a vertex in this set. This is done by considering a
measurement that is described by the projection operators over HA ⊗HV : P =
IA⊗

∑
v∈absorb(V ) |v〉〈v| and P ′ = IA⊗

∑
v �∈absorb(V ) |v〉〈v|, where absorb(V ) ⊂ V

is the set of the absorbing vertices and IA is the identity operator over HA.
By using density operators, one step of transition of a discrete-time quantum

walk can be described by a completely positive (CP) map Λ as follows:

Λ : ρ 
→ ρ′ = IPρPI + WP ′ρP ′W †,

where ρ and ρ′ are density operators over the entire system of the quantum walk,
W is a unitary operator corresponding to one step of transition of the quantum
walk, and I is the identity operator on HA ⊗HV .

Now, we give a formal definition of absorbing probability.
Definition 2. Absorbing probability of a quantum walk is the probability that the
particle which starts at the initial vertex eventually reaches one of the absorbing
vertices. More formally, it is defined as

Prob =
∞∑
t=0

p(t),

where p(t) is the probability that the particle reaches one of the absorbing vertices
at time t for the first time.

Let |ψ0〉 be the initial state of the system, and let ρ0 = |ψ0〉〈ψ0|. Then
p(t) = tr(Λt(ρ0)P )− tr(Λt−1(ρ0)P ) since tr(Λt(ρ0)P ) and tr(Λt−1(ρ0)P ) are the
probabilities that the particle is absorbed by the time t and t− 1, respectively.
Here we allowed a little abuse of a notation Λ such that Λ2(ρ) = Λ(Λ(ρ)),
Λ3(ρ) = Λ(Λ2(ρ)), . . . , Λt(ρ) = Λ(Λt−1(ρ)), and so on.

Next, we give a formal definition of nominal absorbing time.
Definition 3. Nominal absorbing time of a quantum walk is the expected time
to have the particle which starts at the initial vertex eventually reach one of the
absorbing vertices. More formally, it is defined as

Timenom =
∞∑
t=0

tp(t),

where p(t) is the probability that the particle reaches one of the absorbing vertices
at time t for the first time.

Even though nominal absorbing time is bounded polynomial in the size of
the graph instance, the quantum walk may not be efficient from a viewpoint
of computational complexity if absorbing probability is exponentially small, be-
cause the smaller absorbing probability is, the more times quantum walks must
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be repeated so that the particle is absorbed. Thus we cannot regard nominal
absorbing time as a criterion of how fast a quantum walk spreads over a graph.
Instead, we use the following real absorbing time as a criterion of the propagation
speed of quantum walks.
Definition 4. Real absorbing time of a quantum walk is defined as

Timereal =
Timenom
Prob

=
∑∞
t=0 tp(t)∑∞
t=0 p(t)

,

where p(t) is the probability that the particle reaches one of the absorbing vertices
at time t for the first time.

In what follows, we may refer to this real absorbing time as absorbing time
in short, when it is not confusing.

3 Hadamard Walks on the Line

3.1 The Model

We start with the model of discrete-time quantum walks on the line, which
was introduced and discussed by Ambainis, Bach, Nayak, Vishwanath, and Wa-
trous [2]. Note that the line can be regarded as a Cayley graph of the Abelian
group Z with generators +1 and −1, denoted by “R” and “L”, respectively.
Thus, the shift operator S is defined as

S|R, v〉 = |R, v + 1〉,
S|L, v〉 = |L, v − 1〉,

where v ∈ Z is the vertex at which the particle is located.
Recall that the particle doing a classical random walk determines a direction

to move randomly at each step. In the quantum case, therefore, it is quite natural
to set a coin-tossing operator C as the Hadamard operator

H =
1√
2

(
1 1
1 −1

)
.

We call this quantum walk an Hadamard walk on the line. A number of properties
were shown in [2] on this model, including several different aspects of Hadamard
walks from their classical counterparts.

This paper considers the following process for some fixed m [14], which is
slightly different from the model above.

1. Initialize the system in the state |R, 0〉, that is, let the particle be located at
vertex 0 at time 0, with the chirality being R.

2. a) Apply W = S(H ⊗ IZ).
b) Measure the system according to {Πm, Π ′

m} such that Πm = I2⊗|m〉〈m|
and Π ′

m = I2 ⊗ (IZ − |m〉〈m|), where I2 is the two-dimensional identity
operator (i.e. measure the system to observe whether the particle is lo-
cated at the vertex m or not).

3. If the particle is observed to be located at the vertex m after the measure-
ment, the process terminates, otherwise it repeats Step 2.
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3.2 Numerical Simulations

Let rm be absorbing probability that the particle is eventually absorbed by the
boundary at the vertex m. Figure 2 illustrates the relation between m (in x-axis)
and rm (in y-axis). From Figure 2, we conjecture that limm→∞ rm = 1/2.

Next, let us consider a more general model of Hadamard walks whose coin-
tossing operator is defined as the matrix

Hp =
( √

p
√

1− p√
1− p −√p

)
,

instead of H. Figure 3 illustrates the relation between p (in x-axis) and
limn→∞ rm (in y-axis) for these generalized Hadamard walks. Although we have
not yet derived a closed form for rm, we conjecture the following.
Conjecture 1. For a generalized Hadamard walk with a coin-tossing operator
Hp,

lim
m→∞ rm =

sin−1(2p− 1)
π

+
1
2
.

Remark. This conjecture was proved very recently by Bach, Coppersmith, Gold-
schen, Joynt, and Watrous [3].
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4 Symmetric Walks on the n-Dimensional Hypercube

4.1 The Model

Next we consider the discrete-time quantum walks on the graph G of the n-
dimensional hypercube, which was introduced and discussed by Moore and Rus-
sell [11]. Note that the n-dimensional hypercube can be regarded as a Cay-
ley graph of the Abelian group Z

n
2 with generators g1, g2, . . . , gn such that

g21 = g22 = · · · = g2n = e. The shift operator S is defined as S|a, v〉 = |a, v ◦ ga〉,
where a ∈ {1, . . . , n} is a label and v ∈ Z

n
2 is a vertex at which the particle is

located.
A coin-tossing operator C is set as the Grover’s diffusion operator [6]:

D =




2
n − 1 2

n . . . 2
n

2
n

2
n − 1 . . . 2

n
...

...
. . .

...
2
n

2
n . . . 2

n − 1


 .

Notice that coin-tossing operators in this model should obey the permutation
symmetry of the hypercube. Among such operators, the Grover’s diffusion oper-
ator is the one farthest away from the identity operator. We call this quantum
walk a symmetric walk on the n-dimensional hypercube. A number of properties
were shown in [11] on the mixing time of this model in comparison with the
classical case.

The process of this quantum walk is defined as follows:

1. Initialize the system in the state |1, 0〉. That is, let the particle be located at
the vertex 0 at time 0, with the labeling being 1.

2. For every chosen number t of steps, apply W t to the system, where W = S(D
⊗IZn

2
), and then observe the location of the particle.

4.2 Numerical Simulations

Figure 5 illustrates the relation between the dimension n of the hypercube (in
x-axis) and absorbing time of quantum walks (in y-axis). One can see that, if the
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Table 1. Absorbing time and absorbing probability of a quantum symmetric walk on
the 8-dimensional hypercube.

Hamming Absorbing Absorbing Absorbing
distance time (real) time (nominal) probability

0 0.0000 = 0.0000 / 1.0000
1 29.0000 = 29.0000 / 1.0000
2 59.0000 = 16.8571 / 0.2857
3 97.2444 = 13.8921 / 0.1429
4 115.5175 = 13.2020 / 0.1143
5 95.7844 = 13.6835 / 0.1429
6 56.3111 = 16.0889 / 0.2857
7 26.5603 = 26.5603 / 1.0000
8 22.3137 = 22.3137 / 1.0000

absorbing vertex is located at random, absorbing time averaged over all choices
of the absorbing vertex increases exponentially with respect to n. This is similar
to the classical case for which the absorbing time is theoretically analyzed in
the next section. However, if the absorbing vertex is located at (1, 1, . . . , 1), ab-
sorbing time seems to increase polynomially (quadratically, more precisely) with
respect to n. This may suggest a striking contrast between quantum and classi-
cal symmetric walks on the n-dimensional hypercube that propagation between
a particular pair of vertices is exponentially faster in the quantum case.

Table 1 shows the relation between (nominal and real) absorbing time of the
quantum walk on the 8-dimensional hypercube and Hamming distance between
the initial vertex and the absorbing vertex. One can see the following:

– absorbing probability is large if the absorbing vertex is located near the
initial vertex or is located far from the initial vertex, while it is small if the
absorbing vertex is located in the “middle” of the hypercube relative to the
initial vertex,
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– nominal absorbing time has values of almost the same order except for the
trivial case that Hamming distance is 0,

– nominal absorbing time is small, but real absorbing time is large, in the case
of small absorbing probability.

In the classical case, the shorter Hamming distance between the initial vertex
and the absorbing vertex is, the sooner the particle reaches the absorbing vertex,
which meets our intuition. In the quantum case, however, our simulation result
above is quite counter-intuitive.

From our simulation results illustrated by Figure 5 and Table 1, we conjecture
the following for the quantum case.

Conjecture 2. Absorbing probability of quantum walks on the n-dimensional
hypercube is min(1, n

nCi
), where i represents Hamming distance between the

initial vertex and the absorbing vertex.

Conjecture 3. Nominal absorbing time of quantum walks on the n-dimensional
hypercube is O(n2) independent of the location of the absorbing vertex, except
for the trivial case that the initial vertex is the absorbing vertex.

Conjecture 4. Real absorbing time of quantum walks on the n-dimensional hy-
percube is n2−n+2

2 if Hamming distance between the initial vertex and the ab-
sorbing vertex is 1, O(n2) if Hamming distance is n, and Θ(2n) if Hamming
distance is close to n

2 .

Remark. Kempe [10] recently showed that real absorbing time of quantum walks
on the n-dimensional hypercube is bounded polynomial in n if Hamming distance
between the initial vertex and the absorbing vertex is n.

5 Theoretical Analyses of Symmetric Walks

5.1 Classical Symmetric Walks

First we state a property on the absorbing time of classical symmetric walks on
the n-dimensional hypercube.

Proposition 1. The absorbing time of classical symmetric walks on the n-
dimensional hypercube is Θ(2n), independent of the location of the absorbing
vertex, except for the trivial case that the initial vertex is the absorbing vertex.

Proof. Recall that the particle doing a classical random walk determines a di-
rection to move randomly at each step. Thus this walk obeys the permutation
symmetry of the hypercube and the vertices of the hypercube can be grouped in
sets indexed by i ∈ {0, . . . , n}, each of which is a set of vertices whose Hamming
distance from the initial vertex is i.

Let si be absorbing time for the case that Hamming distance between the
initial vertex and the absorbing vertex is i. Then, the following equations are
satisfied:
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s0 = 0,
s1 = 1

ns0 + n−1
n s2 + 1,

s2 = 2
ns1 + n−2

n s3 + 1,
...

sn−1 = n−1
n sn−2 + 1

nsn + 1,
sn = sn−1 + 1,

⇐⇒ A




s0
s1
s2
...

sn−1
sn




=




0
1
1
...
1
1




,

where

A = (aij) =




1 0
− 1
n 1 −n−1

n− 2
n 1 −n−2

n
. . . . . . . . .

. . . . . . . . .
−n−1

n 1 − 1
n−1 1




.

Let a matrix B = (bij) such that

bij =




1 if j = 1,
0 if i = 1, j ≥ 2,

nCj−1
∑min(i,j)−2
l=0

1
n−1Cl

if i, j ≥ 2,

and let cik =
∑n+1
j=1 aijbjk. After some calculations, we have the following.

– In the case i = 1, cik = b1k = 1 if k = 1, otherwise cik = 0.
– In the case i = n+1, cik = −bnk+bn+1,k = 1 if k = n+1, otherwise cik = 0.
– In the case 2 ≤ i ≤ n, cik = − i−1

n bi−1,k + bik − n−i+1
n bi+1,k = 1 if k = i,

otherwise cik = 0.

Therefore, AB is the identity matrix, and thus B = A−1. It follows that

si−1 =
n+1∑
j=2

bij =

{
0 if i = 1,∑n+1
j=2

(
nCj−1

∑min(i,j)−2
l=0

1
n−1Cl

)
if i ≥ 2.

From this, it is obvious that si increases monotonously with respect to i. For
i ≥ 1, we have

2n − 1 =
n+1∑
j=2

nCj−1 ≤ si < 3
n+1∑
j=2

nCj−1 = 3(2n − 1),

since 1 ≤∑min(i,j)−2
l=0

1
n−1Cl

< 3. Thus we have the assertion. ��
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5.2 Quantum Symmetric Walks

In our simulation results in the previous section, quantum symmetric walks
on the hypercube behave in a quite different manner from classical ones. In
particular, it is remarkable that in the quantum case propagation between a
particular pair of vertices seems exponentially faster than in the classical case.
Here we try to describe absorbing time of quantum symmetric walks on the
n-dimensional hypercube as a function of n.

The following lemma states that we do not need to keep track of the ampli-
tudes of all basis states for symmetric quantum walks on the hypercube.

Lemma 1. For a symmetric quantum walk on the n-dimensional hypercube with
the initial vertex o, define sets {Fi} and {Bi} as follows:

Fi =
{

(a, v) | Ham(v, o) = i, Ham(v ◦ ga, o) = i + 1
}
,

Bi =
{

(a, v) | Ham(v, o) = i, Ham(v ◦ ga, o) = i− 1
}
,

where Ham(x, y) denotes the Hamming distance between x and y. Let two unit
vectors |fi〉 and |bi〉 in HA ⊗HV be defined by

|fi〉 =
1√|Fi|

∑
(a,v)∈Fi

|a, v〉 for i = 0, . . . , n− 1,

|bi〉 =
1√|Bi|

∑
(a,v)∈Bi

|a, v〉 for i = 1, . . . , n.

Then, a transition step of symmetric quantum walks is given by the following
2n× 2n unitary matrix:

Un =




0 −n−2
n

√
4n−4
n

1 0 0
0 0 0 −n−4

n

√
8n−16
n√

4n−4
n

n−2
n 0 0

0 0 −n−6
n

. . .
√
8n−16
n

n−4
n

. . . . . .

. . . . . . n−2
n

√
4n−4
n

. . . −n−4
n 0 0 0

0 0 1√
4n−4
n −n−2

n 0




with the order of bases |f0〉, |b1〉, |f1〉, . . . , |bn−1〉, |fn−1〉, |bn〉.
Proof. First, we calculate |Fi| and |Bi|. The number of vertices v satisfying
Ham(v, o) = i is nCi, and for such v, the number of labels a satisfying Ham(v◦ga,
o) = i + 1 is n − i. Therefore, the number of basis vectors in Fi is (n − i)nCi.
Similarly, the number of basis vectors in Bi is inCi.
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Now, after applying a coin-tossing operator (which is the Grover’s diffusion
operator) to |fi〉, we have

(C ⊗ I)|fi〉 =
1√|Fi|

∑
(a,v)∈Fi

(
2
n

∑
1≤b≤n

|b, v〉 − |a, v〉
)

=
1√|Fi|

(
2(n− i)

n

∑
(a,v)∈Bi

|a, v〉+
n− 2i

n

∑
(a,v)∈Fi

|a, v〉
)

.

Then, the shift operator is applied to this vector to have

S(C ⊗ I)|fi〉 =
1√|Fi|

(
2(n− i)

n

∑
(a,v)∈Fi−1

|a, v〉+
n− 2i

n

∑
(a,v)∈Bi+1

|a, v〉
)

=

√
|Fi−1|
|Fi| ·

2(n− i)
n

|fi−1〉+

√
|Bi+1|
|Fi| ·

n− 2i
n
|bi+1〉

=
√

4ni− 4i2

n
|fi−1〉+

n− 2i
n
|bi+1〉. (1)

Similarly, the coin-tossing operator and shift operator are applied in sequence
to the state |bi〉 to have

S(C ⊗ I)|bi〉 = −n− 2i
n
|fi−1〉+

√
4ni− 4i2

n
|bi+1〉. (2)

The lemma holds immediately from (1) and (2). ��
The following is immediate from Lemma 1.

Corollary 1. One step of transition of symmetric quantum walks on the n-
dimensional hypercube with the absorbing vertex located at (1, 1, . . . , 1) is de-
scribed by a CP map Λ : ρt 
→ ρt+1 = UnP

′
nρtP

′
nU

†
n + InPnρtPnIn, where ρt and

ρt+1 are density operators of the system at time t and t+1, respectively, In is the
2n×2n identity matrix, Pn is a 2n×2n projection matrix whose (2n, 2n)-element
is 1 and all the others are 0, and P ′

n = In − Pn.

By this corollary, we can do numerical simulations for much larger n, say n =
500. Figure 6 illustrates the relation between the dimension n of the hypercube
(in x-axis) and absorbing time of quantum walks (in y-axis) for larger n. One
can see that absorbing time is close to 1.25n1.5.

In the following, we focus on the case where the absorbing vertex is at
(1, 1, . . . , 1).

Since both absorbing probability and nominal absorbing time are defined as
power series, and time evolution of the quantum walk is described by a CP map
(hence by a linear operator), it is significant to investigate the properties of the
matrix corresponding to time evolution operator and its eigenvalues in order to
study behaviors of absorbing time with respect to the dimension n. First, we
prove the following lemma.
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Fig. 6. Absorbing time of quantum walks on higher dimensional hypercubes with the
absorbing vertex located at (1, 1, . . . , 1). The dotted line represents the function n1.5.

Lemma 2. Every eigenvalue of UnP
′
n has its absolute value of less then 1, where

P ′
n = In − Pn.

Proof. It is obvious that every eigenvalue of UnP
′
n has its absolute value of at

most 1.

Suppose that there exists an eigenvalue λ of UnP
′
n such that |λ| = 1. Let

e be the eigenvector of UnP
′
n corresponding to λ. Then the 2nth element of e

is 0 and P ′
ne = e, since applying the projection operator P ′

n changes the 2nth
element of e into 0 and |λ| = 1. Thus we have Une = λe, which implies that e is
an eigenvector of Un. However, it is easy to check by calculation that, in every
eigenvector of Un, the 2nth element of it is not 0, which is a contradiction. ��

By using Lemma 2, exact values of absorbing probability and absorbing time
can be described for quantum walks on the n-dimensional hypercube with the
absorbing vertex located at (1, 1, . . . , 1).

Proposition 2. Let Xn be the 2n×2n symmetric matrix satisfying Xn−UnP
′
n

XnP
′
nU

†
n = ρ0, where P ′

n = In − Pn and ρ0 is the initial density operator of a
2n× 2n matrix whose (1, 1)-element is 1 and all the other elements are 0. Then
the absorbing time of quantum walks on the n-dimensional hypercube with the
absorbing vertex located at (1, 1, . . . , 1) is trXn − 1.

Proof. Let p(t) denote the probability that the particle reaches the absorbing
vertex (1, 1, . . . , 1) at time t for the first time. Then we have

p(t) = tr
(
(UnP ′

n)tρ0(P ′
nU

†
n)tPn

)
= tr

(
(UnP ′

n)tρ0(P ′
nU

†
n)t − (UnP ′

n)t+1ρ0(P ′
nU

†
n)t+1).
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From Lemma 2, both absorbing probability and nominal absorbing time are
convergent series. Thus we have the following.

Prob =
∞∑
t=0

p(t) =
∞∑
t=0

tr
(
(UnP ′

n)tρ0(P ′
nU

†
n)t − (UnP ′

n)t+1ρ0(P ′
nU

†
n)t+1)

= trρ0 = 1,

Timenom =
∞∑
t=0

tp(t) =
∞∑
t=0

ttr
(
(UnP ′

n)tρ0(P ′
nU

†
n)t − (UnP ′

n)t+1ρ0(P ′
nU

†
n)t+1)

= tr

( ∞∑
t=0

(UnP ′
n)t+1ρ0(P ′

nU
†
n)t+1

)
= tr(UnP ′

nXnP
′
nU

†
n) = trXn − 1.

It follows that real absorbing time is trXn − 1. ��
Another characterization of values of the absorbing time is given by the

following proposition.

Proposition 3. Let fn(x) be a power series of x defined as

fn(x) =
∞∑
t=0

atx
t =

2n−1(n− 1)!
nn−1 · xn+1

det(xIn − UnP ′
n)

.

Then the absorbing time of quantum walks on the n-dimensional hypercube with
the absorbing vertex located at (1, 1, . . . , 1) is

∑∞
t=0 t|at|2.

Proof. Let 〈bn| = (0 · · · 0 1) and |f0〉 = (1 0 · · · 0)T . Then 〈bn|(UnP ′
n)t|f0〉 gives

the amplitude that the particle reaches the absorbing vertex (1, 1, . . . , 1) at time
t for the first time. Consider a power series of x, gn(x) =

∑∞
t=0〈bn|(UnP ′

n)t|f0〉xt.
We prove that this gn(x) is equivalent to fn(x).

Note that gn(x) = (0 · · · 0 1)(
∑∞
t=0(xUnP

′
n)t)(1 0 · · · 0)T , which is equal

to the (2n, 1)-element of (In − xUnPn)−1. Thus we have for x �= 0,

gn(x) =
x2n

det
(
xIn − UnP ′

n

) (−1)2n+1∆1,2n,

where ∆1,2n is a minor of xIn − UnP
′
n with respect to (1, 2n).

It is straightforward to show that ∆1,2n = − 2n−1(n−1)!
nn−1 · 1

xn−1 , and thus

gn(x) =
2n−1(n− 1)!

nn−1 · xn+1

det
(
xIn − UnP ′

n

) = fn(x).

By the definition of gn(x), each coefficient at of xt in the power series fn(x)
corresponds to the amplitude that the particle reaches the absorbing vertex
(1, 1, . . . , 1) at time t for the first time. Since the absorbing probability is 1 from
the proof of Proposition 2, the real absorbing time is Timereal =

∑∞
t=0 t|at|2. ��
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